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Recap: Getting finite results in Observables (1)

e+e− → f f̄ in QED

At tree-level

Q Q′

M0 = e0J
Q
µ Dµν

0 e0J
Q′

µ → e2
0Q

1
k2 Q

′

– p. 2/34



Recap: Getting finite results in Observables (2)

At one-loop: 3 types of contributions

Q Q′

ΣfQ
2

f

Q Q′

Q′

Q′

Q

Q

Q′

Q′

– p. 3/34



Recap: Getting finite results in Observables (3)

The Universal contribution: Improved Born

J

Q Q′

M = e0J
Q
µ Dµνe0J

Q′

µ =
1

k2
e2
0Q

1

1 + e2
0ΠQQ

Q′
≡

1

k2
e2
?(k

2)QQ′

e−2
? (k2) = e−2

0 + ΠQQ(k2)

e−2
? (k2) =

(
e−2
0 + ΠQQ(k2

R)
)

+
(
ΠQQ(k2) − ΠQQ(k2

R)
)

≡ e−2(k2
R)

︸ ︷︷ ︸

input

+
(
ΠQQ(k2) − ΠQQ(k2

R)
)

︸ ︷︷ ︸

finite

J
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Recap: Getting finite results in Observables (3)

Choice of the scale kR or e−2(k2
R) is a renormalisation scheme.

In QED and the SM: choose On-shell scheme: directly related to
an observable. In the limit k2 → 0

lim
k2

→0

(
k2
Aall contributions

)
= lim

k2
→0

k2
M = e2 = e2

?(0)

e−2 = e−2
? (0) = e−2

0 + ΠQQ(0)

e2
?(k

2) =
e2

1 + e2(ΠQQ(k2) − ΠQQ(0))

Trading bare (e0) with physical (input) parameter

leads to finite corrected observables

renormalisation and definition crucial
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Recap: Getting finite results in Observables: Summary

Lagrangian in terms of bare parameter e0 = Z3ee = e + δe,

Impose renormalisation condition
δe2

e2 = δα
α = e2ΠQQ(0) = Πγγ(0)

Calculate matrix element at one-loop (with e0)

M(k2) =
1

k2
e2
0Q

1

1 + e2
0ΠQQ

Q′
'

QQ′

k2

(
1 − e2

0ΠQQ

)
e2
0

trade-off bare with renormalised parameter

M(k2) =
QQ′

k2

(
1 − e2

0ΠQQ + δα
α

)
e2

∼
QQ′

k2

(

1 − e2ΠQQ +
δα

α

)

e2
≡

Qe2
?(k

2)Q′

k2
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Fundamental parameters and physical parameters (1.)

g, g′, v

δg, δg′, δv

Σ1−loop
V V ′

e, MW , MZ

δe, δMW , δMZ

Σ1−loop
V V ′renormalisatio

n

finiteness

δg′ 2

g′ 2 = δe2

e2 +
δM2

Z

M2
Z

−
δM2

W

M2
W

δg2

g2 = δe2

e2 +
c2W
s2
W

(
δM2

W

M2
W

−
δM2

Z

M2
Z

)

δv2

v2 = −
δe2

e2 +
c2W
s2
W

δM2
Z

M2
Z

+
s2
W−c2W

s2
W

δM2
W

M2
W

(s2
M = s2

W = 1 −
M2

W

M2
Z

) I

δs2
M

s2
M

= δs2

s2 = −
c2W
s2
W

(
δM2

W

M2
W

−
δM2

Z

M2
Z

)

, δc2 = −δs2
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Propagators and Z − γ mixing

=
+ +

γ γ γ γ γγ γ γ

γ γ

γ γ γZ Z

Z

Z
+

Z

=

γ γ Z

Dγγ
µν = − igµν

1

k2

1

1 + Πγγ(k2)
DZγ

µν = + igµν
ΠZγ(k2)

k2 − M2
Z,0

DZZ
µν = − igµν

1

k2 − M2
Z,0 + GZZ(k2)

DWW
µν = − igµν

1

k2 − M2
W,0 + GWW (k2)
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Definition of vector bosons masses: Pole structure

DWW
µν = − igµν

1

k2 − M2
W,0 + GWW (k2)

→ 0 for k2 = M2
W

Physical mass is defined from the zero of the real part of
the inverse propagator, for k2 = M2

W

M2
W − M2

W

(

1 +
δM2

W

M2
W

)

︸ ︷︷ ︸

M2
W,0

+Re
[
GWW (M2

W )
]

= 0

δM2
W = Re

[
GWW (M2

W )
]

= GWW (0) + M2
W Re

[
ΠWW (M2

W )
]

I
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Chiral two-point functions (1)

V2V1

γµ(gLγL + gRγR) r,m1

r + k,m2

− iΣµν =
(g2

L + g2
R)

2
µ4−n

∫
dnr

(2π)n
Tr

(
γµr/γν(r/ + k/)

(r2 − m2
1)((r + k)2 − m2

2)

)

+ (gLgR)m1m2µ
4−n

∫
dnr

(2π)n
Tr

(
γµγν

(r2 − m2
1)((r + k)2 − m2

2)

)

≡ g2
LiΣLL

µν + g2
RiΣRR

µν + gLgR(iΣLR
µν + iΣRL

µν )

iΣij
µν = −i(gµνGij(k

2) − kµkνL(k2))

Gij(k
2) = Gij(0) + k2Πij

– p. 10/34



Chiral two-point functions (2)

GLL,RR(k2) = − 4

(4π)2

{
CUV

4
(m2

1 + m2
2) + k2

(

B2(m2
1, m2

2, k2) − CUV

6

)

−1

2

(
m2

2B1(m2
1, m2

2, k2) + m2
1B1(m2

2, m2
1, k2)

)
}

GLR,RL(k2) =
2

(4π)2
m1m2

{
CUV − B0(m2

1, m2
2, k2))

}

→ ΠLR,RL = finite , ΠLL(m1, m2) − ΠLL(m3, m4) = finite

GLL(0) + GLR(0) = finite for m1 = m2

GLV = GLL + GLR = k2(ΠRR + ΠRL) , GV V = k2(ΠRR + ΠRL)

– p. 11/34



Chiral two-point functions (3)I

Dµ = ∂µ − i
g√
2
(W+

µ T+W−
µ T−) − i

g

cW

Zµ(T3 − s2
W Q) − ieAµQ

33, 11 → LL Q → V = L + R

Πγγ = e2ΠQQ

ΠγZ =

(
e2

sW cW

)
(
Π3Q − s2

W ΠQQ

)

ΠZZ =

(

e2

s2
W c2W

)

(
Π33 − 2s2

W Π3Q + s4
W ΠQQ

)

ΠWW =

(

e2

s2
W

)

Π11 = g2Π11

GWW = g2G11

GZZ =
g2

c2W
G33

Finiteness if only combinations are
(

Πij(k
2) − Πi′,j′(k

′2

)

or
(

G33(0) − G11(0)

)
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Muon decay and ∆r

e−

ν̄e

νµ νµ

W−

µ−
e−

ν̄e

Fermi Theory

µ

Standard Model

M0 =
g2
0

k2 − M2

W,0

with k2 → 0

µ−

νµ ν̄e

W− e−

at one-loop

M(k2 → 0) =
g2
0

k2
↪→0 − M2

W,0 + GWW (k2
↪→0)

= − g2

M2
W

1 + δg2

g2

1 +
δM2

W

M2

W

− GW W (0)

M2

W

J

= − g2

M2
W

(

1 +
δg2

g2

)
(
1 + <e[ΠWW (M2

W )]
)−1

' − g2

M2
W









1 +
δg2

g2
−<e[ΠWW (M2

W )]

︸ ︷︷ ︸

∆r̂=finite

+δrV +B









≡ − g2

M2
W

(1 + ∆r)
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Finiteness of ∆r̂ J

∆r̂ =
δg2

g2
−<e[ΠWW (M2

W )] = δe2

e2
+

c2W
s2
W

(

δM2
W

M2
W

− δM2
Z

M2
Z

)

−<e[ΠWW (M2
W )]

= Πγγ(0)+
c2W
s2
W







(

GWW (0)

M2
W

− GZZ(0)

M2
Z

)

︸ ︷︷ ︸

finite

+
(
<eΠWW (M2

W ) −<eΠZZ(M2
Z)
)







−<e[ΠWW (M2
W )]

∆r̂ =
(
Πγγ(0) −<eΠγγ(M2

Z)
)

+ g2 c2W
s2
W

(

G11 − G33

M2
W

)

+
g2

s2
W

{
−<eΠ33(M2

Z) + 2s2
W<eΠ3Q(M2

Z) + (c2W − s2
W )<eΠ11(M2

W )
}

=
(
Πγγ(0) −<eΠγγ(M2

Z)
)

+ g2 c2W
s2
W

(

G11 − G33

M2
W

)

+g2

{

2<e[Π3Q(M2
Z) − Π33(M2

Z)] +
c2W − s2

W

s2
W

<e[Π11(M2
W ) − Π33(M2

Z)]

}

∆α(M2
Z) =

(
Πγγ(0) −<eΠγγ(M2

Z)
)
≡ e2

(
ΠQQ(0) −<eΠQQ(M2

Z)
)

J
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∆r: correcting a tree-level formula (1)

Gµ√
2

=
g2

8M2
W

(1 + ∆r) ∆r = ∆r̂ + δrV +B rV +B ∼ 6.43 10−3

∆r̂ = ∆α(M2
Z) − c2W

s2
W

ε1 +
c2W − s2

W

s2
W

ε2 + 2ε3

ε1,2,3 or S, T, U : non-decoupling effects

ε1 = ∆ρ = αT = g2

(

G33 − G11

M2
W

)

∝ m2
t

ε2 = − α

4s2
W

U = g2
(
<e[Π11(M2

W )] −<e[Π33(M2
Z)]
)

ε3 =
α

4s2
W

S = g2
(
<e[Π3Q(M2

Z)] −<e[Π33(M2
Z)]
)

= −g2

2
<e[Π3Y (M2

Z)] → chiral symm. breaking

SU(2) breaking
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∆r Probe of MH and mt

W

H

W

W

t

b

ε1 =
3GµM2

Z

8π2
√

2

{(

m2
t

M2

Z

− 1

)

− 2s2
M

ln(MH/MZ)

}

+ εNP
1

ε2 = −GµM2

W

2π2
√

2
ln(mt/MZ) + εNP

2

ε3 =
GµM2

W

12π2
√

2

{
ln(MH/MZ) − ln(m2

t /M2

Z
)
}

+ εNP
3
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∆r: correcting a tree-level formula (2)
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s2
Z

With ∆r we predict MW

M2

W

M2

Z

=
1

2

(

1 +

√

1 − 4πα(1 + ∆r)√
2GµM2

Z

)

; s2
M

= s2
W

=
1

2

(

1 −
√

1 − 4πα(1 + ∆r)√
2GµM2

Z

)

Improved s2
W

s2
Z

=
1

2

(

1 −
√

1 − 4παZ√
2GµM2

Z

)

αZ =
α

1 − ∆αZ







s2
Z = .212154 for αZ = α(0)

s2
Z = .231086 for αZ = 128.907

s2
Z = .231019 for αZ = 128.944

s2
eff |1991 = .2329±.0034

.0029 compatible with any of the above values with a running α, but not
with α(0) = α.
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∆r beyond one-loop

µ−
νµ

νe

e−H

µ−

νµ

νe

e−

H

µ−
νµ

νe

e−

H

µ−
νµ

νe

e−

µ−

νµ

νe

e−

µ−
νµ

νe

e−

MW = M0
W − c1 dH − c2 dH2 + c3 dH4 + c4(dh − 1) − c5 dα + c6 dt

− c7 dt2 − c8 dHdt + c9 dhdt − c10 dαs + c11 dZ,

dH = ln

(
MH

100 GeV

)

, dh =

(
MH

100 GeV

)2

, dt =
( mt

174.3 GeV

)2
− 1,

dZ =
MZ

91.1875 GeV
− 1, dα =

∆α(M2
Z)

0.05907
− 1, dαs =

αs(M2
Z)

0.119
− 1.
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Corrections to the neutral current observables

M0 = −e2Q
1

k2
Q′

︸ ︷︷ ︸

γ exch.

− e2

s2
W c2W

(T3 − s2
W Q)

1

k2 − M2
Z

(T ′
3 − s2

W Q′)

︸ ︷︷ ︸

Z exch.

M1−loop = −e2

(

1 +
δe2

e2

)

︸ ︷︷ ︸

counterterm

Q
1

k2 (1 + Πγγ(k2))
︸ ︷︷ ︸

γγ 2−pt

Q′

− e2

s2
W c2W

(

1 + δe2

e2

)

(

1 + δs2

s2
− s2

W

c2
W

δs2

s2

)

︸ ︷︷ ︸

counterterm

(

T3 − s2
W (1 + δs2

s2
)Q
)

×
(

T ′
3 − s2

W (1 + δs2

s2
)Q′
)

k2 − M2
Z

(

1 +
δM2

Z

M2

Z

)

+ GZZ(k2)

︸ ︷︷ ︸

ZZ 2−pt

+
e2

sW cW

(T3 − s2
W Q)

ΠγZ(k2)

k2 − M2
Z

︸ ︷︷ ︸

Zγ 2−pt

(Q′) +
e2

sW cW

(Q)
ΠγZ(k2)

k2 − M2
Z

︸ ︷︷ ︸

Zγ 2−pt

(T ′
3 − s2

W Q′)
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Corrections to the neutral current observables (2)combine ZZ with Zγ

+
e2

sW cW

(T3 − s2
W Q)

ΠγZ(k2)

k2 − M2
Z

(Q′)

= − e2

s2
W c2W

(
T3 − s2

W Q
)
[

cW

sW

ΠγZ(k2)

]
(
−s2

W Q′
)

→

− e2

s2
W c2W

(

1 + δe2

e2

)

(

1 + δs2

s2
− s2

W

c2
W

δs2

s2

)

(

T3 − s2
W (1 + δs2

s2
)Q
)

×
(

cW

sW

ΠγZ(k2)
)

×
(

−s2
W (1 + δs2

s2
)Q′
)

k2 − M2
Z

(

1 +
δM2

Z

M2

Z

)

+ GZZ(k2)

−MZZ+Zγ = −MZ

e2

s2
W

c2

W

(

1 + δe2

e2

)

(

1 + δs2

s2
− s2

W

c2
W

δs2

s2

)

(

T3 − s2
W (1 + δs2

s2
+ cW

sW

ΠγZ(k2)) Q

)
(

T′
3
− s2

W
(1 + δs2

s2

cW

sw
ΠγZ(k2))Q′

)

k2 − M2

Z

(

1 +
δM2

Z

M2

Z

)

+ GZZ(0) + k2ΠZZ(k2)

MZ = − e2
?

s2?c2
?

(T3 − s2
? Q)

Z?(k2)

k2 − M2

Z?
(k2)

(T′
3 − s2?Q′) = Z(k2)(T3 − s2?Q)(T′

3 − s2?Q′)

I
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sin
2 θ in Z couplings

s2
?(k2) = s2

Z

{

1 + (∆α(k2) − ∆α(M2
Z)) +

c2W
c2W − s2

W

(∆αNP (M2
Z) − ∆ρ + δrV +B)

+
e2

s2
W

1

c2W − s2
W

(
<eΠ3Q(M2

Z) −<eΠ33(M2
Z)
)

+
e2

s2
W

(
Π3Q(k2) −<eΠ3Q(M2

Z)
)

}

s2
?(M2

Z) = s2
Z

{

1 − c2W
c2W − s2

W

(

∆ρ − ε3

c2W
− ∆αNP (M2

Z) − δrV +B

)}

s2
?(M2

Z) = s2
Z(1 + ∆κ′)

s2
?(M2

Z) = .23122 mt = 174.3GeV MH = 300GeV

s2
?(M2

Z) = .23018 mt = 200GeV MH = 300GeV

s2
?(M2

Z) = .23457 mt = 50GeV MH = 300GeV
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sin2θeff
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0.231

0.2315

0.232

0.2325

0.233

80 80.2 80.4 80.6

   ∆α
Preliminary 68% CL

MW   [GeV]

si
n2 θle

pt

ef
f

mt= 174.3 ± 5.1 GeV
mH= 114...1000 GeV

mt

mH
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Z couplings at the peak J

Z(k2) =
e2

?(k2)

s2?(k2)c2
?(k2)

(

1 +
c2

W
− s2

W

sWcW

ΠγZ(k2) + Πγγ(k2)

)

× DZ

DZ =
1

k2 − M2

Z
+ k2ΠZZ(k2) − M2

Z
ΠZZ(M2

Z
)

M? 2

Z
(k2) =

{
M2

Z
− (k2 − M2

Z
)(ΠZZ(k2) − ΠZZ(M2

Z
))
}

M? 2

Z
(M2

Z
) = M2

Z
and

dM
? 2

Z
(k2)

dk2 |k2=M2

Z

= 0

Z?(k2) = 1 +
c2

W
−s2

W

sW cW

ΠγZ(k2) + Πγγ(k2) − ΠZZ(k2) + (k2 − 2M2
Z)Π̃′

ZZ(k2)

ΠZZ(k2) = ΠZZ(M2
Z) + (k2 − M2

Z)Π̃′
ZZ(k2)

4πα?(M2

Z
)

s2?(M2

Z
)c2

?(M2

Z
)
Z?(M2

Z
) = 4

√
2GµM2

Z

(

1 + ∆ρ − M2

Z
Π̃′

ZZ
(M2

Z
)
)

' 4
√

2GµM2

Z
(1 + ∆ρ)

g
lepton
A

= −1

2

√
1 + ∆ρ , g

lepton
V

= g
lepton
A

(1 − 4s2eff ,lepton
)
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Zbb̄: An important vertex correction

WZ

t

b

b̄

+

MZbLb = −i
e2

?

c2
?s2?

Zµb̄γµbL

(

(
1

2
− 1

3
s2?) − δvb

)

m2
t dependence in width almost washed away

Γ
Zbb̄

= Γ0

Zbb̄
(Gµ,MZ, α(M2

Z
))

(

1 +
19

13
(∆ρ + δvb)

)

∆ρ ∼ +
α

π

m2
t

M2

Z

while δvb = −20α

19π

(

m2
t

M2

Z

+
13

6
ln(m2

t /M2

Z
)

)
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LEP Pulls

Measurement Fit |Omeas−Ofit|/σmeas

0 1 2 3

0 1 2 3

∆αhad(mZ)∆α(5) 0.02761 ± 0.00036 0.02767

mZ [GeV]mZ [GeV] 91.1875 ± 0.0021 91.1875

ΓZ [GeV]ΓZ [GeV] 2.4952 ± 0.0023 2.4960

σhad [nb]σ0 41.540 ± 0.037 41.478

RlRl 20.767 ± 0.025 20.742

AfbA0,l 0.01714 ± 0.00095 0.01636

Al(Pτ)Al(Pτ) 0.1465 ± 0.0032 0.1477

RbRb 0.21638 ± 0.00066 0.21579

RcRc 0.1720 ± 0.0030 0.1723

AfbA0,b 0.0997 ± 0.0016 0.1036

AfbA0,c 0.0706 ± 0.0035 0.0740

AbAb 0.925 ± 0.020 0.935

AcAc 0.670 ± 0.026 0.668

Al(SLD)Al(SLD) 0.1513 ± 0.0021 0.1477

sin2θeffsin2θlept(Qfb) 0.2324 ± 0.0012 0.2314

mW [GeV]mW [GeV] 80.426 ± 0.034 80.385

ΓW [GeV]ΓW [GeV] 2.139 ± 0.069 2.093

mt [GeV]mt [GeV] 174.3 ± 5.1 174.3

sin2θW(νN)sin2θW(νN) 0.2277 ± 0.0016 0.2229

QW(Cs)QW(Cs) -72.84 ± 0.46 -72.90

Summer 2003

σmeas. is the error on
Omeas.
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Higgs and the blue-band
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The famous blue band. This gives the limit on the Higgs mass from all precision data and also after

excluding the anomalous NuTeV result. The area shaded in yellow is the mass excluded from a direct

search. The blue band refers to the estimated theoretical uncertainty from missing higher order terms.

The χ2 is given for 2 values of ∆α(M2
Z). From LEP electroweak group. The second plot shows what

happens if one increases the average value of the top mass within 1σ.
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MH sensitivity (1)
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Summer 2003
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MH extraction from different observables. Not all point to a low value of MH . Some point to values

much smaller than the direct limit.
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MH sensitivity (2)
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∆αhad= 0.02761 ± 0.00036∆α(5)
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Measurement

∆αhad= 0.02761 ± 0.00036∆α(5)

αs= 0.118 ± 0.002

mt= 174.3 ± 5.1 GeV
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mt vs MH sensitivity
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Prediction of the top mass from the precision measurement and how it compares with the direct limit on

the top mass from the TEVATRON. The plot on the left shows how the different precision observables

constraint in the MH vs mt plan.
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The S -T plane
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Constraint in on the S and T variables. The variation from mt within its 1σ value and MH is shown.

The second graph, which fits for different values of MH , shows that a high value of MH is more

comfortable with S < 0 but T > 0. T
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The S -T plane: 1989 vs 1999
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How far we’ve come and how far will go
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A global fit on the mixing angle just before the start of LEP and how it compares with the situation in

1999!. If a linear collider is built and is run as a Z factory, the second plot shows how much improvement

one expects.
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