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“We shall not cease from exploration, and the end of all our exploring will be to arrive where we started
and know the place for the first time.”
T. S. Eliot

iii

Abstract
The present manuscript, submitted as Habilitation Thesis in view of the Habilitation à diriger la
recherche, presents an important part of my recent and current research work on the possibility
of Non-Minimal Flavour Violation within supersymmetric theories.
The first part of this manuscript contains an introduction to the concept of flavour and its
description, first within the Standard Model of particle physics, then in theories beyond the
latter. A dedicated discussion of the Minimal Supersymmetric Standard Model (MSSM) allows
to introduce the framework of Non-Minimal Flavour Violation.
The second part of this manuscript is composed of a selection of published work to which
I have significantly contributed mainly between 2013 and 2018. I review in particuler work on
experimental signatures of Non-Minimal Flavour Violation in the squark sector of the MSSM.
In addition, I discuss the implementation of Non-Minimal Flavour Violation within Grand
Unified frameworks including flavour symmetries.
In the third and last part of this manuscript, I briefly discuss ongoing and future projects,
to be understood as perspectives stemming from the presented published work.
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Chapter 1

Flavour violation in particle physics
In elementary particle physics, the concept of flavour allows to classify the elementary particles.
More precisely, flavour is orthogonal to the arrangement of elementary matter fields into quarks
and leptons. There are three generations of matter fields, meaning that there are three flavours of
up-type quarks (up, charm, top), down-type quarks (down, strange, bottom), charged leptons
(electron, muon, tau), and neutrinos (associated to the three leptons). It is important to note
that the physical eigenstates are not necessarily flavour eigenstates of the theory, meaning that
a physical particle may carry more than one flavour. This is the central topic of the work
presented in this manuscript.
This first Chapter is dedicated to a discussion of flavour, first within the Standard Model of
particle physics, then within supersymmetric extensions of the latter. Particular attention will
be paid to the concepts of Minimal Flavour Violation (MFV) as opposed to Non-Minimal Flavour
Violation (NMFV). The latter will be at the centre of the present manuscript.

1.1

Flavour in the Standard Model

The Standard Model of particle physics [1, 2, 3, 4, 5, 6, 7] describes the subatomic particles
known at present. It is based on the gauge group SU (3)C × SU (2) L × U (1)Y , the three factors
being relative to the strong, weak, and electromagnetic interactions, respectively. The associated gauge bosons are the gluon, denoted g, the W- and Z-bosons, denoted W ± and Z0 , and
the photon, denoted γ.
Matter is encompassed in the fermionic fields
!
uL
qL =
,
uR , dR ,
dL
!
(1.1)
νL
`L =
,
eR ,
eL

where u(i) = u, c, t contains the three up-type quark flavour eigenstates, d(i) = d, s, b) the

three down-type quark flavour eigenstates, e(i) = e, µ, τ the three lepton flavour eigenstates,

and ν(i) = νe , νµ , ντ the three neutrino flavour eigenstates. The indices L and R refer to
the chirality of the respective fermions. Moreover, the left-handed fields q L and ` L are SU (2)
doublets, while the right-handed fields are SU (2) singlets. Note that, although the observation
of neutrino oscillations [8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22] strongly suggests
their existence, right-handed neutrinos are not part of the Standard Model particle content. The
fermionic matter fields together with their quantum numbers regarding the strong, weak, and
electromagnetic interactions, are summarized in Table 1.1.
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B

L

T

T3

Y

Q

uL
dL
uR
dR

1/3
1/3
1/3
1/3

0
0
0
0

1/2
1/2
0
0

+1/2
-1/2
0
0

1/3
1/3
4/3
-2/3

2/3
-1/3
2/3
-1/3

νL
eL
eR

0
0
0

1
1
1

1/2
1/2
0

+1/2
-1/2
0

1
1
-2

0
-1
-1

TABLE 1.1: Quantum numbers of the fermions in the Standard Model of particle physics. B and L
denote baryon and lepton numbers, T and T3 refer to weak isospin, Y denotes weak
hypercharge, and Q = T3 + Y/2 is the electric charge.

The theory is completed by the complex scalar Higgs field [23, 24, 25, 26, 27, 28]
!
!
G+
H+
 ,
−→ H =
H =
√1 v + h0 + iG0
H0
2

(1.2)

where the last part corresponds
√ to the expansion of the neutral component around the vacuum
expectation value h H i = v/ 2 ≈ 174 GeV upon electroweak symmetry breaking. The physical
degree of freedom h0 , the so-called Higgs-boson1 , has been experimentally discovered by the
ATLAS and CMS collaborations at the Large Hadron Collider [29, 30].
The matter fields acquire mass through the Yukawa interaction with the Higgs field. In the
interaction eigenbasis, the corresponding Lagrangian reads
v (i )
v ¯(i)
v ¯ (i ) (i )
(i )
(i )
LSM
Yuk = √ ū L Yu u R H + √ d L Yd d R H + √ ` L Ye ` R H ,
2
2
2

(1.3)

where Yu , Yd , and Y` are the Yukawa matrices for up-type quarks, down-type quarks, and
leptons, respectively. As they are strictly massless in the Standard Model, Eq. (1.3) does not
contain a Yukawa term for the neutrinos.
The Higgs boson acquiring its vacuum expectation value leads to Dirac mass terms for the
quarks and leptons. The corresponding mass matrices are given by
(i )

Mu

v
= √ Yu ,
2

(i )

Md

v
= √ Yd ,
2

(i )

Me

v
= √ Ye .
2

(1.4)

The quarks, leptons, and neutrinos interact with the gauge bosons of the electromagnetic,
weak, and strong interactions. In terms of the fields defined in Eq. (1.1), i.e. in the interaction
eigenbasis, the Lagrangian decribing the interaction of quarks and charged leptons with the
photon A0 reads
(i )

(i )

(i )

(i )

(i )

(i )

(i )

(i )

(i )

(i )

0
0
0
0
0
¯
LSM
f f A = ge q̄ L γµ q L Aµ + ge ū R γµ u R Aµ + ge d R γµ d R Aµ + ge ē L γµ e L Aµ + ge ē R γµ e R Aµ ,
(1.5)

where ge = eQ relates to the elementary charge e and the electric charge Q of the interacting
fermion. The Lagrangian decribing the neutral-current interaction of quarks, charged leptons,
1 Throughout

the present manuscript I shall use the common name “Higgs field” and “Higgs boson”, keeping in
mind that a more correct name would be “Brout-Englert-Higgs field” and “Brout-Englert-Higgs” boson.
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and neutrinos with the Z0 -boson reads
(i )
(i ) 0
(i ) 0
(i ) 0
(i )
(i ) 0
(i )
(i ) 0
¯(i)
¯ (i )
LSM
f f Z = g Z q̄ L γµ q L Zµ + g Z ū R γµ u R Zµ + g Z d R γµ d R Zµ + g Z ` L γµ ` L Zµ + g Z ē R γµ e R Zµ ,
(1.6)

the couplings constant gZ = g/ cos θW being related to the weak coupling constant g and the
weak mixing angle. Coming to the charged current interactions with the W ± -boson, the Lagrangian is given by
(i )

(i )

(i )

(i )

+
+
LSM
f f W = gW ū L γµ d L Wµ + gW ē L γµ νL Wµ + h.c. ,

(1.7)

√
where gW = g/ 2. Finally, the Lagrangian corresponding to the strong interaction of quarks
with gluons g reads
(i )

(i )

(i )

(i )

(i )

(i )

a
a
a
a
a ¯
a
LSM
qqg = gs T q̄ L γµ q L gµ + gs T ū R γµ u R gµ + gs T d R γµ d R gµ ,

(1.8)

where gs denotes the strong coupling constant, and T the colour matrices. For the sake of readibility, flavour and colour indices of the fermions have been omitted in the above equations,
allowing to focus on the structure of the interaction terms.
In the following, I will discuss the sectors of quarks and leptons (including neutrinos) separately. For each sector, I will present the rotation to the basis of physical (i.e. mass) eigenstates,
as well as the consequences of this rotation on the above interactions.

Quark sector
In order to obtain the quark mass eigenvalues and corresponding physical eigenstates, the
(i )
(i )
above matrices Mu and Md , given in the interaction eigenbasis, have to be diagonalized.
Given the structure of the Yukawa Lagrangian of Eq. (1.3), this is achieved by introducing four
unitary rotation matrices, associated to the left- and right-handed up- and down-type quarks,
such that
(i )

(m)

(i )

(m)

(i )

(m)

u R = VuR u R ,

(i )

(m)

d R = VdR d R .

u L = VuL u L ,
d L = VdL d L ,

(1.9)

Here, the introduced superscript (m) refers to the basis of physical mass eigenstates, as opposed to the interaction eigenstates carrying superscript (i ). The corresponding rotation of the
mass matrices of Eq. (1.4) occurs according to
(m)

†
= diag (mu , mc , mt ) = VuL
Mu VuR ,

(m)

†
= diag (md , ms , mb ) = VdL
Md VdR .

Mu
Md

(i )

(1.10)

(i )

(1.11)

Here, mu , md , mc , ms , mt , and mb , denote the physical masses of the up, down, charm, strange,
top, and bottom quarks, respectively.
Rotating the fields as in Eq. (1.9) leaves the corresponding parts of the Lagrangian parts
associated to neutral current interactions invariant. More precisely, all occurencies of the rotation matrices vanish due to their unitarity, and we obtain for the interaction of quarks with the

4
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photon, Z-boson, and gluon,
(m)

(m)

(m)

(m)

(m)

(m)

0
0
0
¯
LSM
qqA = ge q̄ L γµ q L Aµ + ge ū R γµ u R Aµ + ge d R γµ d R Aµ ,

(m)
(m) 0
(m)
(m) 0
(m) 0
¯(m)
LSM
qqZ = g Z q̄ L γµ q L Zµ + g Z ū R γµ u R Zµ + g Z d R γµ d R Zµ ,

(1.12)

(m) a
(m) a
(m) a
a (m)
a (m)
a ¯(m)
LSM
qqg = gs T q̄ L γµ q L gµ + gs T ū R γµ u R gµ + gs T d R γµ d R gµ .

In contrast, after rotation of the charged-current interaction into the mass eigenbasis, the
product of the two involved rotation matrices does not vanish in the Lagrangian,
(m)

(m)

(m)

(m)

†
µ
+
µ
+
LSM
qqW = gW ū L VuL VdL γ d L Wµ ≡ gW ū L VCKM γ d L Wµ ,

(1.13)

and defines the Cabbibo-Kobayashi-Maskawa (CKM) matrix [31, 32],
†
VCKM = VuL
VdL .

(1.14)

The CKM-matrix expresses the misalignment between the rotations of the left-handed up- and
down-type sectors and allows thus for flavour-changing charged current interactions between
up- and down-type quarks. More precisely, the transition of an up-type quark ui (i = 1, 2, 3)
to a down-type quark d j (j = 1, 2, 3) is governed by the corresponding element (VCKM )ij of the
CKM-matrix.
The CKM-matrix possesses four degrees of freedom and can be parametrized in various
ways. One way is writing it in terms of three Euler angles θ12 , θ13 , and θ23 , plus one additional
phase δ13 ,


VCKM


1
0
0
c13


= 0 c23 s23  
0
0 −s23 c23
−s13 eiδ13



0 s13 e−iδ13
c12 s12 0


1
0  −s12 c12 0 .
0
c13
0
0 1

(1.15)

Here, sij = sin θij and cij = cos θij for i, j = 1, 2, 3, and the angles can be chosen such that
0 ≤ θij ≤ π/2. While the three angles correspond to the couplings between the respective
generations, the phase δ13 is responsible for CP-violation. A second, approximate but rather
illustrative, way of parametrizing the CKM-matrix is the Wolfenstein parametrization [33],
1 − 12 λ2
λ

= 
−λ
1 − 21 λ2


Aλ3 1 − ρ − iη
O λ2


VCKM

 



Aλ3 ρ − iη
1 − O λ2
O λ
O λ3



 
Aλ2
1 − O λ2 O λ2  ,
≈ O λ


1
O λ3
O λ2
1
(1.16)

where terms of order λ4 and higher have been omitted.
Experimentally, the absolute values of the elements of the CKM-matrix are determined to
the values given in Table 1.2. This leads to the value of λ ≈ 0.22 in the Wolfenstein parametrization. The approximate expression in Eq. (1.16) exhibites the hierarchical structure of the CKMmatrix, flavour-violating transitions being most important between the first and second generations, and least relevant between the first and third generations. The same can be seen when
translating the values of Table 1.2 into the Euler angles, which leads to
sin θ12 ≈ 13.0◦ ,

sin θ23 ≈ 2.4◦ ,

sin θ13 ≈ 0.2◦ ,

(1.17)

while the CP-violating phase is approximated to δ13 ≈ 1.2◦ . As the present manuscript focuses
on in flavour violation, but not CP-violation, a more detailed discussion of the latter is not
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VCKM



VCKM



VCKM



VCKM



VCKM



VCKM



VCKM



VCKM



VCKM



11
12
13
21
22
23
31

=
=
=
=
=
=
=
=

32
33

=

5
VCKM



VCKM



VCKM



VCKM



VCKM



VCKM



VCKM



VCKM



VCKM



0.97420 ± 0.00021

[34]

us

0.2243 ± 0.0005

[35]

ub

(3.94 ± 0.36) · 10−3

[35]

0.218 ± 0.004

[35]

cs

0.997 ± 0.017

[35]

cb

(42.2 ± 0.8) · 10−3

[36]

td

(8.1 ± 0.5) · 10−3

[35]

ts

(39.4 ± 2.3) · 10−3

[35]

tb

1.019 ± 0.025

[35]

ud

cd

TABLE 1.2: Experimentally determined absolute values of the elements of the CKM matrix as given in
Ref. [35].

pursued here.

Lepton and neutrino sector
In the same way as discussed above for the quarks, the lepton mass eigenvalues are obtained by
(i )
diagonalizing the lepton mass matrix Me , which leads to two rotations from the interaction
eigenbasis, denoted (i ), to the mass eigenbasis, denoted (m), for the left- and right-handed
leptons,
(i )

eL

(m)

= VeL e L ,

(i )

(m)

(1.18)

(i )

(1.19)

e R = VeR e R .

The corresponding transformation of the mass matrix reads
(m)

Me

= diag me , mµ , mτ



†
= VeL
Me VeR ,

where me , mµ , and mτ are the physical electron, muon, and tau masses.
In the absence of corresponding mass terms, the physical neutrino eigenstates correspond
to the interaction eigenstates. Neutrino mixing in extensions of the Standard Model will be
discussed in the following Section.

1.2

Extending the Standard Model

Although the Standard Model described in the previous Section succesfully describes an impressively wide range of phenomena related to matter and its interactions, there are strong
reasons to believe that the Standard Model as such is incomplete, and should rather be seen as
the low-energy limit of a more fundamental or more complete framework.
The most important evidences for such new physics arise from experimental evidence. The
strongest hint towards extensions of the Standard Model is undoubtedly the presence of dark
matter in our Universe. After first observational hints manifesting through gravitational effects
[37, 38, 39] there is now rather precise knowledge of the energy content of the Universe. In
particular, thanks to the subsequent cosmological probes COBE [40], WMAP [41, 42, 43, 44, 45],
and Planck [46, 47, 48], it is well established that non-baryonic dark matter accounts for about
15% of the matter density, and for about 4.9% of the total energy density. More precisely, within

6
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the ΛCDM model, the abundance of non-baryonic cold dark matter (CDM) is constrained to
the rather narrow interval [48]
ΩCDM h2 = 0.1200 ± 0.0012 ,

(1.20)

h expressing the present Hubble expansion rate in units of 100 km s−1 Mpc−1 . As the Standard
Model does not include a suitable candidate particle for cold dark matter, this clearly calls for
physics beyond the Standard Model of particle physics.
The second experimental evidence for physics beyond the Standard Model stems from the
neutrino sector. More precisely, there is compelling evidence for neutrino oscillations [8, 9, 11,
12, 13, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22], meaning that the physical neutrino states carry
different flavours. This in turn leads to the conclusion that neutrinos must be massive, in
contradiction to their description in the Standard Model alone, where they cannot acquire a
Dirac mass through the Higgs mechanism. The implementation of neutrino masses is discussed
below. However, this mechanism cannot be achieved without introducing new physics.
In addition, several shortcomings of the Standard Model arise on the theory side. There is,
e.g., the so-called “hierarchy problem” related to the mass of the Higgs boson. In the Standard
Model alone, the fermionic correction to the Higgs mass contains a quadratic divergence, which
either needs to be cancelled by some mechanism stemming from outside the Standard Model,
or by extreme fine-tuning, which is unattractive from the natural point of view.
Moreover, the indication that the three gauge couplings, when evolved towards high energy
scales through renormalizatoin group running, do not precisely meet at one energy scale, but
take similar values around a scale of 1015 GeV, hints towards Grand Unification at a scale close
to this value. The presence of additional fields in the beta-functions may improve the situation
such that the three couplings “meet” with better precision at a high scale.
Finally, there is the so-called flavour problem, meaning that the Standard Model does not
explain why there are three generations of matter fields, and more important, does not explain
the observed hierarchy of the fermion masses. This question may be addressed by including,
e.g., flavour symmetries in the theory.
The theories seeking to address the shortcomings of the Standard Model mentioned above
are numerous. While rather simple extensions such as the singlet scalar [49, 50, 51] or inert
doublet [52, 53] model, to name only a few, are based on additional scalar fields to include a
dark matter candidate, other theories rely on more fundamental principles such as additional
space-time dimensions or additional symmetries with respect to the Standard Model [54, 55].
Before discussing in more detail such a framework, namely the Minimal Supersymmetric Standard Model (MSSM), I shall proceed with a general discussion of the flavour structure of theories
beyond the Standard Model.

The neutrino sector
Although the neutrinos are strictly massless in the Standard Model, as they do not allow for
Yukawa interactions as in Eq. (1.3), it is apparent that there must be some mechanism generating masses for the left-handed neutrinos. In the simplest form, this manifests as a Majorana
mass term,

−Lν =

1 (i ) (i ) (i )
ν̄ Mν νL + h.c.
2 L

(1.21)

for the left-handed neutrinos. At this stage, the precise origin of the mass matrix is not discussed. Possible sources of neutrino mass terms can be, e.g., the Seesaw mechanism [56, 57, 58,
59, 60] or the radiative generation of neutrino masses [61, 62, 63]. The rotation of this term to
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the neutrino mass eigenbasis invokes a rotation matrix according to
(i )

(m)

νL

= VνL νL ,

(m)

†
= diag (mν1 , mν2 , mν3 ) = VνL
Mν VνL ,

Mν

(1.22)
(i )

(1.23)

where the mass eigenstates are denoted ν1 , ν2 , and ν3 .
Rewriting the interaction Lagrangian in the mass eigenbasis leads to the same conclusions
as for the quarks, namely that neutral current interactions are unaffected by the introduced
rotation matrices, but one product of rotation matrices remains in the charged current Lagrangian,
(m)

(m)

(m)

(m)

†
−L`νW = gW ē L VeL
VνL γµ νL Wµ+ + h.c. ≡ gW ē L VPMNS γµ νL Wµ+ + h.c. .

(1.24)

This introduces the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix [9, 10],
†
VPMNS = VeL
VνL ,

(1.25)

which expresses the mismatch between the rotations of the left-handed charged leptons and the
neutrinos. It is thus the equivalent to the CKM matrix in the quark sector. All charged-current
interactions between left-handed leptons and neutrinos are related to the corresponding elements of the PMNS matrix.
If the lepton mass eigenstates are identified with their flavour eigenstates, as it is the case in
the Standard Model, the lepton mixing matrices correspond to the identity. The PMNS matrix
is thus identified directly with the neutrino mixing matrix, VPMNS = VνL . In the absence of
neutrino masses, the PMNS matrix is also equivalent to the identity. This illustrates that the
presence of lepton-flavour violating interactions is directly related to the fact that neutrinos are
massive.
In the same way as the CKM matrix, the PMNS matrix can be parametrized through three
mixing angles, ϑ12 , ϑ13 , and ϑ13 , associated to the transitions between the respective generations, plus CP-violating phases η12 , η23 , and η13 . Denoting cij = cos ϑij and sij = sin ϑij for
i, j = 1, 2, 3, the PMNS matrix reads


VPMNS


1
0
0
c13


= 0 c23 s23  
0
0 −s23 c23
−s13 eiη13



0 s13 e−iη13
c12 s12 0
1 0


1
0  −s12 c12 0 0 eiη12
0
c13
0
0 1
0 0


0

0 ,

eiη23

(1.26)
where η12 = η23 = 0 in the case of Dirac neutrinos, and η13 is the Dirac CP − violating phase
analogous to the phase δ13 of the CKM-matrix. As mentioned above, the physics related to
CP-violation is beyond the scope of the present manuscript.
Assuming normal neutrino mass ordering, i.e. mν1 ≤ mν2 ≤ mν3 , leads to the experimental
determination of the angles
ϑ12 ≈ 33.6◦ ,

ϑ23 ≈ 41.6◦ ,

ϑ23 ≈ 8.5◦ ,

(1.27)

while the CP-violating phase is found to be η13 ≈ 261◦ [64]. Assuming inverted mass hierarchy,
mν1 ≤ mν3 ≤ mν2 , leads to slightly different values. Comparing to the values given in Eq. (1.17),
it becomes obvious that lepton mixing is generally more important and at the same time less
hierarchical than quark mixing.

8

Chapter 1. Flavour violation in particle physics

Minimal vs. Non-Minimal Flavour Violation
Coming back to the subject of flavour, considering extensions of the Standard Model, assumptions have to be made concerning the underlying flavour structure of the theory. The simplest
assumption is that the flavour structure of the extended theory is the same as in the Standard without introducing additional sources of flavour violation. In other words, the Yukawa
matrices remain the only source of flavour violation, and consequently all flavour-changing
interactions are related to the CKM and PMNS matrices as discussed above. This is known as
the Minimal Flavour Violation (MFV) paradigm [65].
An alternative assumption is to allow for additional sources of flavour violation when extending the Standard Model by new fields or symmetries. This means that, while the Yukawa
matrices still induce flavour-changing charged currents related to the CKM and PMNS matrices, additional terms may be present in the Lagragian of the theory introducing additional contributions to flavour-changing interactions, including flavour-changing neutral currents. This
defines the Non-Minimal Flavour Violation (NMFV) framework.
In the present manuscript, I mainly consider the framework of Non-Minimal Flavour Violation, in particular in supersymmetric theories. In the next Section, the Minimal Supersymmetric Standard Model (MSSM), including the implementation of flavour violation therein, will be
discussed.

1.3

The Minimal Supersymmetric Standard Model

In the present manuscript, I will focus on Supersymmetry [54, 55], which is based on a link
between bosonic and fermionic degrees of freedom. More precisely, the Poincaré algebra is
extended by fermionic generators Qα relating bosonic and fermionic states,

Qα boson = fermion ,

Qα fermion = boson .

(1.28)

For phenomenological purposes, it is reasonable to assume only one fermionic generator. In
this way, Supersymmetry provides a bosonic counterpart for each fermionic degree of freedom
of the Standard Model, and a fermionic counterpart for each boson of the Standard Model.
These counterparts, usually referred to as superpartners, constitute additional particles with
respect to the Standard Model. This assumptions defines the so-called Minimal Supersymmetric
Standard Model (MSSM), which will be at the centre of the studies presented in this manuscript.
A detailed discussion of the Supersymmetry algebra can be found, among others, in Refs. [66,
67].
The particle content of the MSSM in terms of supermultiplets is summarized in Table 1.3.
The scalar partners of the Standard Model quarks are referred to as “scalar quarks” or squarks,
the scalar partners of the leptons are the “scalar leptons” or sleptons, and the scalar partners
associated to the neutrinos are the “scalar neutrinos” or sneutrinos. The fermionic partners of
the gauge bosons are called bino, winos, gluino, which refers to the B0 - and W 0,± -bosons before
electroweak symmetry breaking as well as to the gluon. It is to be noted that in supersymmetric
theories, in contrast to the Standard Model, and in order to forbid anomalies, electroweak symmetry breaking is implemented by means of two complex Higgs doublets Hu and Hd coupling
respectively to up- and down-type (s)fermions. The fermionic partners of the scalar Higgs doublets are called Higgsinos. By convention, the superpartnes are denoted by adding a tilda to the
Standard Model notation, e.g., ẽ for a “selectron” being the superpartner of the electon e. The
supermultiplets of the MSSM are summarized in Table 1.3.
Since no superpartners have been observed at the same masses as the Standard Model particles, Supersymmetry must be broken at the TeV scale, i.e. additional mass terms must be
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Q
u
d

(s)quarks

(s)leptons
Higgs(inos)

spin 0

ũ L , d˜L
ũ∗R
d˜∗R


L
e

ẽ L , ν̃L
ẽ∗R

Hu
Hd


Hu+ , Hu0

Hd0 , Hd−

spin 1/2

uL, dL
u†R
d†R

e L , νL
e†R

H̃u+ , H̃u0

H̃d0 , H̃d−
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spin 1/2

spin 1

g̃

g

W(inos)

W̃ ± , W̃ 0

W±, W0

B(inos)

B̃0

B0

Gluino, gluon

TABLE 1.3: Chiral (left) and vector (right) supermultiplets of the Minimal Supersymmetric Standard
Model. The remaining quantum numbers are the same as those of their Standard Model
parts displayed in Table 1.1.

present in the Lagrangian of the theory, lifting the superpartners to higher mass scales. Although the precise origin of the breaking mechanism are unknown, it can be parametrized in
terms of so-called soft-breaking terms, which are included in the Lagrangian of the MSSM,

=
−LMSSM
soft


1
M1 B̃0 B̃0 + M2 W̃ + W̃ − + M3 g̃ g̃ + h.c.
2
2
∗ 2
˜∗ 2 d˜¯† + L̃† M2 L̃ + ẽ∗ M2 ẽ
+ Q̃† MQ
e Q̃ + ũ MU
e ũ + d MD
e
e
e
L
E


+ ũ∗ Au Q̃Hu + d˜∗ Ad Q̃Hd + ẽ∗ Ae L̃Hd + h.c.


+ m2Hu Hu∗ Hu + m2Hd Hd∗ Hd + bHu∗ Hd + h.c. .

(1.29)

For the sector of squarks and sleptons, the soft-breaking Lagrangian introduces the mass ma2 for the “right-handed” up-type squarks, M2 for
trices M2e for the “left-handed” squarks, MU
e
e
D
Q

the “right-handed” down-type squarks, Me2L for the “left-handed” sleptons and sneutrinos, and
M2Ee for the “right-handed” sleptons. Note that the naming convention is somewhat abusive,
the terms “left-handed” and “right-handed” not refering to the squarks or sleptons themselves
but rather to their fermionic Standard Model partners. Finally, we have three trilinear coupling
matrices Au , Ad , Ae for the up-type squarks, down-type squarks, and sleptons, respectively.
To complete the discussion, the first line of Eq. (1.29) includes mass terms for the bino, wino,
and gluino, while the last line concerns the mass of the physical Higgs bosons. In total, the softbreaking Lagrangian contains over 120 free parameters. In constrained or simplified models,
such as the “constrained MSSM” (CMSSM) [68] or the “phenomenological MSSM” (pMSSM)
[69], the number of free parameters can be reduced, reaching from a few to about twenty.
In the remainder of this Section, I shall briefly review the different sectors of the MSSM
particle content, giving a larger focus on the sector of squarks. In particular, I will discuss the
implementation of the concepts of Minimal and Non-Minimal Flavour Violation in this sector.

Higgs sector
As mentioned above, in a supersymmetric theory two Higgs doublets are needed to convey
electroweak symmetry breaking. More precisely, the two complex doublets Hu and Hd couple
to up-type and down-type fields, respectively. In terms of the supermultiplets of Table 1.3, the
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corresponding superpotential can be written as
¯ d QHd + ēYe LHd + µHu Hd + h.c. .
WMSSM = ūYu QHu + dY

(1.30)

Upon electroweak
√ both Higgs doublets acquire vacuum expectation val√ symmetry breaking,
ues, h Hu i = vu / 2 and h Hd i = vd / 2, and are expanded according to
!
!
√1 vd + h0 + iA0
Hu+
d
d
2
 ,
.
(1.31)
Hu =
Hd =
√1 vu + h0u + iA0u
H−
d

2

The CP-even, CP-odd, and charged components mix and give rise to two CP-even mass eigenstates, h0 and H 0 , one CP-odd pseudoscalar eigenstate, A0 , and two charged mass eigenstates
H ± . By convention h0 is identified with the “Standard-Model-like” Higgs-boson such that
mh0 ≈ 125 GeV. The mixing is parametrized by the two mixing angles α and β. The latter is
related to the vacuum expectation values through
tan β =

vu
v sin β
=
,
v cos β
vd

v2u + v2d = v2 ≈ (246 GeV)2 .

(1.32)

Considering the MSSM at the TeV scale, as it will be done, e.g., in Sec. 2.2, the key parameters
are typically chosen to be the ratio of the two vacuum expectation values tan β, the Higgsino
mass parameter µ, and the pole mass of the pseudoscalar Higgs boson m A0 . In contrast, if
the MSSM parameters are defined at higher scales, such as the Grand Unification scale, it is
more convenient to choose the mass parameters associated to the two doublets, m2Hu and m2Hd
together with the ratio of the vacuum expectation values tan β as key parameters. Such a setup
will be discussed in Sec. 4.2. For a more detailed presentation and review of the MSSM Higgs
sector, the reader is referred, e.g., to Refs. [67, 70].

Gaugino sector
Coming to the fermionic partners of the gauge and Higgs bosons, after electroweak symmetry
breaking the neutral fermions share the same quantum numbers and the corresponding physical states will be superpositions of the gauge eigenstates. More precisely, the neutral bino,
wino, and Higgsinos mix to give rise to four neutralinos, denoted χ̃0i (i = 1, . . . , 4). The lightest
of the four neutralinos typically acts as the dark matter candidate.
In the same way, the charged winos and Higgsinos mix to the physical charginos, denoted
χ̃i± (i = 1, 2). Being the only strongly interaction fermion of the theory, the gluino does not mix
with other states. A more complete review of the gaugino sector, including the corresponding
Lagrangian, mass matrix, and mixing matrices, can be found, e.g., in Refs. [66, 67].

Squark sector
It is convenient to rotate the squark fields ũ L , ũ R , d˜L , and d˜R in the same way as presented in
Chap. 1.1 for their Standard Model counterparts. This defines the so-called super-CKM basis
[71], maintaining the Yukawa matrices diagonal. In this basis, the squared mass matrices for
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up- and down-type squarks are given by


vu †
2+D
2 V†
√
+
M
T
−
M
µ/
tan
β
V
M
u
uL
CKM Q
u
e CKM
2 u
,
M2ũ = 
v
∗
2
2
u
√ Tu − Mu µ / tan β
MUe + Mu + DuR
2


vd †
2 + M2 + D
√
M
T
−
M
µ
tan
β
dL
d
e
d
2 d
,
M2d˜ =  vd Q
∗
2
2
√ Td − Md µ tan β
MDe + Md + DdR

(1.33)

2

respectively. Again, flavour indices are omitted for the sake of readability. It is to be noted
that the left-left sectors share the common mass parameter M2e , as they are related through
Q

SU (2) symmetry, and the misalignment discussed in Sec. 1.1 manifests as the relative rotation
by the CKM-matrix. The matrices Mu and Md are the diagonal up- and down-type quark mass
matrices, respectively, giving a Supersymmetry-conserving contribution. Finally, the diagonal
“D-terms” are given by

DqL = m2Z T3 − Q sin2 θW cos 2β ,
(1.34)
DqR = m2Z Q sin2 θW sin 2β ,

(1.35)

for q = u, d, where T3 and Q denote weak isospin and electric charge of the corresponding
2 , and
quark. In the following, we will focus on the structure of the soft-mass matrices M2e , MU
e
Q

M2De , as well as the trilinear coupling matrices Tu and Td .
The diagonalization of the above matrices leads to the physical mass eigenstates of the
squarks. I will discuss the diagonalization seperately depending on the chosen flavour scenario.
Minimal Flavour Violation

In the case of Minimal Flavour Violation, additional flavour violation with respect to the CKM
matrix is forbidden, such that the soft matrices MQ̃ , MŨ , and MD̃ , as well as the trilinear matrices Tu and Td are diagonal in flavour space. In this case, the mass matrices of Eq. (1.33) break
down to in total six matrices of dimension two. The trilinear terms then give rise to mixing
between the “left-” and “right-handed” squark gauge eigenstates.
Since the corresponding entry in the mass matrix is proportional to the quark mass matrix, for typical phenomenological purposes only helicity mixing within the third generation is
considered. As an example, the two-dimensional stop mass matrix is then diagonalized by a
rotation
angle θt̃ . The gauge eigenstates
 matrix than can be parametrized by a single mixing

t̃ L , t̃ R are linked to the physical mass eigenstates t̃1 , t̃2 through
t̃1
t̃2

!

=

cos θt̃ − sin θt̃
sin θt̃ cos θt̃

!

t̃ L
t̃ R

!
,

(1.36)

where by convention mt̃1 < mt̃2 . The mass splitting is mainly driven by the magnitude of the

corresponding trilinear coupling parameter, e.g., Tu 33 in the present case of the stops. Similar
expressions hold for the sbottoms and staus, while for the first and second generation squarks,
in the absence of sizeable trilinear terms, the mass eigenstates essentially correspond to the
flavour eigenstates. Let us note again, that in this case, all quark flavour-changing interactions
relate to the CKM matrix as discussed in Sec. 1.1.

12

Chapter 1. Flavour violation in particle physics

Non-Minimal Flavour Violation
Allowing for Non-Minimal Flavour Violation, the additional sources of flavour mixing manifest as non-diagonal terms in the soft and trilinear matrices. For example, a non-zero
element

2
MQ̃ 23 induces inter-generational mixing of c̃ L and t̃ L , a non-zero element Tu 32 describes a
mixing of c̃ R and t̃ L , and so on.
In this framework, the physical mass eigenstates are not necessarily single-flavoured but
can rather be a superposition of up to all six flavours. Therefore, they are labeled ũ1 , ũ2 , . . . , ũ6
for the up-type squarks, and d˜1 , d˜2 , . . . , d˜6 for the down-type squarks. By convention they are
mass-ordered according to mũ1 < mũ2 < . . . < mũ6 and similarly for the down-type squarks.
The diagonalization of the mass matrices in Eq. (1.33),

diag m2ũ1 , . . . , m2ũ6 , = Rũ M2ũ R†ũ ,

(1.37)
diag m2d˜ , . . . , m2d˜ , = Rd˜M2d˜R†d˜ ,
6

1

introduces two rotation matrices, which link the gauge and mass eigenstates of the up- and
down-type squarks, respectively, according to
ũ1 , ũ2 , . . . , ũ6

T

d˜1 , d˜2 , . . . , d˜6

T

= Rũ ũ L , c̃ L , t̃ L , ũ R , c̃ R , t̃ R

T

,

= Rd˜ d˜L , s̃ L , b̃L , d˜R , s̃ R , b̃R

T

.

(1.38)

Compating to the situation of minimal flavour violation, the rotation matrices thus can be seen
as “generalized squark mixing angles”. They carry the essential information about the flavour
content of each physical state, and therefore appear naturally in the couplings of squarks to
other fields. Detailed listings of the couplings can be found in Refs. [72, 73, 74].
In order to study the parameter space including non-minimally flavour-violating terms, it
is convenient to work within a scenario-independant parametrization allowing to compare different parameter points more easily. Such a parametrization can be achieved by normalizing
the flavour-violating non-diagonal elements of the mass matrix with respect to the corresponding diagonal ones. This defines the following set of dimensionless quark-flavour violation
parameters,

2
MQ̃

ij

 ,
δLL ij =
MQ̃ ii MQ̃ jj


2
2
MŨ
M


ij
D̃ ij
u
d

 ,

 ,
δRR
=
δRR
=
ij
ij
MŨ ii MŨ jj
MD̃ ii MD̃ jj


(1.39)
T
T
u
d


v
v
ij
ij
u
u
d

 ,

 ,
δRL
= √
δRL
= √d
ij
ij
2 MQ̃ ii MŨ jj
2 MQ̃ ii MD̃ jj


T
T
u
d


v
v
ji
ji
u
d
u

 ,

 ,
δLR
= √
δLR
= √d
ij
ij
2 MŨ ii MQ̃ jj
2 MD̃ ii MQ̃ jj
where we use the implicit notation MQ̃


ij

=

q

2
MQ̃


ij

.
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Slepton and sneutrino sector
In the same way as for the squarks, the slepton and sneutrino fields undergo the same rotation
as the leptons and neutrinos in the Standard Model, potentially augmented by some mechanism generating neutrino masses as discussed in Sec. 1.2. In the so-called super-PMNS basis,
where the corresponding Yukawa couplings are diagonal, the squared mass matrix is given by

M2`˜ =

Me2L + Me2 + DeL

vd
√
T
2 e

− Me µ∗ tan β

vd †
√
T − Me µ tan β
2 e
M2Ee + Me2 + DeR

!
.

(1.40)

Again, the lepton mass matrix is diagonal by choice of basis, and the “D-terms” have similar
expressions as given in Eq. (1.35) for the quarks. The squared mass matrix for the sneutrinos is
†
M2ν̃ = VPMNS Me2L VPMNS
+ Mν2 + DνL ,

(1.41)

where only the “left-handed” block is present due to the absence of right-handed neutrinos.
As for the squarks discussed above, the structure of the involved soft-mass and trilinear
terms depends on the assumption of the flavour structure. While assuming MFV, the matrices
Me2L , M2Ee, and T` are diagonal, they may include off-diagonal elements when assuming NMFV.
In this case, dimensionless NMFV-parameters can be defined analogously to those given in Eq.
(1.39). In the general case, the diagonalization of the two mass matrices proceeds through

`˜ 1 , `˜ 2 , . . . , `˜ 6

T

ν̃1 , ν̃2 , ν̃3

T

= R`˜ ẽ L , µ̃ L , τ̃L , ẽ R , µ̃ R , τ̃R
T
= Rν̃ ν̃Le , ν̃Lµ , ν̃Lτ .

T

,

(1.42)

As the discussion within present manuscript will mainly focus on the sector of squarks, and in
particular Non-Minimal Flavour Violation therein, the discussion of the slepton sector is kept
rather short here. The interested reader is referred to, e.g., Refs. [66, 67] for a more detailed
discussion.

Benefits of the MSSM
To conclude this Chapter, I will mention how Supersymmetry, and in particular the Minimal
Supersymmetric Standard Model (MSSM), allows to cure certain shortcomings of the Standard
Model mentioned in Sec. 1.2. As already mentioned above, the lightest neutralino is a very
good candidate for cold dark matter reaching the observed relic abundance through the freezeout mechanism. Detailed reviews of neutralino dark matter can be found, among others, in
Refs. [75, 76].
Concerning the quadratic divergences in the Higgs mass calculation, it turns out that including the corrections due to the additional particles, namely the sfermions, cancels the divergence provided that Supersymmetry is preserved, i.e. that the sfermions have the same mass
as the fermions, and that the corresponding couplings to the Higgs boson match. A detailed
discussion and calculation can be found, e.g., in Refs. [66, 67].
In addition, it has been shown that the gauge couplings unify to a better precision in the
MSSM as they do in the Standard Model alone [77]. Finally, Supersymmetry does not provide
an intrinsic mechanism to generate neutrino masses. However, “standard” mechanisms such
as the Seesaw mechanism can be implemented in the MSSM without difficulty, see Refs. [78,
79, 80, 81, 82, 83, 84, 85, 86, 87] for examples.
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Chapter 2

Flavour constraints on new physics
models
Additional states with respect to the Standard Model impact the theory predictions of basically all observables in particle physics. Consequently, a very large variety of experimental
measurements can be used to constrain new physics models.
In addition to searches for new physics at colliders and the search for astrophysical dark
matter signals, theories beyond the Standard Model are in particular heavily constrained by a
large number of precision measurements, mostly related to rare decays of mesons and leptons.
In such cases, the new particles appear through their virtual effects, e.g., at the one-loop level.
The present Chapter is dedicated to a discussion of such observables. In Sec. 2.1, a summary of relevant observables and constraints is presented. In Sec. 2.2, an extensive study of
Non-Minimal Flavour Violation within the sector of squarks of the Minimal Supersymmetric
Standard Model, in particuler in view of the mentioned flavour constraints, is discussed. This
discussion is based on Ref. [88].

2.1

The experimental situation

The aim of the present Section is to give an overview of the most important constraints on new
physics models stemming from observables related to flavour physics. This includes measurements within the hadronic sector, such as meson decays and oscillation parameters, as well
as within the leptonic sector, such as rare lepton decays or the anomalous magnetic moments
of leptons. The constraints relevant for the analyses presented in this manuscript are summarized in Table 2.1, indicating the respective uncertainties, confidence level, and bibliographic
references.
It is to be noted that, while in the Standard Model the mass of the Higgs boson is a free
parameter, its value is a prediction in extensions such as the Minimal Supersymmetric Standard
Model discussed in Sec. 1.3. I therefore include the observed value of the Higgs boson mass
into the summary of constraints. Another constraint, that is powerful but not related to flavourchanging currents, is the relic density ΩCDM h2 of dark matter, interpreted in the ΛCDM model,
given in the last line of Table 2.1.
In addition to the indirect constraints given in Table 2.1, direct searches at collider, in particular the Large Hadron Collider via the ATLAS and CMS experiments, have lead to null results
in view of particles not belonging to the Standard Model. Such null results are interpreted in
terms of exclusion limits on the respective particle masses and, in certain circumstances, their
couplings to the Standard Model fields [35]. Aspects of flavour violation in such searches will
be discussed in Chap. 3 of this manuscript.
In addition, a large number of experimental collaborations aim at the detection of dark matter. The constraints stemming from direct or indirect detection of dark matter are numerous,
but not relevant for the work presented in this manuscript. I will therefore not discus this
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Observable

Experimental result

References

Remarks

m h0

(125.2 ± 2.1) GeV

[35, 89]

(1)

(2)

BR ( B → Xs γ)
BR ( B → Xs µµ)q2 ∈[1;6] GeV2

(3.32 ± 0.15) · 10−4
(0.66 ± 0.55) · 10−6

[90]
[91]

(1)
(1)

(2)
(2)

BR ( B → Xs µµ)q2 >14.4 GeV2

(0.60 ± 0.26) · 10−6

[91]

(1)

BR ( Bs → µµ)
BR ( B → K ∗ µµ)q2 ∈[1;6] GeV2

(2.7 ± 1.0) · 10−9
(1.7 ± 0.26) · 10−7

[35]
[92]

(1)
(1)

(−0.075 ± 0.030) · 10−7

[93]

(1)

1.04 ± 0.34

[35]

(1)

≤ 2.6 · 10−8
0.97
−10
1.73+
−0.88 · 10

[35]
[35]

(1)
(1)

[35, 94]
[35, 95]
[35, 95]

(1)

AFB ( B → K ∗ µµ)q2 ∈[1.1;6] GeV2
BR ( Bu → τν) /BR ( Bu → τν)SM

BR K0 → π 0 νν
BR (K + → π + νν)
∆MBs
∆MK
eK

(17.757 ± 2.266) ps−1
(3.1 ± 1.0) · 10−15 GeV
2.228 ± 0.243

BR (µ → eγ)
BR (µ → eγγ)
BR (µ → 3e)
BR (τ
BR (τ
BR (τ
BR (τ
BR (τ
BR (τ
BR (τ
BR (τ

→ eγ)
→ 3e)
→ µγ)
→ 3µ)
→ e− µµ)
→ e+ µµ)
→ µ− ee)
→ µ+ ee)
exp

∆aµ = aµ − aSM
µ
ΩCDM h2

(1)

(2)
(2)
(2)

< 4.2 · 10−13
< 7.2 · 10−11
< 1.0 · 10−12
< 3.3 · 10−8
< 2.7 · 10−8
< 4.4 · 10−8
< 2.1 · 10−8
< 2.7 · 10−8
< 1.7 · 10−8
< 1.8 · 10−8
< 1.5 · 10−8

[35]
[35]
[35]

(2)
(2)
(2)

[35]
[35]
[35]
[35]
[35]
[35]
[35]
[35]

(2)
(2)
(2)
(2)
(2)
(2)
(2)
(2)

(26.1 ± 10.74) · 10−10

[35]

(0.1200 ± 0.0020)

[48]

(1)

(2)†
(2)

TABLE 2.1: Experimental constraints at the 90% confidence level on the new physics parameter space
imposed from Higgs boson mass, quark-flavour changing processes, lepton-flavour
violating processes, the anomalous magnetic moments of leptons, and dark matter
requirements. The numbers (1) and (2) in the last column indicate that the respective
constraint has been taken into account in the Markov-Chain Monte-Carlo study of the
pMSSM presented in Sec. 2.2 or in the study of the SU (5) × A4 supersymmetric Grand
Unification model discussed in Sec. 4.2. For the anomalous magnetic moment of the muon,
the † indicates that this constraint has been taken into account in the original motivation of
the study, but has not explictely been evaluated in the analysis of Non-Minimal Flavour
Violation.
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topic in detail here. Concerning the neutralino relic density in the MSSM, it can be noted that
the impact of Non-Minimal Flavour Violation is rather small, unless the scenario under consideration features important contributions from neutralino-sfermion co-annihilations or the
flavour-violating terms in the sfermion mass matrix are very large [96, 97]. For this reason,
dark matter constraints is not included in the study presented in the following Section.

2.2

An MCMC study of squark generation mixing

In recent years, the phenomenological consequences of non-minimal flavour violation in the
squark sector have been studied in various areas. More precisely, effects on low-energy observables such as rare decays [98] or oblique parameters [99] have been considered, and the
potential signatures at the Large Hadron Collider have been largely investigated [72, 73, 100,
101, 74, 102, 103, 104, 105, 106, 107, 108, 109, 110, 111]. More recently, the existing constraints
on possible non-vanishing flavour-mixing parameters have been updated [112, 113]. All these
results have been derived under the assumption that only few off-diagonal elements of the
squark mass matrices are non-zero, and that at most two among them are varied at the same
time. One would, however, generally expect that several or all of the flavour-violating entries
are non-vanishing, especially if the flavour structure is generated by some mechanism at a
higher scale. Consequently, a comprehensive study of the most general NMFV configuration
of the MSSM, where all flavour-violating terms of the Lagrangian are taken in account and
confronted to current data and theoretical constraints, is in order.
The results summarized in this Section present a first step in this direction. They stem from
a detailed study of squark-generation mixing initiated during the 2013 PhysTeV Les Houches
workshop [114] and published in Ref. [88]. While the present Section gives an overview over
the main results, all details can be found directly in Ref. [88].
In order to keep a reasonable number of supersymmetric parameters for our study, we
assume that the first two generations of squarks are degenerate. The flavour-conserving soft
masses are then determined by six free parameters,



MQ̃1,2 ≡ MQ̃ 11 = MQ̃ 22 ,
MQ̃3 ≡ MQ̃ 33 ,



MŨ1,2 ≡ MŨ 11 = MŨ 22 ,
MŨ3 ≡ MŨ 33 ,
(2.1)



MD̃1,2 ≡ MD̃ 11 = MD̃ 22 ,
MD̃3 ≡ MD̃ 33 ,
For simplicity, we take the trilinear coupling parameters of the third generation to be equal,
A f ≡ ( Au )33 = ( Ad )33 = ( Ae )33 ,

(2.2)

while those of the first and second generation are set to zero since we neglect the corresponding
Yukawa couplings. Coming to the flavour off-diagonal elements of the soft mass and trilinear
coupling matrices, we ignore any mixing involving the first generation squarks in order to be
compliant with kaon data [115]. We therefore consider mixing between the second and third
generation squarks, which is parametrized (see Eqs. (1.39)) by
δLL ,

u
δRR
,

d
δRR
,

u
δLR
,

u
δRL
,

d
δLR
,

and

d
δRL
.

(2.3)

The gaugino sector is chosen to be determined by the bino mass M1 alone. The wino
and gluino tree-level masses M2 and M3 are then obtained by making use of the relation
M1 = 12 M2 = 61 M3 , which is inspired by Grand Unified theories. Finally, we parametrize the
Higgs sector in the usual way, i.e. the free parameters are µ, m A0 , and tan β.
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Parameter

Scanned range

Parameter

Scanned range

αs (m Z )
pole
mt
mb (mb )


N 0.1184, 0.0007

N 173.3, 1.3928

N 4.19, 0.12

MQ̃1,2
MQ̃3
MŨ1,2
MŨ3
MD̃1,2
MD̃3

[300, 3500]
[100, 3500]
[300, 3500]
[100, 3500]
[300, 3500]
[100, 3500]

tan β
µ
mA
M1
M`˜

[10, 50]
[100, 850]
[100, 1600]
[100, 1600]
[100, 3500]

Af

[-10000, 10000]
or | A f | < 4 max{ Mq̃ , M`˜ }

δLL
u
δRR
d
δRR
u
δLR
u
δRL
d
δLR
d
δRL

[-0.8, 0.8]
[-0.8, 0.8]
[-0.8, 0.8]
[-0.5, 0.5]
[-0.5, 0.5]
[-0.05, 0.05]
[-0.05, 0.05]

TABLE 2.2: Supersymmetric and Higgs sectors of our NMFV MSSM parameter space, as well as
varying Standard Model parameters. All dimensionful quantities are given in GeV.
N (µ, σ) denotes a Gaussian profile of mean µ and width σ. The variable Mq̃ corresponds
to the maximum of the diagonal entries of the matrices MQ̃ , MŨ , and MD̃ .

For an efficient exploration of this 22-dimensional parameter space, we rely on a Markov
Chain Monte Carlo (MCMC) scanning technique [116] based on the Metropolis-Hastings algorithm [117, 118]. A given point is accepted or rejected based on the comparison of the products
of likelihoods of this point with that of the previous point. Each of the likelihoods is associated with a specific constraint accounting for measurements and theoretical predictions in the
framework of the MSSM with Non-Minimal Flavour Violation. The experimental constraints
taken into account in this analysis are marked as “(1)” in Table 2.1. The associated predictions
are calculated using the SuperIso package [119, 120] when available, otherwise using SPheno
3.3.3 [121, 122]. The data transfer between the two codes is achieved through the Flavour Les
Houches Accord [123].
The above parameters are varied randomly within intervals which are chosen to yield a
good coverage of the phenomenologically relevant parameter space. In addition, we have varpole
ied αs (m Z ), mt , and mb (mb ) using a Gaussian profile taking into account their experimental
uncertainties, while all other Standard Model parameters are fixed to the values given in Chap.
1.1. The applied ranges for all parameters are given in Table 2.2. Note that the limits on the
trilinear coupling parameter A f and the flavour-violating parameters are chosen to prevent all
off-diagonal elements of the squark mass matrices from being too large, such that tachyonic
mass eigenstates are avoided. For each parameter combination, the resulting mass spectrum is
computed using the publicly available spectrum calculator SPheno 3.3.3 [121, 122].
Concerning dark matter, only the requirement that the lightest supersymmetric particle is
a neutralino has been imposed, while in particular the relic density has not been computed
for the present study. For a study of neutralino annihilation in the presence of non-minimally
flavour violating elements in the Lagrangian see Ref. [96].
The analysis of the results of the Markov Chain Monte Carlo analysis discussed above gives
us information about the regions of parameter space that are favoured by the experimental data
indicated in Table 2.1. The influence of a specific experimental result on a given parameter can
be studied by comparing its theoretical prior distribution to the posterior distribution that is
obtained after imposing the related constraint alone. The prior distributions of all parameters
are obtained from a uniform random scan in which we discard parameter points that lead to
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tachyons, where the electroweak symmetry is not successfully broken, or where the lightest
neutralino is not the lightest supersymmetric particle. We hence include about 1.5 · 106 theoretically accepted setups. The posterior distributions are then computed on the basis of the
MCMC scan, in which the experimental constraints indicated in Table 2.1 are imposed. The
final posterior distributions include about 100000 points. To estimate the importance of each
observable separately, we have run a separate MCMC scans for each observable. Note that the
convergence test of Gelman and Rubin [124] has been verified.
In the following, the main results of the MCMC analysis are discussed.

Distributions of the flavour-conserving parameters
Although we are mainly interested in the flavour-violating parameters given in Eq. (1.39),
we start the discussion by the obtained distributions for the flavour-conserving parameters of
our model. The corresponding probability density distributions over the respective parameter
ranges are shown in Fig. 2.1. Each panel shows the theoretical prior (yellow area) together with
the posterior distribution (solid line), which includes the impact of the included constraints.
As can be seen, the prior distribution of the gaugino mass parameter M1 is centred at relatively low values M1 ∼ 400 GeV and may reach values of up to about M1 ∼ 1000 GeV. When
imposing all considered experimental constraints, the distribution is shifted by about 100 GeV
to higher values. This behaviour can be traced to the chargino contributions to the branching
ratio of the decay Bs → µ+ µ− and to the B-meson mass difference ∆MBs . Let us recall that the
chargino mass is governed by the parameter M1 .
For the trilinear coupling parameter A f , the prior distribution is centred around zero. Large
values are indeed often rejected since they may induce a large left-right mixing implying tachyonic states. Imposing the experimental constraints drastically changes the shape of the distribution, which now featues two peaks at | A f | ∼ 3000 GeV. This feature is induced by the
condition on the Higgs boson mass, which requires a relatively large splitting of the squark
masses
exhibiting the largest stop components. The peaks correspond to the situation of | Xt | ∼
√
6MSUSY , which is well-known for the MSSM with Minimal Flavour Violation [125].
The slepton mass parameter exhibits a peak around M`˜ ∼ 600 GeV after imposing all experimental constraints. This is mainly inferred by the condition on the anomalous magnetic
moment of the muon that strongly depends on the slepton sector properties. Remember that
squarks enter the calculation only at the two-loop level, such that this constraint does not have
a remarkable influence on the squark sector.
Turning to the Higgs sector (second line of Fig. 2.1), the prior distribution of the higgsino
mass parameter µ shows a preference for low values, while its posterior distribution slightly
peaks around µ ∼ 200 GeV due to the Bs → µ+ µ− , ∆aµ , and ∆MBs constraints, which all
depend on the gaugino sector. Next, tan β tends towards lower values in both its prior and
posterior distributions, the favourite values being pushed to the rough interval 12 . tan β . 18.
Finally, the posterior distribution of the pseudoscalar mass m A is shifted towards higher values
with respect to its prior distribution. This results from the interplay of the most considered
observables for which low values of m A would induce too large contributions.
The last two lines of Fig. 2.1 concern the soft squark mass parameters. As can be seen, low
values are preferred for the first and second generation squarks masses MQ̃1,2 , MŨ1,2 , and MD̃1,2 .
This feature is mostly caused by imposing the Higgs boson mass. It can be understood in the
limiting case of MQ̃1,2 ' MŨ1,2 ' MD̃1,2 ≡ M̃2 . The one-loop contributions to mh0 that are
u are then approximately given by [113]
proportional to δLR
∆m2h0

3v4u

=
8π 2 v2u + v2d

"

Tu

2 
23

M̃2

2  #
Tu 23
(Yu )233
−
,
2
12 M̃2

(2.4)

Chapter 2. Flavour constraints on new physics models

p(θ | th)

p(θ | th)

p(θ | th exp)

p(θ | th exp)

p(θ | th exp)

200 400 600 800 1000 1200 1400 1600

-10000

-5000

10000

500 1000 1500 2000 2500 3000 3500

M~l (GeV)

p(θ | th)

p(θ | th exp)

p(θ | th exp)

p(θ | th exp)

10

15

20

25

30

35

40

45

Probability density

p(θ | th)

µ (GeV)

50

200 400 600 800 1000 1200 1400 1600

tanβ

mA (GeV)

p(θ | th)

p(θ | th)

p(θ | th exp)

p(θ | th exp)

p(θ | th exp)

500 1000 1500 2000 2500 3000 3500

Probability density

p(θ | th)

Probability density

Probability density

5000

p(θ | th)

100 200 300 400 500 600 700 800

500 1000 1500 2000 2500 3000 3500

MQ~12 (GeV)

500 1000 1500 2000 2500 3000 3500

MU~12 (GeV)

MD~12 (GeV)

p(θ | th)

p(θ | th)

p(θ | th exp)

p(θ | th exp)

p(θ | th exp)

500 1000 1500 2000 2500 3000 3500

MQ~3 (GeV)

500 1000 1500 2000 2500 3000 3500
~ (GeV)
MU
3

Probability density

p(θ | th)

Probability density

Probability density

0

A t (GeV)

Probability density

Probability density

M1 (GeV)

Probability density

p(θ | th)

Probability density

Probability density

20

500 1000 1500 2000 2500 3000 3500

MD~3 (GeV)

F IGURE 2.1: The one-dimensional prior (yellow filled area) and posterior (violet solid curve)
distributions of the parameters of our NMFV MSSM description. The prior only
incorporates theoretical inputs while the posterior distribution shows the impact of the
experimental observations.
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while the corresponding contributions of down-type squarks are obtained by replacing Tu →
Td and Yt → Yd , and by exchanging vu ↔ vd . In our parametrization, we have
Tu


23

vu u
= √ δLR
MQ̃1,2 MŨ3 ,
2

(2.5)

u the Higgs boson becomes tachyonic if the scale M̃2 is too large. Simsuch that for non-zero δLR
ilarly, the requirement of a physical solution for the electroweak vacuum also favours lower
values for MQ̃1,2 . The distributions of the third-generation mass parameters MQ̃3 and MŨ3 prefer in contrast larger values, which can be traced to the constraints from ∆MBs and the Higgs
boson mass. Finally, both the prior and posterior distributions of the right-handed down-type
squark mass MD̃3 prefer lower values and are in this case very similar.

Distributions of the flavour-violating parameters
We now turn to the analysis of the distributions of the seven non-minimally flavour-violating
parameters, which are at the centre of interest of the present study. Their prior and posterior
distributions are shown in Fig. 2.2.
The theoretical constraints on additional stop-scharm mixing in the left-left sector, corresponding to the parameter δLL , are relatively mild such that an almost flat prior distribution
is observed. The parameter δLL is then mainly constrained by the B-meson oscillation parameter ∆MBs , which favours smaller absolute values of δLL , and the branching ratio of the
decay Bs → µ+ µ− , which causes a slight preference for positive values. Values ranging up to
|δLL | . 0.8 can nevertheless be reached, but this requires simultanously large values for other
NMFV-parameters such that cancellations between the different contributions to the considered observables occur.
u and δd , inducing mixing in
In a similar way, the prior distributions of the parameters δRR
RR
the right-right sectors, show a mild preference for low absolute values. The posterior distribuu does not differ significantly from its prior distribution meaning that δu is insensition of δRR
RR
tive to the experimental constraints under consideration. In contrast, the B-meson oscillation
d to be narrower, while the branching
parameter ∆MBs restricts the posterior distribution of δRR
+
−
ratio of Bs → µ µ implies a preference for negative values. However, the full explored range
u,d
. 0.8 remains accessible for both right-right mixing parameters.
of −0.8 . δRR
The flavour-violating left-right and right-left elements of the up-type squark mass matrix,
u and δu , turn out to be mainly constrained by the necessity
translating into the parameters δRL
LR
u exhibits
to incorporate a Higgs boson mass of about 125 GeV. The posterior distribution of δLR
u
u
two peaks at |δLR | ∼ 0.5 and is restricted to −0.15 . δLR . 0.15. Theoretically, this behaviour
u , however, receives extra constraints stemming
is expected from Eq. (2.4). The parameter δRL
+
−
from the branching ratio of Bs → µ µ , such that the posterior distribution peaks around
u | ∼ 0.2. We recall that the two parameters δu and δu
zero and has a maximal value of |δRL
RL
LR
u describes a c̃ –t̃
are independent and induce different mixing patterns. More precisely, δLR
L R
u corresponds to mixing between the c̃ and t̃ eigenstates. The impact of
mixing, while δRL
R
L
the constraints and the resulting distributions are therefore different and directly related to the
structure of the chargino-squark-quark and neutralino-squark-quark interactions.
d and δd show a clear
In the down-type sector, the prior distributions of the parameters δLR
RL
peak for values close to zero. Large values are mostly discarded as they imply large offdiagonal terms in the mass matrix M2d˜ and the resulting spectrum likely contains tachyons.
Both parameters are hardly constrained by any of the observables under consideration and we
d slightly prefers negative values,
only observe minor effects. The posterior distribution of δLR
d
and the posterior distribution of δRL is slightly narrower, when both distributions are compared
to their respective prior. This mostly results from an interplay of all observables, although for
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F IGURE 2.2: Same as Fig. 2.1 for the flavour-violating parameters of the NMFV MSSM setup under
consideration.
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F IGURE 2.3: The one-dimensional prior (yellow histogram) and posterior (violet curve) distributions
of the quantities |~δ| and log |Πδ | defined in Eqs. (2.6).
d case, the B-meson oscillation observable ∆M and the Higgs boson mass requirement
the δRL
Bs
play a non-negligible role.
We finally illustrate the global distribution of all NMFV parameters under consideration.
To this end, we introduce the quantities
q
2
2
2




u
d
u 2 + δu 2 + δd 2 + δd 2 ,
~δ =
+ δRR
+ δLR
δLL + δRR
RL
LR
RL
(2.6)
u
d
u
u
d
d
log Πδ = log δLL δRR
δRR
δLR
δRL
δLR
δRL
.

The former, |~δ|, gives a measure of how far a given benchmark is situated from the minimally
flavour-violating paradigm where |~δ| = 0. The maximum value that can be reached in our
setup is |~δ| ≈ 1.56. The second quantity, log |Πδ |, gives an indication about how many NMFV
parameters are sizeable at the same time. One of the NMFV parameters being close to zero
pulls this quantity towards large negative values, while the case where all NMFV parameters
are maximum corresponds to log |Πδ | ≈ 0.
In Fig. 2.3, we show the prior and posterior distributions of these two quantities. All
scanned points feature |~δ| > 0, such that at least one of the NMFV parameters is sizeable
and non-vanishing. The second quantity is in general large and negative so that at least one of
the NMFV parameters has to be small. However, since the distribution shows a peak around
log Πδ ≈ −7, it is clear that a large fraction of the scanned points exhibit seven non-vanishing
(with some sizeable) NMFV parameters.
As a final remark, no significant correlations between different NMFV-parameters have
been found in the present analysis, see Ref. [88] for details.

Distributions of squark masses and flavour contents
After the discussion of the flavour-violating parameters of the theory, we now turn to the distributions of the physical squark masses, their flavour decompositions, and the mass differences
between states relevant for phenomenology at the Large Hadron Collider (LHC). Figure 2.4 shows
the prior and posterior distributions of the up-type squark masses. The shapes of the distributions for the two lightest states, ũ1 and ũ2 , are very similar and they both peak at about 800 1000 GeV. These two states are mostly of the first and second generation, are in general relatively close in mass, which is due to the choice of common mass parameters MQ̃1,2 , MŨ1,2 , and
MD̃1,2 .
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F IGURE 2.4: The one-dimensional prior (yellow histogram) and posterior (violet curve) distributions
of the masses of the six up-type squarks.

The heavier states ũ3 , ũ4 , and ũ5 exhibit more spread distributions, their masses ranging
from 1 to 3.5 TeV. Finally, the heaviest state ũ6 is barely reachable at the LHC with a mass
in general above 2 TeV. Although the considered experimental constraints affect all NMFV
parameters, the associated effects on the mass eigenvalues is at the end only mild, the mass
distributions being only slightly shifted towards higher values.
From a phenomenological point of view, it is interesting to examine the flavour content –
in particular the stop content – of the six up-type squark mass eigenstates. It appears that the
lighter states ũ1 , ũ2 , and ũ3 are mainly not stop-like, i.e. they have significant up- or charmcomponents. Most scenarios appearing in our scan indeed exhibit a charm-dominated lightest
squark ũ1 , while ũ2 is mostly dominated by its up component. This clearly contrasts with the
“usual” flavour-conserving MSSM, where the lightest squark state is typically a stop. This
difference can be traced to the first and second generation soft masses that are driven to lower
values as explained in Sec. 2.2, while the third generation soft masses are pushed towards
higher values by the flavour constraints. Furthermore, even in the presence of trilinear terms,
the lightest states are still found to be mainly up- or charm-like. This feature will become
important in the discussion presented in Sec. 3.3.
Similar conclusions hold for the sector of the down-type squarks. The three lighter states
˜
d1 , d˜2 , and d˜3 exhibit comparable distributions, peaking as for the up-type squarks at about 800
- 1000 GeV. The masses of d˜4 and d˜5 feature distributions with a larger spread, and the one of
the heaviest squark d˜6 is peaking at about 3 TeV, although masses of about 1 TeV are predicted
for a small subset of scenarios. Flavour mixing in the down-type squark sector is generally
less pronounced than for the up-type squarks. A majority of scenarios include light down- and
stange-like states, and there is only a small number of parameter points where d˜1 and d˜2 feature
a sizeable sbottom content.
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Since the analyses discussed in the following will focus on the sector of up-type squarks, the
phenomenology of the down-type sector is not developed further here. The interested reader
can find more details on the down-type squark masses and flavour composition in Ref. [88].
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Chapter 3

Exploring squark generation mixing at
the LHC
Having shown that Non-Minimally Flavour Violating (NMFV) terms may be present in the
Lagrangian without infringing the divers constraints on the parameter space, especially those
coming from flavour data, it is interesting to turn towards the related signatures at colliders,
in particular the Large Hadron Collider (LHC). In the present Chapter, I will discuss specific
signatures stemming from NMFV-terms together with their implications on present and future
searches for squarks.
For the sake of simplicity, but without loss of generality, I will discuss these topics within
a simplified model of two squark mass eigenstates, ũ1 and ũ2 , which are admixtures of “righthanded” top- and charm-flavour. The general up-squark mass matrix of Eq. (1.33) then reduces
to
!
2
2
2
M
M
Mtc
tc
c̃
R
q
M2ũ =
with
δ
=
,
(3.1)
tc
2
Mtc
Mt̃2
M2 M2
R

c̃ R

t̃ R

where the parameter δtc parametrized the flavour mixing in the same way as introduced in Eqs.
(1.39). The rotation between the flavour and the mass eigenbasis can be expressed as
!
!
!
ũ1
cos θtc sin θtc
c̃ R
=
with
mũ1 < mũ2 .
(3.2)
ũ2
− sin θtc cos θtc
t̃ R
i.e. through introducing the mixing angle θtc . Note that the mixing angle is related to the
NMFV-parameter δtc in a non-linear way. The simplified setup considered here is completed
by a bino-like neutralino χ̃0 , which in view of the dark matter requirement is lighter than the
two squarks, and thus will appear in their respective decays.
In this setup, the physical masses as well as the flavour decomposition of the two squark
eigenstates depends on the mixing angle θtc . The dependence of the two key characteristics on
θtc is depicted in Figure 3.1, where for illustration purposes the diagonal parameters of the mass
matrix have been fixed to Mc̃R = 500 GeV and Mt̃R = 1000 GeV, respectively. As can be seen,
the mass splitting increases for increasing flavour-mixing angle. At the same time, the lightest
squark state receives an increasing admixture of top-flavour, the case θtc = 0 corresponding to
a pure charm-flavoured state. In this simplified model, the second squark eigenstate ũ2 features
the opposite flavour content (not depicted in Figure 3.1). As we will see in the following, the
mixing angle has an important impact on the production cross-section as well as the subsequent
decay channels of the lightest squark, which will be the particle of interest.
The dominant production mode of the lightest up-type squark ũ1 at the LHC is squarkantisquark production, depicted in terms of Feynman diagrams in Fig. 3.2. The production can
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F IGURE 3.1: Physical masses of the two squarks ũ1 and ũ2 (left) together with the flavour content of
the lighter mass eigenstate ũ1 (right) as a function of the mixing angle θtc for fixed soft
mass parameters Mc̃R = 500 GeV and Mt̃R = 1000 GeV. The heavier state ũ2 features the
inverse flavour content. The vertical lines indicate the corresponding values of δtc defined
in Eq. (3.1).
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F IGURE 3.4: Production
√ cross-section obtained using MadGraph5_aMC@NLO for a centre-of-momentum
energy s = 13 TeV as function of the flavour mixing angle θtc for fixed physical squark
masses mũ1 = 500 GeV and mũ2 = 1000 GeV (left) and for fixed soft mass parameters
Mc̃R = 500 GeV and Mt̃R = 1000 GeV (right). In each panel, the solid line corresponds to
the total cross-section, while the dashed and dotted indicate the gluon- and
quark-initiated contributions, respectively.

be initiated from gluon fusion or from quark-antiquark pairs. At the LHC, the former are dominant because of the important parton densities of the gluon within the colliding protons. Moreover, the gluon-initiated and gluon-mediated diagrams are “flavour-blind”, i.e. insensitive to
flavour violating elements of the mass matrix. In contrast, the remaining diagrams involving
Higgs bosons, electroweak vector bosons, gauginos, or gluinos may be affected by the presence
of flavour violation. For fixed squark masses, we can therefore expect a mild dependence on
the NMFV-parameter δtc or the mixing angle θtc . This behaviour is confirmed by the first panel
of Fig. 3.4, where the production cross-section is shown as computed at leading-order accuracy
using MadGraph5_aMC@NLO [126].
The situation is different if the production cross-section is computed from the soft mass
parameters instead directly from the physical masses. In this case, the cross-section calculation
is preceded by the diagonalization of the mass matrix. As shown above (see Fig. 3.1), this step
strongly depends on the imposed flavour mixing. The cross-section then indirectly depends on
the mixing angle through the squark mass eigenvalues. The resulting cross-section is depicted,
again as a function of the mixing angle, in the second panel of Fig. 3.4, where the soft mass
parameters have again been fixed to Mc̃R = 500 GeV and Mt̃R = 1000 GeV. As can be seen, with
increasing mixing angle, i.e. with decreasing squark mass mũ1 , the cross-section may increase
by several orders of magnitude in the case of large flavour-violating elements δtc & 0.5.
Let us now turn to the subsequent decay of the produced squark. Each squark can decay
either into a top- or a charm-quark plus a neutralino χ̃01 ,
ũi → t χ̃01 ,

ũi → c χ̃01 ,

(3.3)

for i = 1, 2 in the simplified model under consideration. The corresponding Feynman diagrams are shown in Fig. 3.3. It is to be noted that both decay channels are simultaneously
open, which is in contrast to the often assumed Minimal Flavour Violation (MFV) paradigm
featuring single-flavoured squark states. The associated decay widths and branching fractions
are rather sensitive to flavour-violating elements, as the flavour content of the squark governs
the interaction responsible for the decay. The dependence of the branching ratios on the flavour
mixing angle θtc is shown in Fig. 3.5 for different mass configurations. This shows that indeed
the impact of the mixing angle is dominant, while the involved squark and neutralino masses
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F IGURE 3.5: Branching ratios associated to the squark decays into quarks and a neutralino in the
simplified model under consideration. The squark and neutralino masses are fixed as
shown in the legend.

play a less important role, unless the mass difference becomes too close to the kinematical
threshold of the decay into the top quark. Again, I would like to emphasize that for maximal
mixing, both decay modes are equally important, which will lead to characteristical collider
signatures.
Assuming MFV, i.e. single-flavoured squark states, the resulting signatures at the Large
Hadron Collider correspond to the production of a squark-antisquark pair, each of which will
decay into the same quark flavour plus a neutralino,
pp → ũi ũi∗ → t t̄ χ̃01 χ̃01 ,
pp → ũi ũi∗ → c c̄ χ̃01 χ̃01 ,

(3.4)

where the neutralinos in the final state manifest as missing transverse energy (6 E T ). Going
beyond the MFV paradigm, i.e. taking into account the possibility that the squarks may contain two flavours such that both decay channels given in Eq. (3.3) are open, gives rise to the
additional signature [102]
pp → ũi ũi∗ → t c̄ χ̃01 χ̃01 + c t̄ χ̃01 χ̃01 ,

(3.5)

which is characteristic for Non-Minimal Flavour Violation.
In the Sections 3.1 and 3.2, I am going to discuss the above signatures in the context of
non-zero flavour mixing parameters δtc and θtc , respectively. The following two Sections are
the fruit of a collaboration initiated by myself during the 2017 PhysTeV Les Houches workshop
[127]. The corresponding results have been published in Ref. [128]. More details on the NMFV
signature of Eq. (3.5) and other related collider signatures can be found in Refs. [72, 73, 74, 102,
104, 103, 105].
Going a step further and assuming the actual observation of a squark-like state at the LHC,
the subsequent Sections 3.3 to 3.4 are dedicated to the question how to identify the squark’s
flavour content. I will present two methods aiming at the determination of, e.g., the top-flavour
content, and the underlying flavour paradigm. This discussion is based on Ref. [111].

3.1

Recasting of LHC limits on squark and neutralino masses

The ATLAS and CMS collaborations have performed several direct searches for top- and charmflavoured squarks, mostly in setups where the squarks are produced by pairs and subsequently
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decay into quarks plus neutralinos, where the latter manifest as missing transverse energy. This
situation corresponds to the possibilities assuming Minimal Flavour Violation (MFV) given in
Eqs. (3.4). In the absence of any direct hint for new physics, especially in the channels under
consideration in this Chapter, the most stringent constraints arise from the analyses of data obtained during Run 2 of the Large Hadron Collider at a centre-of-momentum energy of 13 TeV
[129, 130, 131, 132, 133, 134, 135, 136, 137, 138, 139, 140]. For top-flavoured squarks, the searches
have lead to exclusion limits of the order of 1 TeV for the stop mass. Bounds on first and second
generation squarks are of similar order if single squarks are considered, but increase to about
1.5 TeV if four mass-degenerate squarks are assumed [141, 142].
The most sensitive searches for top-flavoured squarks, yielding a similar expected sensitivity for low neutralino masses, are the ones addresses final states with either zero or one lepton.
In order to obtain conversative constraints on the model presented above, we therefore choose
the recent ATLAS search of top squarks in final states with one lepton of Ref. [140] as a benchmark. Coming to final states containing charm quarks, the ATLAS collaboration has carried
out an analysis corresponding to this situation and targeting either top- or charm-flavoured
squarks [143]. As this signature is expected to play a significant role for getting handles on the
inter-generational mixing in our model, we use the analysis of Ref. [143] as a second benchmark to evaluate the existing constraints on simplified setup under consideration here. The
ATLAS limits corresponding to the two benchmark analyses are shown in Fig. 3.6 and 3.7 in
the respective squark-mass neutralino mass planes. The same Figures show the corresponding
limits obtained from the CMS collaboration. As can be seen, the limits are comparable between
the two experiments, and in the following only those obtained from the ATLAS collaboration
will be used.
In order to recast these limits obtained by the ATLAS collaboration into our simplified
model for non-minimal top-charm mixing in the squark sector, we perform a three-dimensional
scan over the relevant parameter space. More precisely, we vary independantly the two squark
masses mũ1 and mũ2 as well as the top-charm mixing angle θtc . Following the results depicted
in Fig. 3.5, we fix the neutralino mass to mχ̃0 = 50 GeV. Our results are therefore valid if the
1
squarks are much heavier than the neutralino. For each parameter point of the scan, the sensitivity of the two benchmark analyses of Refs. [140, 143] has been evaluated. Concerning the
stop analysis, we rely on the acceptences and efficiencies that have been officially provided
by the ATLAS collaboration for each of the “discovery tN_med” and “discovery tN_high”
regions, targeting moderate and high squark masses, respectively. The two corresponding
signal yields (Nsig ) have been estimated considering next-to-leading-order (NLO) stop pairproduction cross-sections corrected by the resummation of the threshold logarithms at the
next-to-leading logarithmic (NLL) accuracy [145] and the appropriate branching ratios (see
Fig. 3.5). These signal yields are then compared to the ATLAS model-independent upper limit
obs
(Nnon
−SM ) for each of the two regions. If the ratio of the two yields exceeds one, the signal
point is considered excluded. While providing acceptance and efficiency values only for the
inclusive “signal” regions, the ATLAS analysis employs a multi-bin fit in the most sensitivie
distribution for the final exclusion limit estimation. For this reason, the presented recast represents a conservative estimate of the effective reach of the ATLAS search. The same procedure
has lead to the extraction of the constraints from the charm-tagging search of Ref. [143].
The obtained exclusion limits for the simplified NMFV-model are presented in Fig. 3.8 for
the situation where the top-charm mixing is maximal, i.e. θtc = π/4. The obtained exclusion
limit is presented in the plane of the two squark masses. Let us recall that mũ1 < mũ1 per definition of the simplified model. The total new-physics production rate is solely driven by the
lightest of the two squark states ũ1 , except for the region m1̃ ≈ mũ2 , where the mass difference
is small and both production modes contribute. For sufficiently large mass differences, the exclusion limit is thus independent of mũ2 , and squarks are found to be constrained to be heavier
than about 550 GeV. Compared with the standard MFV case, where the bounds are of about 1
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F IGURE 3.8: Recast of ATLAS limits on the squark masses assuming Non-Minimal Flavour Violation,
fixing the squark mixing angle and the neutralino mass to the indicated values.

TeV, the limits are hence weakened by almost 500 GeV in this maximal-mixing scenario. The
important mixing indeed implies that the two signal regions of the stop analysis of Ref. [140],
specifically targeting final states with two top quarks, are less populated
by virtue of the large

decay fraction of the mixed squarks into charm quarks BR ũ1 → cχ̃01 .
In the complementary parameter region where
mũ1 , mũ2 . 750 GeV ,

(3.6)

the situation is somewhat different, since both squark mass eigenstates ũ1 and ũ2 contribute
to a potentially observable new physics signal. This partly compensates the loss due to the
smaller branching ratio into top quarks, so that the obtained limites are stronger than in the
previous case where the second state was heavier.
The charm-tagging analysis of Ref. [143] always implies weaker bounds for this specific
class of scenarios, as the number of events populating the signal regions is very small. The
corresponding results are therefore omitted in Fig. 3.8.
Assuming now the heavier mass eigenstate to be decoupled, Fig. 3.9 shows the reinterpretation of the ATLAS limits in the mũ1 -θtc plane. The obtained results exhibit the complementary
effect of the top-charm mixing angle θtc on the mass bounds. For θtc , the lightest squark ũ1 is a
pure charm squark, so that the ATLAS stop search is insensitive to the signal and the limit of
mũ1 . 800 GeV solely arises from the ATLAS charm-tagging analysis. With increasing mixing
angle, the corresponding cc̄+6 E T production rate decreases so that the bounds are progressively
weakened.
On the other hand, the increase in the mixing angle implies that, while the signal regions of
the charm-tagging analysis are more and more depleted due to the lower and lower branching
ratio of the decay ũ1 → cχ̃01 , the signal regions of the stop analysis are more and more populated due to the increasing branching ratio of the decay ũ1 → tχ̃01 . Consequently, the bounds
stemming from the latter progressively increase. In the limit of a pure top-flavoured squark,
i.e. for θtc = π/2, its mass is constrained to be at least 825 GeV.
For the maximimal-mixing scenario, θtc = π/4, the mass constraints for both analyses are
below 600 GeV, which is the minimum mass value for which experimental acceptances are
available for both the considered benchmark analyses. Finally, Fig. 3.9 shows also the official
ATLAS limits for both analyses in the MFV case. The usage of the multi-bin signal regions

3.2. Prospects for a dedicated search at LHC

35

F IGURE 3.9: Recast of ATLAS limits on the squark masses assuming Non-Minimal Flavour Violation,
decoupling the heavier squark state, and fixing the neutralino mass to the indicated
values.

mentioned above increases the limits by about 50-100 GeV. Although such an extreme mixing
configuration seems rather unlikely, due to the flavour constraints discussed in the previous
Chapter, the limit is significantly lowered when moving away from the situation of MFV.

3.2

Prospects for a dedicated search at LHC

Having shown that the current experimental searches focusing on pair production of squarks
that carry a well-defined flavour have a significantly reduced sensitivity to models with sizeable flavour-mixing, we now develop a dedicated analysis addressing this issue. More precisely, we propose to target the tc+6 E T final state, which has its maximum rate in the case of
maximal mixing and is therefore complementary to the tt̄+6 E T and cc̄+6 E T final states targeted
by previous studies. The present Section contains a description of a possible implementation
of such an analysis. In particular, we focus on the case in which the top quark decays semileptonically, resulting in the final state
pp → ` b c 6 E T ,

(3.7)

where the final state comprises an isolated lepton, a b-jet, a c-jet, and missing tranvserse energy stemming from two neutralinos and the neutrino from the top decay. The following study
assumes proton-proton collisions a centre-of-momentum energy of 14 TeV and integrated luminosities of 300 fb−1 and 3000 fb−1 , corresponding to the expected configurations for the coming
runs of the Large Hadron Collider.
Before discussing the analysis proposal in more detail, Fig. 3.10 shows the production crosssection (as shown in Fig. 3.4) multiplied with the appropriate branching ratios (as shown in
Fig. 3.5) for centre-of-momentum energies of 7 and 14 TeV at the Large Hadron Collider. While
the cross-section is zero in the case of Minimal Flavour Violation (θtc = 0 and θtc = π/2), it
reaches sizeable values already for relatively small mixing angles (here expressed in terms of
u
the NMFV parameter (δRR
)23 ). This illustrates that a non-negligible number of events can be
expected, e.g., around 104 events for a squark mass of about mũ1 ≈ 500 GeV and an integrated
luminosity of about LR ≈ 100 fb−1 [102].
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F IGURE 3.10: Squark-pair production cross-section with (solid lines) and without (dashed lines) the
branching
fraction
of

√ into quarks and a neutralino for centre-of-momentum energies
√
u
s = 7 TeV and s = 14 TeV as a function of the flavour-violating parameter δRR
in
23
the notation of Eq. (1.39). The shown plot is taken from Ref. [102].

In order to simulate the corresponding signal, the simplified model presented above has
been implemented into FeynRules 2.0 [146, 147] to obtain a UFO model [148] to be used with
the MadGraph5_aMC@NLO framework [126]. Leading-order (LO) hard-scattering matrix elements
have been generated for squark pair-production and subsequent decay, and have been convoluted with the leading-order set of NNPDF 3.0 parton distribution functions [149]. Parton
showering and hadronisation have been handled with PYTHIA 8.2 [150, 151]. Each event has
been reweighted so that the corresponding total rate matches the production cross-section estimated at the NLO+NLL accuracy [145].
The relevant parameter space of the model is covered
by means of a grid, the lightest squark

nass being varied in the mũ1 ∈ 600 GeV, 1.5 TeV window by steps of 100 GeV, and the neu

tralino mass in the mχ̃0 ∈ 50 GeV, 900 GeV window by steps of 50 GeV for mχ̃0 < 400 GeV
1
1
and of 100 GeV above. The squark mixing angle is fixed to θtc = π/4, corresponding to the
maximal mixing scenario. The heavier squark is again assumed to be decoupled.
The Standard Model processes which can mimic the targeted signature of Eq. (3.7) involve
one or two leptons originating either from the decay of a W- or Z-boson, or from tau leptons
decaying leptonically. In consequence, we generate events for Standard Model tt̄, Wt, t-channel
single top, tt̄W, tt̄Z, tWZ, tZ, W + jets, Z + jets, WW, WZ, and ZZ production. For tt̄, single
top and diboson processes, events are simulated at NLO accuracy in QCD within the POWHEG
BOX framework [152]. Samples for the remaining processes are then generated at leading order,
using MadGraph5_aMC@NLO. All those events are reweighted so that the total rates match the
next-to-next-to-leading-order (NNLO) cross-sections if available, or the NLO ones otherwise.
Furthermore, appropriate jet reconstruction algorithms [153, 154, 155] and b- and c-jet identification criteria are employed, and detector effects are incorporated such that they reproduce
the performance of the ATLAS detector [156, 157, 158], especially concerning the b- and ctagging efficiencies [159, 160]. Moreover, an appropriate event preselection for the envisaged
signal structure has been defined. For a detailed description of the technical details of the proposed analysis, including the kinematic cuts, the reader is referred to Ref. [128].
Most of the backgrounds to the process under consideration exhibit two b-jets in the final
state, while the targeted signal features one b-jet and one c-jet. Two strategies can be envisaged
to seperate the signal from the backgrounds. The first possibility is to veto the presence of any
additional b-jet, which will here be labelled strategy A. The second possibility is to enfore the
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F IGURE 3.11: Prospected reach of dedicated NMFV search in the plane of the squark and neutralino
masses for the two strategies A (no c-tagging, red) and B (with c-tagging, blue), for 300
fb−1 and 3000 fb−1 of integrated luminosity, assuming maximal top-charm mixing.

presence of an extra c-jet, which will here be labelled strategy B. Simple calculations based on
efficencies show that the signal over background ratio will be improved by a factor of about
1.5 more for the strategy B, but the price to pay will be an overall reduction of statistics by a
factor of approximately 3. In the following, results for both strategies will be presented. For
additional information such as the associated cuts the reader is again referred to Ref. [128].
On the basis of the analysis strategy outlined above, we estimate the sensitivity of the Large
Hadron Collider to supersymmetric scenarios featuring mixed top-charm squarks with 300
fb−1 and 3000 fb−1 of integrated luminosity. For the latter configuration, we assume no modification in the detector performances for the high-luminisity LHC. The sensitivity can be extracted by means of a test statistics based on a profiled likelihood ratio. In the present analysis,
this has been realized based on the CLs method [161] to obtain 95% confidence level exclusion
limits. The statistical analysis is performed with the ROOSTAT toolkit [162] assuming systematic
uncertainties of 20% and 5% on the Standard Model background and the signal, respectively.
The results are presented in terms of upper limits, at the 95% confidence level, on the ratio of
the signal yields to the corresponding benchmark predictions, denoted as σexcl /σSUSY .
The obtained analysis reach is shown in Fig. 3.11 for the case of maximal mixing, θtc = π/4,
in the same squark-neutralino mass plane as the ATLAS limits presented in Figs. 3.6 and 3.7 of
the previous Section. As complementary information, and in order to better understand the relative performance of the two analysis strategies, the dependence of the signal over background
ratio on the squark mass is shown in Fig. 3.12 for the case of maximal mixing and assuming
that the relevant kinematic cuts have been applied. As expected, the signal over background
ratio is higher when charm-tagging is incorporated. However, the expected reach is lower for
the case including charm-tagging, especially for the case of lower integrated luminosity, 300
fb−1 , as can be seen in Fig. 3.11. For a neutralino mass of 50 GeV, The expected upper limit on
the squark mass is 1050 GeV for strategy A (without c-tagging) against 920 GeV for strategy
B (with c-tagging). This difference can be traced to the fact that the analysis is dominated by
statistics, which is lower for the charm-tagging strategy. Consequently, the difference in the
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F IGURE 3.12: Signal over background ratio as function of the squark mass mũ1 for the two strategies A
(no c-tagging, red) and B (with c-tagging, blue), for 3000 fb−1 of integrated luminosity,
assuming maximal top-charm mixing.

reach of the two strategies is less pronounced for a higher integrated luminosity of 3000 fb−1 .
In this case the reach is about 1280 GeV for the strategy A (without c-tagging) and about 1240
GeV for strategy B (with c-tagging).
The results of the recasting presented in the previous Section and expected reach of the
dedicated analysis presented here are summarized in Fig. 3.13. More precisely, the recasts of
the 13 TeV exclusion limits obtained by the ATLAS experiment with 36 fb−1 (see Fig. 3.9) are
overlaid with the expected exclusion limits of the dedicated analysis of the tc+6 E T signal. This
figure clearly illustrates the strength of the proposed analysis, since it covers a region of the
parameter space which is not accessible with current searches relying on the MFV paradigm.
More generally, the study presented in this Chapter, although relying on a simplified model,
nicely illustrates the limits of current experimental searches. In a non-“vanilla” case, i.e. if the
new physics model does not correspond to the assumptions which the experimental search is
based on, new states quite likely escape detection even if they are relatively light and can thus
be produced at the Large Hadron Collider. It will therefore be of great importance to widen
the search horizon in order to cover a larger, and in my opinion more realistic, part of the new
physics parameter space.

3.3

Identifying the squark flavour structure in a simplified model

In the previous Section, a dedicated search strategy for the caractestical NMFV signature has
been discussed. In particular, strategies with and without explicit charm-tagging have been
compared. This study has shown that including dedicated searches for non-minimally flavour
violating configurations would improve the coverage of the supersymmetric parameter space.
Going a step further, and assuming that a squark-like state will be observed at the Large
Hadron Collider, a crucial question will be to identify its flavour content. This will not only
provide valuable information on the particle spectrum at the TeV scale, but is an equally important question in the context of Grand Unified Theories, where the flavour structure may be
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F IGURE 3.13: Present and expected exclusion limits in the mũ1 -θtc plane of the simplified NMFV
model under consideration.

generated at the high scale. On the basis of the study of NMFV signatures presented in the
previous Chapter, the comparison of results stemming from analyses with and without charmtagging, or relying on different charm-tagging working points could be used to get information
on the flavour content of the observed squark [128].
While such a study is definititely worth to be pursued, the present Section is dedicated to
the discussion of two alternative methods: the first based on likelihood inference, the second
relying on a multivariate analysis. These two analyses will again rely on the pair-production
of squarks, which are potential mixtures of top and charm flavour, and their subsequent decays into either a top- or a charm-quark plus missing energy. An additional decay channel to
be taken into account is the decay into a bottom quark and a chargino, mediated through the
CKM matrix. A direct reconstruction of, e.g., the associated mass matrix and thus the flavour
structure would in principle be possible, provided that there is experimental access to the corresponding branching ratios, potentially with the help of top-polarization measurements, plus
complete information on the sector of neutralinos and charginos. In practice, however, having
precise enough information on the latter, is not a realistic option. We therefore seek to develop
methods to infer on the top-flavour content of the observed squark, defined as
xt̃ =

Rũ

2

+ Rũ
13

2
16

,

(3.8)

2
2
keeping in mind that Rũ 13 and Rũ 16 correspond to the percentage of “left-handed” and
“right-handed” top-flavour within the lightest squark eigenstate ũ1 . The goal of the present
study is to obtain valuable information on the flavour structure based on as few information as
possible.
Let us note that for the sake of simplicity, only additional top-charm mixing is considered
here. This can be motivated by the fact that charm-top mixing is least constrained (see Sec. 2.2).
Moreover, squarks containing top flavour are easier to handle from the experimental point of
view, since they may decay into top quarks which are easy to identify. However, the methods
presented in this Chapter can be generalised to the more general mixing pattern involving the
first generation, or be directly translated to the sectors of down-type squarks or sleptons.
In the case where a squark should be observed at the Large Hadron Collider or any future
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hadron collider, as discussed in the beginning of the present Chapter, it will most likely be
produced from (flavour-conserving) gluon-initiated processes and manifest through its decays
into quarks and gauginos. As indicated above, in the present context, the decay modes of
interest are
ũ1 → t χ̃01 ,

ũ1 → c χ̃01 ,

ũ1 → b χ̃1+ ,

(3.9)

which are simultaneously open if the squark is a mixture of top and charm flavour, i.e. if 0 <
xt̃ < 1. The neutralinos manifest as missing transverse energy, while the chargino decays
further into W-bosons and neutralinos.
The following studies are based on the assumption that these decays are observed, and that
the following observables can be experimentally accessed:


BR ũ1 → tχ̃01
BR ũ1 → bχ̃1+
 , Rb/t =
 .
mũ1 , mχ̃0 , mχ̃± , Rc/t =
(3.10)
0
1
BR ũ1 → cχ̃01
BR ũ1 → cχ̃01
Note that the production cross-section of the squarks, as well as their branching ratios alone, are
difficult to access experimentally. It is therefore convenient to work with the ratios Rc/t and Rb/t
rather than with the pure associated event rates. Analytical expressions for the corresponding
decay widths in the framework of Non-Minimal Flavour Violation can be found in Ref. [72].
Finally, note that in the definition given in Eq. (3.10) it is assumed, without the loss of generality,
that the decay into top quarks is always open.
In view of the analysis presented here, it is interesting to examine the expressions given
in Eq. (3.10) in order to exhibit their dependence on the stop-flavour content xt̃ , which is the
target of the present study, assuming certain limits concerning the nature of the involved neutralino and chargino. For example, assuming a pure higgsino-like neutralino and neglecting
the neutralino mass with respect to the squark mass, we obtain
Rc/t

χ̃01 = H̃ 0 , mũ1 mχ̃0

=

1

m2c 1 − xt̃
.
m2t xt̃

(3.11)

As a second example, we assume a pure bino-like neutralino and obtain
Rc/t

χ̃01 = B̃0 , mũ1 mχ̃0
1

2
1 − xt̃ + κc Rũ 15
1 − xt̃
−→
=
,
2
xt̃
xt̃ + κc Rũ 16

(3.12)

2
where κq = eq / eq − Tq3 − 1 = 15 for q = c, t, and the last expression holds for a pure “lefthanded” or a pure “right-handed” squark. Finally, for a pure wino-like neutralino, the ratio
becomes
2
Rũ 12
Bc λ1/2
Bc λ1/2
1 − xt̃
c
c
Rc/t 0
=
,
(3.13)
−→

2
1/2
1/2
0
Bt λt
Bt λt
xt̃
χ̃1 = H̃
Rũ
13


2

where λq = λ m2ũ1 , m2χ̃0 , mq denotes the usual Källén function associated to the squark decay,
1

and Bq = m2ũ1 − m2χ̃0 − m2q for q = c, t. Here, the last expression holds for a pure “left-handed”
1

squark. As can be seen, these simplifying limits contain the same factor 1 − xt̃ /xt̃ .
In order to visualize these results, we randomly scan over the parameters governing the
lightest squark as well as the neutralino/chargino sector. More precisely, we vary the physical
squark mass mũ1 and the parameters xt̃ , θt̃ , and θc̃ defining its flavour decomposition. In the
gaugino sector, we scan over bino, wino, and Higgsino mass parameters M1 , M2 , and µ. For
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Variable

Range

Variable

Range

mũ1
xt̃
cos θt̃
cos θc̃

[700, 2000]
[0, 1]
[0, 1]
[0, 1]

M1
M2
µ

[600, 2000]
[600, 2000]
[600, 2000]

TABLE 3.1: Scanned ranges of the parameters associated to the squark (left) and gaugino sector (right).
All masses are given in GeV.

log Rc/t

log Rb/t

F IGURE 3.14: Distributions of the ratios Rc/t (left) and Rb/t (right) of the decay modes defined in Eq.
(3.10) in dependence of the stop composition xt̃ of the decaying squark. The colour code
refers to different combinations of neutralino compositions and squark “chiralities”.

this simple study, the physical masses are obtained by diagonalizing the mass matrices at the
tree-level. All parameters are scanned over according to the ranges given in Table 3.1. As
the expressions in Eqs. (3.11) – (3.13) do not exhibit a dependence on tan β, we conclude that
this parameter only has a mild impact on the observables of our interest and set tan β = 10
throughout the following analyses.
For each parameter point, the ratios Rc/t and Rb/t are computed using the full analytical
expressions for the involved decay widths given in Ref. [72]. The results are shown in Fig. 3.14,
where we indicate as a colour code the dominant component of the involved neutralino as well
as the nature of the decaying squark, relating thus the regions of the plot to the expressions
found in Eqs. (3.11) – (3.13). As expected from these expressions, distinct regions are observed
in the distribution of Rc/t . The same behaviour is observed for Rb/t . The two rations depend
strongly on the neutralino decomposition and the “chirality” of the decaying squark. The width
of each band is due to the fact that the majority of the randomly chosen parameter points
feature mixed gauginos and squarks rather than falling into the limit cases discussed above.
Nevertheless, the presence of the observed rather distinct regions is an important feature which
will turn out to be crucial in the identification of the squark flavour decomposition from the
observables given in Eq. (3.10).
Before discussing the actual methods aiming at reconstructing the value of the top-content
xt̃ , let us mention that the studies presented here are a first step in this direction. It is to be
noted that there is certainly room for improvement, especially on the treatment of the involved
uncertainties, and a certain amount of follow-up work will be required to achieve the actual
goal.
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A likelihood fit in a simplified model
As indicated in the introduction of this Chapter, the first method attempting to reconstruct
the flavour content of an observed squark is based on a likelihood fit. The goal is to infer the
stop content xt̃ of the squark. The starting point of the present method is the construction of a
likelihood estimator. For a given set of data

D = mũ1 , mχ̃0 , mχ̃± , Rc/t , Rb/t
(3.14)
1

1

supposed to be obtained at the Large Hadron Collider, a likelihood value is associated to each
point of an ensemble of randomly generated parameter points. Assuming a Gaussian distribution, this likelihood takes the form
ln L(θ ) = − ∑
i



θ i − Di
σi

2
,

(3.15)

where θ is the set of parameters associated to the random parameter point under consideration.
Moreover, σi denotes the error associated to the observable Di . For the present example, the
sum runs over the five observed quantities given in Eq. (3.14).
 
The next step consists of dividing the interval xt̃ ∈ 0; 1 into N bins of equal size. For

each bin j = 1, . . . , N, we compute an average likelihood L̂ xt̃ of all random parameter points

having their value xt̃ inside the given bin. From the obtained values of L̂ xt̃ , a Gaussian
distribution can be fitted in order to find the maximum of likelihood corresponding to the
inferred value of the stop content xt̃ . The associated uncertainty σ xt̃ is then based on the
standard deviation value associated to the Gaussian fit.
Several subtleties appear and have to be addressed when performing this analysis. The first
one is of technical nature: in order to fill the full interval xt̃ ∈ [0; 1] in a consistent way, a large
number of random points is required. The exact number depends on the chosen bin size. The
second, and more tricky, part resides in the uncertainty σi entering the likelihood calculation
in Eq. (3.15). Usually this standard deviation corresponds to the uncertainty associated to the
measurement of the quantity Di . In the present case, however, since different parameter configurations θi can lead to the same observation, there is an additional feature, which shall be
discussed later on.
In order to illustrate the proposed method using a simple example, let us first consider the
case where the parameters related to the neutralino and chargino mixing are fixed as
N1i = 0.5

U11 = V12 = 1

U12 = V11 = 0 ,

(3.16)

i.e. we consider the case of a maximally mixed neutralino. For this example, a random scan
over the five parameters of Eq. (3.14) has been performed leading to an ensemble of 5 · 108
parameter points. Moreover, we assign a common value of σi = 0.25Di to the uncertainties
entering the likelihood calculation.
In order to illustrate the results of this method, we start by discussing the first four test
parameter points Pi (i = 1, . . . , 4) listed in the first part of Table 3.2. As can be seen in the Table,
the test parameter sets are chosen to represent different configurations concerning the involved
masses
 and the squark flavour content. The Gaussian fits based on the average likelihood
L̂ j xt̃ for the four points are shown in Figure 3.15, and the resulting inferred stop components
xt̃ are indicated in Table 3.2. As can be seen, the method basically manages to recover the actual
stop component of the lightest squark within the resulting uncertainties from the Gaussian
fit.

If almost all points in a given bin lead to a rather low value of the likelihood L θ and if
the uncertainties σi are rather low, a single point featuring a larger likelihood may become of
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Data set

mũ1

mχ̃±

mχ̃0

xt̃

σi /Di

inferred xt̃ ± σ( xt̃ )

P1
P2
P3
P4

1015.73
1798.29
1488.78
1422.50

699.60
303.02
321.53
1001.11

604.39
267.66
244.21
637.85

0.66
0.04
0.08
0.83

0.25
0.25
0.25
0.25

0.57 ± 0.16
0.04 ± 0.03
0.15 ± 0.08
0.76 ± 0.12

S

1531.97

643.99

289.09

0.54

0.35
0.25
0.15
0.05

0.49 ± 0.18
0.47 ± 0.15
0.45 ± 0.14
–

P5
P6

1369.07
1770.52

281.13
717.95

276.32
511.39

0.04
0.65

0.35
0.35

0.03 ± 0.03
0.00 ± 0.90

1

1

TABLE 3.2: Parameters of the test data sets together with the assumed relative error σi /Di and the
stop component obtained from the likelihood fits illustrated in Figs. 3.15 – 3.17. All masses
are given in GeV. Details on the results are given in the text.

P1

P3

P2

P4

F IGURE 3.15: Likelihood fit four test data sets featuring a fixed gaugino composition as in Eq. (3.16).
The resulting inferred values of the stop component are listed in Table 3.2. The
distributions are shown on a linear scale.
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S (σi /Di = 0.35)

S (σi /Di = 0.25)

S (σi /Di = 0.15)

S (σi /Di = 0.05)

F IGURE 3.16: Same as Fig. 3.15 for a single test parameter point but varying uncertainty σi /Di .

great importance. This in turn can lead to a bad estimation of the stop component xt̃ . The conclusion of this is that the uncertainties σi entering the likelihood calculation in Eq. (3.15) have
in fact two components: the uncertainty of the observable itself, and in addition an uncertainty
coming from the potential degeneracy of the observables with respect to the stop component
xt̃ . Such a gegeneracy may lead to a variation of the density of points between different regions
of parameter space.
For completeness, we illustrate the impact of the uncertainty σi associated to the observables
Di . The four graphes in Figure 3.16 show the likelihood fits for a single test parameter point
for four different values of σi /Di as indicated in the middle part of Table 3.2. For large values
of σi /Di = 0.35, the fit converges well and the resulting value of xt̃ is close to the assumed
one.

However, the Gaussian width is rather large leading to a sizeable uncertainty σ xt̃ . Going
to smaller values of σi /Di leads to a less accurate fit and drives the inferred stop composition
away from the assumed one. The associated Gaussian width is smaller, and thus the inferred
uncertainty is less important. The explanation of this feature is that the actual uncertainty on
the inferred stop composition has in reality two components, the first coming from the width
of the fitted Gaussian function, the second coming from the overall quality of the fit. Finally,
pushing σi /Di to even lower values makes the fit break down, as can be seen in the last panel
of Fig. 3.16. This is the actual tricky point of the present analysis. The choice of σi /Di must
therefore be made with precaution because it has more impact than the Gaussian width and it
also depends on the density of points in a certain area of the scan. Using this method to infer the
actual stop composition will need specific care and deeper understanding of the uncertainties,
which is beyond the first step presented in this work.
As a final step, we relax the assumption on the gaugino decompositions given in Eq. (3.16),
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P6

F IGURE 3.17: Same as Fig. 3.15 for two test parameter points obtained by scanning in addition over
the parameters related to the gaugino sector.

and include the gaugino mixing parameters in the random scan. Again, we generate an ensemble of 5 · 108 parameter points with σi = 0.35Di , and apply our reconstruction method to
two data sets P5 and P6 . The results are shown in Fig. 3.17 and summarized in the lower part
of Table 3.2. Even if the true stop components lie within the infered intervals, the uncertainties
are much larger in this case, such that the results become rather meaningless in certain cases.
In addition, from Fig. 3.17 we can see that the likelihood is no longer Gaussian. This is due to
the fact that here different regions of the parameters present a concentration of points able to
explain the data.

A multivariate analysis in a simplified model
In order to go beyond the likelihood inference presented in the previous Section, especially
in more realistic setup as discussed, e.g., in Ref. [88], we now employ a multivariate analysis
classifier. In the present Section, we will present results obtained within the simplified setup
already used in the previous Section from a multi-layer perceptron provided through the TMVA
package [163, 164] of the ROOT framework [165]. The discussion of the Minimal Supersymmetric
Standard Model with general squark mixing of Ref. [88] will follow in the next Section.
In the context of a multivariate analysis, the goal of the analysis is slightly different with respect to the previous Section. While the likelihood inference aims at estimating the actual stop
component of the observed squark, a multivariate analysis is designed to effiently classify different configurations. In order to provide a simple illustration, we define two categories based
on the stop composition xt̃ , which remains the key quantity of our interest. We will divide the
parameter space into “top-flavoured” squarks and “charm-flavoured” squarks according to
xt̃ < 0.5
xt̃ > 0.5

⇐⇒
⇐⇒

“charm − flavoured” ,

(3.17)

“top − flavoured” .

(3.18)

Let us note that these categories are for the moment rather arbitrary and aim at the illustration
of the method rather than representing specific physical regions. In particular, additional categories can be defined in order to refine the analysis. Based on the two categories, the MLP can
be trained on the parameter points obtained from the random scan, and subsequently tested on
a subset of points, the test sample, in order to compute the efficiency and the misidentification
rate of the classifier. The analysis presented here is based on a training sample of 106 points,
which have been obtained by uniformly scanning as indicated in Table 3.1.
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F IGURE 3.18: MLP response (left panel) on the simplified scan based on a uniform prior (right panel,
linear scale) of the stop component xt̃ . The colour code corresponds to the seperation of
“top-like” (blue) and “charm-like” (red) squarks.

The classifier basically combines the set of obervables given in Eq. (3.14), i.e. Rc/t , Rb/t , mũ1 ,
mχ̃0 , and mχ̃+ , into one single variable called the MLP response. The algorithm will associate
1
1
an MLP value to each parameter point of the scan, depending on the set of observables that
maximize the separation between the two categories. Several points need to be kept in mind
when performing this type of analysis. A key point is the so-called “overtraining”, meaning
that training the algorithm on a too small dataset may enforce the identification of unphysical
regions, i.e. statistical fluctuations, as physical ones. We have performed an overtraining check
by comparing the classification performance on the training sample and on the test sample.
The behavior of the algorithm being the same on the two samples, we conclude that there are
no statistical fluctuations having an impact on the classification.
The rather simple situation of having only two categories will also serve to study the influence of the underlying prior distribution, in particular of the stop component xt̃ . We start from
the same setup as previously, where the random parameter scan has been performed such that
the stop component xt̃ exhibits a flat distribution. For this case, we show the obtained MLP
response for the two categories in Fig. 3.18, together with the prior distribution of the stop
component.
As can be seen, the classifier manages to seperate the two categories with a rather good
efficiency. For a given misidentification rate, the associated efficiency, i.e. the number of points
of a chosen class surviving the misidentification cut, of the classifier can be computed. In the
present case, for a misidentification rate of 10%, we obtain an efficiency of 54% for the “top-like”
squark region and of 64% for the “charm-like” case. In other words, we can tag respectively
approximately 54% and 64% of the points at 90% confidence level.
As a second example, we employ the classifier to the case of a non-uniform prior distribution of the stop-content xt̃ . Inspired by the results of Ref. [88], we choose a prior distribution
peaking at its “MFV-like” extremities xt̃ ≈ 0 and xt̃ ≈ 1. Apart from the prior distribution
(and thus the squark rotation matrix elements), the sample has the same characteristics as the
previous one. The prior distribution and the resulting MLP response are shown in Fig. 3.19.
While it is approximately symmetric in the case of a flat prior, the MLP response associated to
the two categories is clearly non-symmetric in the present case. This can be traced to the fact
that the observables used to classify are non-symmetric with respect to “top-flavoured” and
“charm-flavoured” squarks.
In this example, for the misidentification rate of 10%, we obtain an efficiency of 64% (60%)
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F IGURE 3.19: Same as Fig. 3.18 for an example of a non-uniform prior of the stop component xt̃ .

for the “top-flavoured” (“charm-flavoured”) category. It appears that the efficiency depends
on the prior distribution. More precisely, the classifier becomes more efficient in identifying
the “top-flavoured" category, but slighly less performant concerning the “charm-flavoured"
category.
The increasing classification power coming from the prior distribution can intuitively be
understood as the two categories are now more different. The border between the two cases,
i.e. xt̃ ∼ 0.5, where it is phenomenologically difficult to assign a given point to a single category,
are less populated in the second case with non-uniform prior. It is therefore easier to maximize
the separation. After this first analysis within a simplified setup, we now aim at applying the
MLP method to a more complete model.

3.4

Applications to the general MSSM

As announced in the previous Section, we finally apply the multivariate analysis (MVA) classifier to the Minimal Supersymmetric Standard Model (MSSM) with non-minimal flavour mixing
between charm- and top-flavoured squarks. In order to work with a rather “realistic” setup, we
choose to use the parameter points obtained in Ref. [88] as basis of our study. These parameter
points defined at the TeV scale have been shown to fulfill all relevant constraints coming from
flavour and precision measurements, in particular the Higgs-boson mass, the decays B → Xs γ
and B → Xs µµ, and the meson oscillation parameter ∆MBs , to name the most important ones.
For all details on the applied constraints and the related Markov Chain Monte Carlo study of
the MSSM with non-minimal flavour violation in the squark sector, the reader is referred to
Ref. [88].
Following the preliminary study of the simplified setup in Sec. 3.3, it is interesting to examine the prior distribution of the quantity that we want to address, i.e. the stop component xt̃ of
the lightest up-type squark. As can be seen from its representation in Fig. 3.20, the distribution
strongly peaks at the “MFV-like” ends. Moreover, flavour and precision data tend to favour a
high charm content with respect to top content in the lightest squark. Note that this situation is
similar to the non-uniform prior tested in Sec. 3.3, which turned out to yield a higher efficiency
than the simpler uniform prior. We now perform the same MLP classification using a training
sample containing about 6 · 105 points obtained from the MCMC analysis of Ref. [88] 1 .
1 For the present study, we have extended the sample resulting from the analysis presented in Ref. [88] using
exactly the same computational setup.
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F IGURE 3.20: Prior distribution (linear scale) of the stop composition xt̃ from the MCMC analysis of
Ref. [88].

F IGURE 3.21: MLP response on the NMFV-MSSM of Ref. [88] for the seperation the “charm MFV”
(upper left), “charm NMFV” (upper right), “top NMFV” (lower left), and “top MFV”
(lower right) categories (red) from the remaining parameter points (blue).
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Categories
“charm” MFV
“charm” NMFV
“top” NMFV
“top” MFV

0.00 ≤
0.05 <
0.50 <
0.95 <

Efficiency
xt̃
xt̃
xt̃
xt̃

< 0.05
< 0.50
< 0.95
≤ 1.00

95%
51%
41%
69%

TABLE 3.3: Efficiencies of the classification method for the four categories of our interest assuming a
misidentification rate of 10%.

Starting from the prior distribution shown in Fig. 3.20, we divide the ensemble of points
into four categories defined as follows:
0.00 ≤ xt̃ < 0.05 ⇐⇒ “charm MFV”
0.05 < xt̃ < 0.50 ⇐⇒ “charm NMFV”
0.50 < xt̃ > 0.95 ⇐⇒ “top NMFV”

(3.19)

0.95 < xt̃ ≤ 1.00 ⇐⇒ “top MFV”
Note that, although the given definition of the above categories is again somewhat arbitrary,
the exact value of the cuts between MFV and NMFV does not have a major impact on the
methods presented in the following. It might, however, affect the efficiency of the proposed
analysis, and the exact definition of the categories may in practice depend on the problem
under consideration.
The MVA classifier is used to seperate each of the four categories from its complement,
i.e. the ensemble comprising the three other classes. In Fig. 3.21, we show the MLP responses
obtained for the four cases. As expected from the overpopulated prior region, the “charm
MFV” category is rather well identified. However, the identification is less efficient for the
two NMFV categories, which are underpopulated in the prior distribution. For the sake of a
numerical comparison between the categories, and also to the cases presented in Sec. 3.3, we
summarize the obtained efficiencies of the classifier in Table 3.3.
Overall, the performance of the classifier is better than for the simplified situations presented in Sec. 3.3. This can be traced to the underlying prior distribution of the stop content
xt̃ (see Fig. 3.20). The categories which are most difficult to identify, i.e. the two NMFV categories, are less populated in this particular model. The algorithm is therefore less performant
in distinguishing these categories. The small bump observed around MLP ∼ 0.7 . . . 0.8 in both
NMFV categories is an artefact of the employed multi-class MLP due to the presence of phenomenologically different regions.
We have also tested the likelihood inference method discussed in Sec. 3.3 on the present
case of the NMFV-MSSM of Ref. [88]. However, for this method it turns out that inferring in
a region of rather low density is quite difficult (contrary to the case of a uniform prior applied
in Sec. 3.3). In addition, the strongly peaked prior distribution of the stop component xt̃ leads
to a certain bias, such that the obtained results are not reliable any more. We therefore do not
discuss this method further for the given model.
As a final comment, I would like to emphasize that the two presented methods are not addressing exactly the same question. While the multi-variate analysis does not return an actual
value for the top- flavour content of the squark, the likelihood inference can provide a reasonable estimation. However, the likelihood inference needs additional information, especially on
the gaugino sector, and cannot handle very extreme prior distributions. These inconvenients
can in turn be avoided by the use of the multivariate analysis, which already allows to gain
valuable information on the flavour structure.
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As this is a first attempt of the reconstruction of the squark flavour structure, the presented
analysis relies on rather simple observables. Designing improved analyses inspired from this
work should lead to a considerable improvement of the performances. One might consider
additional observables related to the same parameters, such as, e.g., such as the top polarization
from the squark decay or event rates stemming from gluino production and decay. From the
machine-learning point of view, many algorithms exist for parameter-fitting problems and with
a specific analysis it may be possible to access the actual value of the top-flavour content in a
generic gaugino sector. Finally, it is to be noted that for both methods, the uncertainties will
have to be analyzed in greater detail in order to maximally benefit from such a study.
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A window towards Grand Unification
A rather fascinating feature of the Standard Model is that its matter fields fit into a complete
representation of the gauge group SU (5) [166]. This feature can be interpreted as a hint that
the Standard Model arises as the low-energy limit of a Grand Unified Theory (GUT) containing
SU (5) as a subgroup at some higher scale [167, 168, 169, 170]. Moreover, Supersymmetry is a
natural companion of SU (5)-like unification as already the simplest supersymmetric models
lead to gauge-coupling unification with a good precision.
In the present Chapter, I will discuss two aspects of the Minimal Supersymmetric Standard
Model (MSSM) with general flavour mixing and SU (5) unification conditions at the GUT scale.
After discussing general features of this setup in Sec. 4.1, in Section 4.2, I will present a concrete
implementation of such a model, where Non-Minimally Flavour Violating terms are generated
thanks to the presence of a flavour symmetry. This part is based on Ref. [171].

4.1

Fermion and sfermion sectors with SU (5)-like unification



Within the SU (5)-unification framework, the fields Qi , Ui , Ei and Li , Di can respectively
be embedded intro three copies of the 10 and 5̄ representations of SU (5) according to




F=5=




drc
dcb
dcg
e−
−νe
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T = 10 = 




L


0 ucg −ucb ur dr

. 0
urc ub db 

. .
0
ug dg 
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c
. .
.
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. .
.
.
0 L

(4.1)

where r, g, b denote the quark colours, and c denotes CP-conjugated fermions. The Higgs doublets Hu and Hd , which break the electroweak symmetry, may arise from SU (5) multiplets
H5 and H5 , provided the colour triplet components are heavy. The SU (5) gauge group may
be broken by an additional Higgs multiplet in the 24 representation developping a vacuum
expectation value according to
SU (5) −→ SU (3)C × SU (2) L × U (1)Y ,

(4.2)

corresponding to the Standard Model gauge group.
Besides gauge-coupling unification at the GUT scale, the above matter field unification implies relations within the Yukawa sector,
Yd = Yet

Yu = Yut .

(4.3)

This means that the leptonic Yukawa matrix is given in terms of the down-quark Yukawa matrix, while the up-quark Yukawa matrix is symmetric at the unification scale.
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In addition, the SU (5) symmetry provides relationships between the soft terms belonging
to the supermultiplets within a given representation. For the MSSM under consideration here,
in terms of SU (5) fields, the soft-breaking Lagrangian associated to the sector of sfermions
reads
SU(5)MSSM

−Lsoft

e† T
e + A TT T
e∗ Hu T
e + A FT Fe∗ Hd T
e + h.c.
= M2F Fe† Fe + MT2 T



(4.4)

where F̃ and T̃ denote the superpartner fields of F and T given in Eq. (4.1). Comparing this
with the general MSSM Lagrangian given in Eq. (1.29) leads to the relations
2
2
2
2
MQ
e = MU
e = ME
e ≡ MT ,

Ad = ( Ae )T ≡ A FT ,

M2De = Me2L ≡ M2F ,
Au ≡ A TT ,

(4.5)

that hold at the GUT scale. Note that renormalization group evolution towards lower scales
will spoil these relations. However, although the numerical values of the elements of the soft
mass and trilinear matrices may be very different at, e.g., the TeV scale, the above relations
provide an interesting link between different sectors, in particular between the squark and
slepton sectors. Such “footprints” of the SU (5)-like unification are interesting since the same
soft parameters may be constrained by experimental data from the two sectors. The examples
discussed in the following Section are based on such relations.
Introducing Non-Minimal Flavour Violating (NMFV) off-diagonal elements can then be
parametrized relative to the diagonal ones in the same way as presented in Eqs. (1.39). Taking
into account the above SU (5) boundary conditions leads to the relationships
q

u
e
= δRR
≡ δT ,
δLL = δRR
d
e
δRL
= (δRL
)T ≡ δ FT ,

d
e
δRR
= δLL
≡ δF ,
u
δRL
≡ δTT ,

(4.6)

where the superscripts T, F, TT, and TF refer to the respective sectors at the high scale according to Eq. (4.5). Note that δ T , δ F and δ TT are necessarily symmetric whereas δ FT is not, leading
to a total of 15 independent NMFV parameters at the GUT scale. The relations given in Eqs.
(4.5) and (4.6) are exact at the unification scale, but will be spoiled by the renormalization group
running when evolving them towards lower scales.

4.2

Flavour Violation in A4 × SU (5) Supersymmetry

In addition to the SU (5) GUT conditions, an A4 (alternating group of order 4) flavour symmetry
is imposed on the Minimal Supersymmetric Standard
Model (MSSM) under consideration. To

this end, the three families of F = 5̄ = dc , L are unified into the triplet of A4 leading to a
unified soft-mass
parameter MF for the three generations. The three families of Ti = 10i =

Q, uc , ec i are singlets of A4 , meaning that the three generations have independent soft mass
parameters ( MT )11 , ( MT )22 , and ( MT )33 [172, 173, 174, 175, 176].
Flavour violation is introduced in the soft parameters by breaking of the discrete symmetry. This primordial flavour violation manifests as off-diagonal elements within the matrices
MT2 , M2F , A FT , and A TT in the A4 flavour basis, i.e. before rotation to the Super-CKM basis.
Therefore, the relations given in Eqs. (4.6) hold before rotation to the Super-CKM basis. Note
that the breaking of A4 around the GUT scale enforces off-diagonal elements of these matrices
to be smaller than diagonal entries, providing a theoretical motivation for small-but-non-zero
flavour violation in such a class of models. Finally, the flavour mixing parameters which are
present in the Lagrangian at the TeV scale stem from those introduced through the A4 breaking
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combined with renormalization group effects when evolving the parameters towards lower
scales.
The aim of the present study [171] is to assess the impact of flavour-violating parameters
introduced at the GUT scale on low-energy physics within the A4 × SU (5) framework introduced above. More precisely, this model is tested against the dark matter relic density along
with leptonic and hadronic flavour-changing observables and the mass of the CP-even Higgs
boson. For a summary of observables and constraints see Table 2.1.

Setup and method
In order to focus on the impact of NMFV terms in the Lagrangian of our model, we start by
choosing suitable reference scenarios respecting the MFV paradigm. From the previous work
presented in Ref. [177] it is apparent that successfully imposing the dark matter relic density
as well as the anomalous magnetic moment of the muon on the A4 × SU (5) framework requires rather specific parameter configurations. More precisely, the corresponding parameter
points feature a physical spectrum where the “right-handed” smuon is light and almost massdegenerate with the lightest neutralino, which is bino-like. This allows to simultaneously satisfy the ( g − 2)µ and relic density constraints [35, 48]. For our study, we choose two MFV
reference scenarios, which are summarized in Table 4.1.
The first reference point of our choice corresponds to the scenario labelled “BP4” in Ref.
[177]. For practical reasons, mainly due to including NMFV terms at the GUT scale, we do not
make use of the same version of the spectrum generator SPheno. In consequence, effects from
renormalization group running differ slightly, and we have adapted the input parameters of
the original BP4 reference scenario to the ones given in Table 4.1. However, note that, although
there is a small deviation for the TeV scale parameters as compared to scenario “BP4” of Ref.
[177], the phenomenological aspects of our reference scenario at the TeV scale are unaffected.
Let us recall that the rather low smuon mass parameter, ( MT )22 = 200 GeV, which leads to the
physical mass mµ̃R = 102.1 GeV, is required in order to satisfy simultaneously the ( g − 2)µ and
relic density constraints as discussed in Ref. [177].
While current limits on “right-handed” smuons still allow masses as low as about 100 GeV
[178], this first scenario is going to be severely challenged by ongoing LHC searches. For this
reason, we choose a second reference point which is inspired by the first one but features larger
smuon and neutralino masses. This still allows satisfaction of the relic density constraint due
to efficient co-annihilation and avoids LHC limits to be published in the near future. Note that,
however, the higher smuon mass mµ̃R ∼ 250 GeV does not resolve the tension between the
Standard Model and the experimental value of ( g − 2)µ . Let us emphasize that both reference
scenarios capture the essential results of Ref. [177], namely almost mass-degenerate “righthanded” smuon and bino-like neutralino, while all other MSSM states are essentially decoupled.
We study the impact of flavour-violating terms by perturbing around the two chosen MFV
reference points. Keeping the MFV parameters fixed at the values given in Table 4.1, we perform a uniform random scan over the flavour violating parameters according to the ranges
indicated in Table 4.2.
For numerical evaluation, we make use of the spectrum generator SPheno 4.0.3 [121, 122],
where we have included the MSSM with general flavour mixing using the Mathematica package SARAH 4.12.3 [179, 180, 181, 182, 183]. From the resulting code SPhenoMSSM we obtain
through two-loop renormalization group equations for the soft-breaking parameters and the
physical mass spectrum at the TeV scale, as well as numerical predictions for flavour observables listed in Table 2.1. The neutralino relic density Ωχ̃0 h2 is computed using the public
1
package micrOMEGAs 4.3.5 [184, 185, 186, 187, 188]. Again, we have used SARAH to obtain
the CalcHEP model files necessary to accomodate NFMV effects in the calculation. The mass
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Parameter/Observable

Scenario 1

Scenario 2

MF
( MT )11
( MT )22
( MT )33
( ATT )33
( A FT )33
M1
M2
M3
m Hu
m Hd

5000
5000
200
2995
-940
-1966
250.0
415.2
2551.6
4242.6
4242.6

5000
5000
233.2
2995
-940
-1966
600.0
415.2
2551.6
4242.6
4242.6

tan β
µ

30
-2163.1

30
-2246.8

mh
m ge
mµeL
mµeR
mχe0

126.7
5570.5
4996.7
102.1
94.6

127.3
5625.7
4997.5
254.4
250.4

mχe0

323.6

322.0

mχe0

2248.8

2331.1

mχe0

2248.8

2331.2

mχe±

323.8

322.2

mχe±

2249.8

2332.2

0.116

0.120

2.987
3.249

1.055
0.986

1
2
3
4

1
2

Ωχe0 h2
1

proton
σSI
/10−14 pb
neutron /10−14 pb
σSI

TABLE 4.1: GUT scale inputs together with selected physical masses and relevant TeV scale
parameters for the two MFV reference scenarios. First and second generation trilinear
couplings are set to zero. Further squark and slepton masses which are beyond the reach
of current experiments are not shown. Unless otherwise illustrated, dimensionful
quantities are given in GeV. DM direct detection cross-sections are given for both protons
and neutrons.
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Parameters

Scenario 1

Scenario 2

(δT )12

[−2.00, 2.00] × 10−2

[−5.57, 5.15] × 10−2

(δT )13

[−8.01, 8.01] × 10−2

[−0.267, 0.301]

0.0

[−5.73, 5.73] × 10−2

(δ F )12

[−8.00, 8.00] × 10−3

[−8.00, 8.00] × 10−3

(δ F )13

[−1.00, 1.00] × 10−2

[−8.00, 8.00] × 10−2

(δ F )23

[−1.60, 1.60] × 10−2

[−8.00, 8.00] × 10−2

(δTT )12

[−8.69, 10.43] × 10−4

[−7.46, 8.95] × 10−4

(δTT )13

[−1.74, 1.74] × 10−3

[−3.48, 1.74] × 10−3

(δTT )23

[−0.0174, 0.145]

[−0.0871, 0.124]

12

[−4.64, 4.64] × 10−5

[−5.47, 5.47] × 10−5

(δ FT )13

[−7.74, 7.74] × 10−5

[−3.87, 3.87] × 10−4

(δ FT )21

0.0

[−1.04, 1.04] × 10−4

(δ FT )23

[−1.16, 1.16] × 10−4

[−2.32, 2.32] × 10−4

(δ FT )31

[−1.39, 1.39] × 10−5

[−8.81, 8.81] × 10−5

(δ FT )32

0.0

[−1.49, 1.49] × 10−4

(δ T )

23

(δ FT )

TABLE 4.2: Ranges of the NMFV parameters defined at the GUT scale (see Eq. (4.6)) for our
multi-dimensional scans around the reference scenarios. The parameters given as 0.0 have
been not been varied, since even small variations lead to tachyonic mass spectra and/or a
charged LSP.

56

Chapter 4. A window towards Grand Unification

probability density

All constraints [simultaneous]

0.0
12

/10

−2

0.5

1.0

1.0

0.5

(δ F )

0.0
12

/10

−2

0.5

1.0
2

(δ F )

2

0.5

1e

1.0

1e

probability density

All constraints [individual]


F IGURE 4.1: Comparison of individual vs. simultaneous scan of the NMFV parameter δ F 12 around
Scenario 1 of Table 4.1. Each panel shows the prior (blue) together with the posterior (red)
distributions obtained after imposing all relevant constraints.

spectrum obtained from SPhenoMSSM is handed to micrOMEGAs by making use of the SUSY Les
Houches Accord 2 [189]. Note that, since the spin-independent scattering cross-sections related
to direct dark matter detection are relatively low as compared to the corresponding experimental limits, we do not explicitly evaluate these cross-section in our NMFV scan.
Starting from parameters at the GUT scale, we test each point against the observables
marked in Table 2.1. Points which do not satisfy all the imposed constraints within the associated uncertainties are collected in the prior distribution only, while those which comply
with all constraints are in addition recorded as part of the posterior distribution. In examining
the latter, we obtained the allowed ranges for each of the NMFV parameters. In addition, by
comparing the prior and posterior distributions, and taking into account posterior distributions based on a single constraint, we identify the most important constraints for each NMFV
parameter.
Finally, note that although the reference scenarios defined in Table 4.1 have in part been
obtained considering the anomalous magnetic moment of the muon as a key observable [177],
we do not expect sizeable effects from NMFV terms on this observable within the ranges that
are allowed from the other constraints. For this reason, and in addition given the fact that the
numerical computation of the anomalous magnetic moment is difficult to perform within a
model featuring NMFV terms, we do not take into account this constraint here.

Selected results: GUT-scale parameters
We have performed two different kinds of scan on the parameter space mentioned above: “individual” scans, where only one single NMFV parameter has been varied, while the others
have been kept to zero, and “simultaneous” scans, where all NMFV parameters have been varied at the same time according to the ranges given in Table 4.2. From the comparison of the two
scanning methods, we learn that the viable regions for each NMFV parameter are much larger
for the case of simultaneous variation as compared to varying one parameter only. Indeed, it is
possible that more than one of the NMFV parameters influences of one ore more given observables. In such a case, interferences and/or cancellations between the contributions induced by
different NMFV-parameters may occur. As a consequence, they give rise to viable regions of
parameter space that would not be fully explored when varying each parameter in isolation.
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BR(µ → eγ) [simultaneous]

probability density
0
12

/10

−2

1

2

2

1

(δ T )

0
12

/10

−2

1

2
2

(δ T )

2

1

1e

2

1e

probability density

All constraints [simultaneous]

Ω χ̃01 h 2 [simultaneous]

probability density
0
12

/10

−2

1

2

2

1

(δ T )

0
12

/10

−2

1

2
2

(δ T )

2

1

1e

2

1e

probability density

BR(µ → 3e) [simultaneous]

F IGURE 4.2: Dominant constraints on the parameter (δ T )12 from simultaneous scan around Scenario
1. Prior distributions are given in blue and posterior distribution are given in red.

One such example is shown in Fig. 4.1. As can be seen, the posterior distribution
resulting

from the simulateous scan leads to a viable interval for the parameter δ F 12 that is by almost
a factor of five larger than the one obtained from the individual scan. For this reason, I do not
discuss further the results obtained from individual scanning, but focus on those obtained from
the simultaneous scans.
From the multi-dimensional scan, we conclude that for the majority of the considered
NMFV parameters, the most sensitive observables are the branching ratios of µ → eγ and
µ → 3e, as well as the neutralino relic density Ωχ̃0 h2 . The impact of the relic density can be
1
attributed to the small mass difference between the neutralino and the smuon, which depends
strongly on the off-diagonal elements in the slepton mass matrix. Since both our reference scenario exhibit a relatively small value of ( MT )22 , already rather tiny flavour violating elements
can be excluded by current data.
In many cases, the obtained posterior distribution is a superposition of the posteriors stem
ming from the individual constraints. This is illustrated in Fig. 4.2 for the parameter δ T 12 ,
where the three constraints mentioned above have a significant impact. In other cases, one
constraint is dominant
with respect to the others. Such an example is shown in Fig. 4.3 for the

F
parameter δ 12 , where the posterior obtained with the contraint of µ → 3e alone basically
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BR(µ → 3e) [simultaneous]

probability density
0.0
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−2
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F IGURE 4.3: Dominant constraints on the parameter (δ F )12 from simultaneous scan around Scenario 1.
Prior distributions are given in blue and posterior distribution are given in red.

gives the same shape as the one obtained when imposing all constraints.
The fact that µ → 3e may be the dominant constraint, as seen in the previous example, can
be somewhat surprising. Although the experimental limit is more stringent (by about a factor
of two) for the decay µ → eγ, the µ → 3e decay has about the same constraining power and
is in certain cases even the dominant constraint. This is explained as follows: The amplitude
of µ → eγ is helicity-suppressed, and therefore contains a suppression factor me /mµ . While
this is also the case for µ → 3e diagrams related to those of µ → eγ, there are additional fourpoint diagrams, where the helicity suppression is lifted since no photon is involved. Despite
the additional gauge coupling and the greater degree of loop suppression, these diagrams are
numerically competitive to those of µ → eγ.
A somewhat unexpected posterior distribution appears for the parameter (δ T )13 shown in
Fig. 4.4. This parameter is constrained only by the neutralino relic density and the flavour
constraints have no effect. Other NMFV parameters are allowed under flavour constraints to
shift significantly away from zero. This has a marked effect in reducing superpartner masses
which are determined by diagonalising the mass-squared matrices. This applies in particular
to the “right-handed” smuon mass, as the initial smallness of ( MT )22 means that small NMFV
parameters can slightly lower the smuon mass. As a further consequence, the relic density
is then reduced due to the smaller mass difference between smuon and neutralino, which increases the importance of co-annihilation and smuon pair annihilation. However, the smuon
mass also is influenced by (δ T )13 , which by virtue of being unconstrained by flavour observables, may be non-zero. Moreover, this particular parameter increases the lightest smuon mass
due to the specific hierarchies in the mass matrix. The smuon mass being decreased by other
non-zero NMFV parameters, (δ T )13 being non-zero then re-establishes the initial mass difference between the smuon and neutralino allowing the relic density to stay within the Planck
limits. Relaxing the assumption that the neutralino χ̃01 is the only dark matter candidate, i.e.
relax the lower limit on the relic density, the caracteristic shape observed for (δ T )13 in Fig. 4.4
disappears.
We find that NMFV parameters mixing the first or second generation with the third generation are also mainly constrained by the decays µ → eγ and µ → 3e rather than by the
corresponding τ decays such as τ → µγ or τ → eγ. This can be traced to the better experimental precision of the muonic decay measurements with respect to the analogous tau decays.
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Ω χ̃01 h 2 [simultaneous]

probability density
13

2

4

2

0

(δ T )

13
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2
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/10

−1

1

0

(δ T )
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2

1e

probability density

All constraints [simultaneous]

F IGURE 4.4: Dominant constraints on the parameter (δ T )13 from simultaneous scan around Scenario
2. Prior distributions are given in blue and posterior distribution are given in red.

Even though NMFV parameters mediating e − τ or µ − τ transitions lead to the dominant contributions of the tau decays, these parameters also can enter into the muon decay amplitudes.
For example, if the µ → eγ process includes a stau in the loop, the corresponding amplitude
is proportional to terms including products of the type (δ)23 (δ)13 . Since the muon decay limits
are stronger than the tau decay limits by four to five orders of magnitude, the e − τ and µ − τ
mixing parameters are constrained by the e − µ processes first.
Finally, it is to be noted that the constraints coming from the hadronic sector, such as the
decays B → Xs γ or Bs → µ+ µ− , which are dominant in the case of NMFV in the squark
sector alone as discussed in Sec. 2.2, are not competitive as compared to the leptonic constraints
mentioned above. This can be traced to the greater experimental precision of dedicated leptonic
measurements compared to meson decays.
Altogether, the simultaneous studies of all NMFV parameters for both reference scenarios of
Table 4.1 lead to the viable ranges summarized in Table 4.3 for the different NMFV parameters.

Selected results: TeV-scale parameters
While from the model-building point of view it is useful to explore the allowed level of flavour
violation at the GUT scale, it is equally important to explore the resulting physics at the SUSY
scale. Renormalization group running from the GUT scale to the SUSY scale will break the unification conditions given in Eq. (4.5) and consequently in Eq. (4.6). The fact that these relations
are not valid any more below the GUT scale is an essential and intrinsic part of Grand Unification. The present Section is devoted to highlighting selected results related to the NMFV
parameters obtained at the SUSY scale. More precisely, we study the behaviour of different
SUSY scale NMFV parameters which stemfrom a single NMFV parameter at the GUT scale.
In Fig. 4.5 we show the example of δ F 12 , defined at the GUT scale, and the two resulting


L
D
SUSY scale parameters δLL
and δRR
, which belong to the slepton and down-type squark
12
12
sectors, respectively. First, we see that the prior distribution is altered by the renormalization
group effects between the GUT scale in panel a) and the SUSY scale distributions in panels
b) and c). The imposed flat priors at the GUT scale are transformed into almost Gaussianlike distributions at the SUSY scale. Looking at the corresponding posteriors, the SUSY scale
distributions look even more peaked than the corresponding GUT scale histrograms.
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Parameters

(δ T )

12

(δT )13
(δ T )

23

(δ F )12
(δ F )

Scenario 1
[-0.015, 0.015]

Most constraining obs. 1
µ → 3e, µ → eγ, Ωχ̃0
1

Ωχ̃0 h2

]-0.06, 0.06[
[0,0]*
[-0.008, 0.008]

h2

Ωχ̃0
1

[-0.12,

Most constraining obs. 2
Ωχ̃0 h2 , µ → eγ

0.12]†

1

Ωχ̃0 h2

[-0.3, 0.3]†

1

h2 ,

Scenario 2

µ → 3e, µ → eγ

µ → 3e, µ → eγ

[-0.1,

0.1]†

[-0.015, 0.015]†
0.15]†

1

Ωχ̃0
1

h2 ,

µ → 3e, µ → eγ,

µ → 3e, µ → eγ

]-0.01, 0.01[

µ → eγ

(δ F )23

]-0.015, 0.015[

µ → eγ, Ωχ̃0 h2

[-0.15, 0.15]†

Ωχ̃0 h2 , µ → eγ, µ → 3e

(δTT )12

[-3, 3.5] ×10−5

prior

[-1, 1.5]† ×10−3

prior, Ωχ̃0 h2

(δTT )13

]-6, 7[ ×10−5

prior, Ωχ̃0 h2

[-4, 2.5]† ×10−3

prior, Ωχ̃0 h2

(δTT )23

]-0.5, 4[ ×10−5

prior, Ωχ̃0 h2

[-0.25, 0.2]†

prior, Ωχ̃0 h2

(δ FT )12

[-0.0015, 0.0015]

Ωχ̃0 h2

[-1.2, 1.2]† ×10−4

µ → 3e, Ωχ̃0 h2 , µ → eγ

(δ FT )13

]-0.002, 0.002[

Ωχ̃0 h2

[-5, 5] ×10−4

Ωχ̃0 h2 , µ → 3e, µ → eγ

(δ FT )21

[0,0]*

prior

[-1.2, 1.2]† ×10−4

Ωχ̃0 h2 , prior

(δ FT )23

]-0.0022, 0.0022[

Ωχ̃0 h2

[-6, 6]† ×10−4

µ → 3e, Ωχ̃0 h2 , µ → eγ

(δ FT )31

]-0.0004, 0.0004[

Ωχ̃0 h2

[-2, 2]† ×10−4

Ωχ̃0 h2

(δ FT )32

[0,0]*

prior

[-1.5, 1.5] ×10−4

Ωχ̃0 h2

13

[-0.15,
1

1
1

1
1

1
1

µ → 3e, µ → eγ
1

1
1
1

1

1

1

1

1
1

TABLE 4.3: Estimated allowed GUT scale flavour violation for both reference scenarios and impactful
constraints ordered from the most to the least constraining. Where square brackets are
shown open, we scan up to these values but even if we noticed some impact from
constraints, it seems that the allowed region can be larger and extrapolation to concrete
limits is not straightforward. ∗ denotes parameters fixed to 0 in order to satisfy LSP and
physical mass spectrum requirements. The ranges marked with a † are extrapolated,
meaning that the posterior does not actually drop to 0 but extrapolation to a limit is
reasonable. A parameter that is constrained by ‘prior’ is limited by LSP and physical mass
requirement.
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Second, it isinteresting to note that, at the SUSY scale, the allowed range
 for the hadronic
D
L
parameter δRR
is
wider
than
that
for
the
related
leptonic
parameter
δ
LL 12 in the simulta12
neous scan. This behaviour is somewhat unexpected, since the gluino running, which is blind
to flavour, drives the diagonal squark mass parameters higher, while it leaves the leptonic ones
unaffected. In turn, this is expected to reduce the squark NMFV parameters [115]. We find that
this behaviour is confirmed for all NMFV parameters stemming from individual scans (see examples in Fig. 4.5 panels d) and e)), agreeing with the results presented in Ref. [115]. However,
for the δ F parameters, the reverse is true when considering the simultaneous scan. We suspect
that strong renormalization group effects are the cause of this feature, due to the fact that mutliple NMFV parameters interact with each other during the evolution from the GUT scale to
the SUSY scale.

Parameter correlations
We finally examine more closely the correlation between certain NMFV parameters, mentioned
already several times in the above discussion, and being the reason that scanning over all parameters simultaneously is ultimately required. The key is that cancellations may exist between
the contributions from certain parameters in the calculation of a given observable. However,
dealing with analytical results for the different experimental constraints is difficult and beyond
the scope of this work. Instead, we choose to take advantage of the numerical results, showing
posterior distributions of more than one NMFV parameter together.
The first panel in Fig. 4.6 shows viable parameter points that seem to follow a line, with an
increased density
 of points
concentrated around a linear relationship
 between the GUT scale
F
FT
parameters δ 12 and δ 12 . Indeed, the impact of BR µ → eγ is suppressed in this line
due to cancellation between the two parameters in the analytic expression for this observable.
One can also see this in the right panel, only those points lying close to or along said correlation
line are consistent with the experimental limits. Said correlation could provide an interesting
hint for future SUSY GUT model building.
The analytic expression for the decay rate of µ → eγ can be written as [115]
BR(`i → ` j γ)
48π 3 α
ij 
ij
| FL |2 + | FR |2
=
2
BR(`i → ` j νi νj )
GF

(4.7)

where the branching ratio of the decay `i → ` j νi νj is a constant with respect to the NMFV
parameters under consideration in the present work. For real NMFV parameters, the form
factors FL,R are related to the flavour violating parameters at the SUSY scale according to
ij

e
e
FL = c1 (δLL
)ij + c2 (δRL
)ij ,
ij

e
e
FR = c3 (δRR
)ij + c4 (δRL
) ji .

(4.8)

The coefficients ci (i = 1, . . . , 4) are combinations of loop factors, masses, and other numerical
inputs which can be assumed to be constant in our analysis. Minimizing the form factors FL,R
in Eq. (4.8) to yield small µ → eγ branching ratios and hence satisfy the experimental constraint
leads to relations of the form
e
(δLL
)ij = −

2c2 e
(δ )ij ,
c1 RL

(4.9)

corresponding to the observed lines in Figs. 4.6. As such, the correlation that we recover purely
from our numerical analysis is consistent with the analytic formulae for this lepton flavourviolating decay.
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F IGURE 4.5: Distributions obtained for the GUT-scale parameter δ F 12 and the associated SUSY-scale


e
d
parameters δLL
and δRR
(see Eq. (1.39)) from simultaneous and individual scan
12
12
around Scenario 2 of Table 4.1. Analogously to other results, prior distributions are
shown in blue and posterior distributions are shown in red.
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F IGURE 4.6: Correlation of the GUT-scale parameters δ F 12 and δ FT 12 (left panel) and associated


e
e
(right panel) for Scenario 1.
and δRL
correlation of the SUSY-scale parameters δLL
12
12
While the first plot shows the results for the full scan, the second one shows only the
surviving points once the constraints of Table 2.1 are applied.

Concluding remarks
Precision flavour physics measurements could present challenges to this work and war- rant
further attention. Particularly, situations such as this often predict small-but-non-zero branching ratios for the LFV decays µ → eγ and µ → 3e, hence stricter bounds on such processes will
further limit the amount of NMFV allowed in such scenarios. Figs. 4.6 is purely data-driven
and shows the regions that experimental data prefers. A model which predicts such a correlation could allow reasonable flavour violation and still be preferred over other such models.
In general, we have examined the relation between GUT-scale and low-scale flavour-violating
parameters, for both quarks and leptons, and shown how the usual expectations may be violated due to the correlations when multiple parameters are varied simultaneously. We have
presented results in the framework of non-minimal flavour violation in A4 × SU (5) inspired
Supersymmetric Grand Unified Theories, with smuon-assisted dark matter. While such a
framework is appealing since it allows both successful dark matter and contributions to ( g −
2)µ , as well as providing the smoking gun prediction of a light right-handed smuon accessible
at LHC energies, it will be interesting to pursue similar studies in more complete frameworks
relating the quark and lepton sectors.
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Chapter 5

Outlook and perspectives
Having disucussed selected results in Chaps. 2 to 4, in this last part of the present Manuscript,
I will address open questions as well as ideas and perspectives, mainly stemming from the
presented work.
Generally, I see my mid-term future work in the direction of flavour-related observables
in beyond the Standard Model physics, as well as the interplay between flavour physics, collider searches, and dark matter aspects of new physics. While almost all my previous work
has been realized within supersymmetric models, I have started to broaden my activities to
other models such as, some years ago, the Inert Doublet Model [53, 190] as an example of a
non-supersymmetric Two-Higgs Doublet Model. More recently, I have become interested in
extensions of the Standard Model where neutrino masses are generated radiatively by adding
suitable fermionic and scalar singlets or doublets [191], such as, e.g., in the so-called scotogenic
model [61], to cite a simple example of such a setup. Moreover, models including leptoquarks
present interesting phenomenological aspects and are rather well-motivated from the point of
view of the recent hints towards potential lepton-flavour non-universality [192].
In this perspective, my short- and mid-term research project mainly aims at methods to
identify the underlying theory framework of beyond the Standard Model physics based on
simple observables, at colliders but also in other sectors. A second aspect is the exploration of
so-called Machine-Learning techniques, which provide promising computational techniques
and are, in my opinion, under-explored in particle physics phenomenology.
In the following, I will briefly outline the directions and perspectives that I am planning to
explore in the coming years.

5.1

Flavoured Grand Unification in Supersymmetry

As discussed in Chap. 4, models based on the gauge group SU (5) at some high energy scale
provide a viable unification framework together with a rich phenomenology. An example of a
concrete model based on the flavour symmetry A4 [177, 171] has been discussed including an
approach to go beyond the Minimal Flavour Violation (MFV) paradigm. While this is a suitable
starting point and gives insight on the structure of such a setup, the discussed framework
is rather simple and its implementation in Ref. [171] has followed a somewhat simplifying
phenomenological approach.
In this Section, I discuss potential ways to improve the analsysis presented in Chap. 4.
Moreover, I briefly sketch ongoing and future work aiming at testing the hypothesis of Grand
Unification at present and future colliders.

Study of a S4 × SU (5) supersymmetric model
It has to be noted that models based on the gauge group SU (5) are in certain cases disfavoured,
since in such a setup proton decay may be allowed in contrast to experimental observation
[193]. It should also be noted that, although the study presented in Chap. 4, based on Refs.
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[177, 171] is a suitable and instructive starting point for this type of analysis, it is probably
too restrictive concerning the covered parameter space on the one hand, and the somewhat
ad-hoc implementation of the flavour violating terms at the unification scale on the other hand.
Concerning the last point, the precise structure of the Non-Minimally Flavour Violating terms
should in fact be governed by the flavons of the theory, which acquire a vacuum expectation
value when the flavour symmetry is broken. Concerning the former point, extending the analyses towards other groups, e.g., SO(10) or E6 , will be a logical step.
We are currently aiming at a more complete study of a more predictive model, still based on
SU (5)-like unification, but including a S4 flavour symmetry. We intend to perform a MarkovChain Monte Carlo study of the full parameter space, i.e. varying the flavour-conserving and
flavour-violating parameters at the same time. This will allow to better understand possible correlations between flavour-violating parameters at the GUT and the TeV scale, and give
valuable hints in the context of further model building in this direction.
I would like to point out that the study of unified models are particularly interesting in the
present experimental context, since leptonic constraints are, as seen in Chap. 4, in most cases
more stringent than the hadronic ones, but the coloured sector might be easier accessible at the
Large Hadron Collider. In all studies of this kind of models, it is therefore important not only
to identify the viable regions of parameter space, but also to determine the associated collider
phenomenology.

Footprints of SU (5)-like unification at the TeV scale
While studies carried out directly at the unification scale, as described above, are important in
the understanding of the theory’s structure, especially concerning flavour, the link to TeV-scale
observables is of utmost importance. For this reason, I have become interested in developping
methods allowing to test Grand Unification at TeV-scale collider, in particular the Large Hadron
Collider.
Unravelling whether or not Nature is SU (5)-symmetric at short distances constitutes a challanging and interesting question. Many realizations of SU (5)-like Grand Unified Theories are
possible, with various consequences at the TeV scale. Moreover, a large amount of information
can be lost in the renormalization group evolution between the GUT and the TeV scales. A
test of the SU (5) hypothesis therefore has to face both challenges of avoiding a large modeldependence and being realizable based on low-scale observables.
As discussed in Chap. 4, the unification of matter fields implies certain relations at the level
of the Yukawa couplings, see Eq. (4.3), as well as at the level of soft mass and trilinear matrices,
see Eqs. (4.5). Let us first note that the relations
Yd = Yet

and

Ad = Ate ,

(5.1)

which are exact at the GUT scale, provided that corrections arising from integrating out heavy
GUT states are negligible, will be spoiled by the differences in the β-functions between the two
sectors during the renormalization group evolution towards the TeV scale, and can therefore
not serve as basis for a phenomenological test of the SU (5) hypothesis.
Focusing instead on the sector of up-type squarks, let us recall that the top Yukawa coupling
as well as the associated trilinear coupling are symmetric at the Grand Unification scale,
Yu = Yut ,

Au = Atu ,

(5.2)

if we assume that Supersymmetry breaking does not break the SU (5) symmetry. While the
symmetry of the Yukawa matrix is not particularly exploitable, the symmetry of the trilinear
matrix will be able to provide tests of the SU (5)-hypothesis at the TeV scale.
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The reason is that the two relations given in Eq. (5.2) are confined to the flavour space of the
up-type (s)quarks, and are therefore more stable against quantum corrections as compared to
the relations given in Eq. (5.1) which relate two different flavour sectors. Moreover, there is no
connection between the symmetry of At and potentially dangerous flavour-changing neutral
currents in the down-type sector. Consequently, the two matrices remain symmetric to good
precision at the TeV scale. This can be understood by examining the corresponding β-functions,


 †
13 2
16 2
2
†
2
†
16π βYu = Yu 3Tr Yu Yu + 3Yu Yu + Yd Yd − g3 − 3g2 − g1 ,
(5.3)
3
15


 †
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†
†
16π β Au = Au 3 Tr Yu Yu + 5 Yu Yu + Yd Yd −
g − 3 g2 −
g
(5.4)
3 3
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26 2
32 2
+ Yu 6 Tr Au Yu† + 4 Yu† Au + 2 Yd† Ad +
M3 + 6 M22 +
M .
3
15 1
In these expressions, the trace and gauge terms are flavour singlets, and the term Yu Yu† Yu is
symmetric by hypothesis. The only non-symmetric term in Eq. (5.3) is Yu Yd† Yu . In Supersymmetry, the relative magnitude of the up- and down-type Yukawa couplings depends on tan β,
so that the contribution of this term to the asymmetry grows with tan β. Given the observed
quark masses, one expects Yd† Yd to compete with Yu† Yu only for very large values of tan β. Moreover, the Yu Yd† Yu contribution is suppressed by the elements of the CKM matrix, as Yd and Yu
would commute if they were simultaneously diagonalizable. We can therefore expect that Yu
remains symmetric to a very good approximation at the TeV scale.
Coming to Eq. (5.4), all terms except the gauge and trace terms are generally non-symmetric.
The trilinear coupling Au stays symmetric to a good precision at low energies only if the renormalization group flow is dominated by gauge contributions, and having a symmetric Au at
the TeV scale does not seem such a generic feature. In practice, however, the beta function is
often dominated by the large gluino mass contribution. Moreover, as this contribution is positive, it decreases Au with the energy, such that the non-symmetric terms become smaller and
smaller in the beta function. Therefore, we can expect that the asymmetry of Au at the TeV scale
remains small in many concrete cases.
For practical purposes, we introduce the quantities

Aij =



Au ij − Au ji

1/2
Tr Mũ

Q=1 TeV

(i 6 = j ) ,

(5.5)

parametrizing the asymmetry ofthe trilinear up-squark matrix Au . The normalization to trace
of the up-squark mass matrix Tr Mũ , which is representative of the SUSY scale, renders the
asymmetry dimensionless and independent of the overall scale of the reference scenarios. As
flavour mixing involving the first generation of squarks is strongly suppressed, we focus on the
asymmetry A23 stemming from potential top-charm mixing in the squark sector. The relation
to be tested at the TeV scale, e.g., at collider experiments, is thus
Au ≈ Atu

⇐⇒

A23 ≈ 0 .

(5.6)

The main dependence of A23 is with respect to the parameters ( Au )23,32 and ( Ad )23,32 . In
order to evaluate numerically the resulting asymmetry at the TeV scale, we have varied these
parameters around several reference scenarios assuming that the SU (5) hypothesis is true, i.e.
( Au )23 = ( Au )32 at the GUT scale. For simplicity, we also assume ( Ad )23 = ( Ad )32 . We evaluate the TeV-scale asymmetry A23 defined in Eq. (5.5) using the numerical spectrum calculator
SPheno [121, 122]. We find that for typical scenarios featuring not too large values of tan β . 40,
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as expected from renormalization group considerations, the resulting asymmetry does not exceed a few percent. During the era of the Large Hadron Collider, a better experimental precision
will be difficult to reach. For details on this numerical study, the interested reader is referred to
Refs. [194, 195].

Testing SU (5)-like unification at colliders
Any strategy that can be set up to test the SU (5) relation au ≈ atu necessarily relies on a comparison involving at least two up-squarks. Apart from this relation, the squark matrix is in general
arbitrary, so that each of the six up-type squarks can take any mass. Some of the squarks can
be light enough to be produced on-shell at the LHC, while others may be too heavy such that
they appear only virtually in intermediate processes.
As a result, a panel of possibilities for SU (5) tests will appear, depending on the exact
features of the up-squark spectrum. It can be convenient to split the possibilities of SU (5) tests
into three categories, depending on whether the tests involve only virtual, both virtual and
real, or only real up-type squarks. Note that the SU (5) tests on virtual up-type squarks will
necessarily involve one-loop processes, because the interaction terms probed in the tests are Rparity conserving. In contrast, the SU (5) tests on real squarks can in principle rely on tree-level
processes only. The present discussion is inspired by the work presented in Refs. [196, 194], as
well as the current follow-up study [195].
Instead of dealing with the full six-dimensional mass matrix M2ũ of Eq. (1.33), two expansions can be used in order to simplify the situation and depending on the pattern of M2ũ : the
mass insertion approximation (MIA) and the effective field theory (EFT) expansion.
The MIA is an expansion with respect to small eigenvalues-splittings, and is in particular
valid in presence of small off-diagonal elements. In contrast, the EFT expansion can be applied
if a large hierarchy is present in M2ũ . The heavy up-type squarks with mass matrix M2 are
integrated out, the expansion parameter is E2 M̂−2 , and M2 can have arbitrary off-diagonal
entries. The two expansions are therefore complementary.
It is clear that the feasibility of the SU (5) tests we will setup depends crucially on the
amount of data available – whether they involve real or virtual squarks. This feasibility needs
to be quantified using appropriate statistical tools. Whenever a SU (5) test can be obtained
through a definite relation among observables, a frequentist p-value can be used in order to
evaluate to which precision this relation can be tested, for given significance and amount of
data.
The rather technical details associated with the squark effective theory and the mass insertion approximation are not presented in detail in this manuscript. The interested reader can
find the relevant information and details in Refs. [196, 194, 195].
These techniques have allowed to set up tests for specific assumptions on the mass spectrum of the squarks. As a first example, assuming “natural” Supersymmetry, where first and
second generation squarks are considerably heavier than those associated to the third generation, a test of the SU (5) hypothesis has been defined based on the flavour-changing decays
of a stop-like squark into a bino- or wino-like neutralino plus a jet containing up or charm
flavour. As a second example, assuming two generations of squarks to be accessible at the
Large Hadron Collider, a test can be defined based on the decays of charm-flavoured squarks
into top-flavoured ones plus a Higgs boson. A third example is the case of heavy Supersymmetry, where no superpartner would be observed at the Large Hadron Collider, and they would
only manifest as virtual effects in effective operators. In such a case, the SU (5) relation can be
tested using top polarimetry or ultraperipheral searches. A detailed discussion of these tests
can be found in Refs. [196, 194, 195] and will not in detail be reproduced here.
The analysis of such specific mass orderings can be taken as a guideline to build more
global tests of the SU (5) hypothesis. In particular, the flavour-changing squark decays with

5.1. Flavoured Grand Unification in Supersymmetry

69

F IGURE 5.1: Posterior distributions of the asymmetry A23 obtained from a Markov Chain Monte Carlo
scan for an SU (5) example (left) and a non-SU (5) counter-example (right).

Higgs-boson production are expected to always carry relevant information regarding the relation Au ≈ Atu for any mass ordering. Such a global test constitutes a natural extension to the
cases discussed above.
These tests, however, apply only to specific mass hierarchies, such as, e.g., natural Supersymmetry, where only the stops are relatively light, or the situation where all superpartners
are too heavy to be produced at the Large Hadron Collider. In practice, however, it is not
guaranteed that the mass spectrum respects such specific hierarchies. Moreover, before having observed a certain number of new states, the exact mass hierarchies are unknown. It is
therefore necessary and interesting to set up techniques that allow to test Grand Unification
hypothesis without specific assumptions on the physical masses.
First steps in this direction have been undertaken in collaboration with my former Ph.D.
student Yannick Stoll [195]. We have constructed a test of the SU (5) hypothesis based on
Bayesian statistics. The latter gives the possibility to compare two models with respect to a
certain amount of data by means of the Bayes factor, or in the present case of nested models
the so-called Savage Dickey density ratio (SDDR). More precisely, we compare the SU (5) case,
where the asymmetry defined in Eq. (5.5) is A23 ≈ 0, to the non-SU (5) case, where A23 6≈ 0.
In the present case, the SDDR can be computed as the ratio of the constrained and the unconstrained probability distrution functions evaluated at A23 = 0. For the former, we have
included observables assumed to be experimentally accessible, such as ratios of squark masses
and event rates as already in Sec. 3. Moreover, the outcome of the test depends on the uncertainties associated to each observable. Figure 5.1 shows the result for a rather optimistic
situation, i.e. assuming a high integrated luminosity of Lint = 3000 fb−1 leading to rather small
uncertainties below 1% for squark mass ratios, event rate ratios, and flavour decomposition of
the lightest squark. Despite such optimistic conditions, the interpretation of the obtained SDDR
using the empirical Jeffrey scale [197] leads to “moderate” evidence against the SU (5) for the
case of the counter-example, while the test remains inconclusive for the simulated SU (5) case
[195].
On the one hand, this example shows that Bayesian statistics can provide helpful information in questions related to model differenciation. On the other hand, it also shows that such
a test has to rely on specific observables, which are sensitive to the quantity which is at the
center of the hypothesis to be tested. The above example clearly has to be improved in this respect to be able to provide useful information in case of the observation of a squark-like state.
For example, since the present asymmetry is defined within the trilinear coupling matrix Au ,
processes of interest will be those involving Higgs bosons, since the trilinear matrix explicitely
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appears in couplings of squarks to the physical Higgs bosons.
Generally, pursuing this research axis seems appealing, since ultimately, after studying simple cases such as the SU (5) hypothesis, it will hopefully be possible to propose test quantities
and procedures for other frameworks, typically based on the flavour structure within Grand
Unification.
As it will also be discussed below, additional and complementary information can be obtained from Machine Learning methods. Especially in the present case of the differentiation of
two models, such algorithms provide a powerful tool to efficiently classify data and define a
seperation between two (or more) categories. In this respect, the identification of Grand Unified structures in a theory beyond the Standard Model based on TeV-scale observations seems
an interesting and promising example for the application of Machine Learning techniques in
particle phenomenology.

5.2

Lepton flavour violation and non-universality

While most of the research work presented in this manuscript has concerned the sector of
quarks, flavour violation in the sector of leptons, and consequently the associated neutrino
sector, bare an important potential in view of the search for new physics. Thanks to very clean
signatures, measurements can be made in a more precise manner than in the hadronic sector,
where the uncertainties, on both the experimental and theoretical side, are more important.
Moreover, recent experimental results, namely the so-called “flavour anomalies”, related to
the decays of B-mesons into D-mesons and kaons, namely the quantities
RD =
RK

BR ( B → Dτν)
,
BR ( B → D `ν)

BR ( B+ → K + µ+ µ− )
=
,
BR ( B+ → K + e+ e− )

BR ( B → D ∗ τν)
,
BR ( B → D ∗ `ν)

BR B0 → K ∗0 µ+ µ−
=
.
BR ( B0 → K ∗0 e+ e− )

R D∗ =
RK∗

(5.7)

More precisely, recent data suggest that [35]
RK

q2 ∈[0.045;1.1] GeV2

RK∗

q2 ∈[1.0;6.0] GeV2

0.11
= 0.66+
−0.08 ,

RK

q2 ∈[1.1;6.0] GeV2

0.12
= 0.69+
−0.09 ,

0.10
= 0.74+
−0.08 ,

(5.8)

at the 90% confidence level, which deviate from the Standard Model prediction which is unity
(up to theory uncertainties) by about two to three standard deviations. Even more important,
experimental data suggests [198]
R D = 0.407 ± 0.046 ,

R D∗ = 0.304 ± 0.07 ,

(5.9)

at the 90% confidence level, which differs from the Standard Model value by about four standard deviations. Moreover, the data points towards lepton flavour non-universality, which is
contrary to the Standard Model description.
In addition, tensions persist between the Standard Model prediction and the experimentally
observed values of the anomalous magnetic moments of the muon (see Table 2.1), and since
recently potentially also the electron appearing via recent measurements of the fine-structure
constant [199].
If the hints towards the abovementioned “flavour anomalies” are experimentally confirmed,
the responsible physics cannot be explained within supersymmetric theories. It appears that,
in the given context, frameworks including leptoquarks are particular appealing, allowing to
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explain the observed “anomalies”. Examples can be found in Refs. [200, 201, 202, 203, 204, 205,
206].
In this context, the possibility of lepton-flavour violation within non-supersymmetric models seems particularly interesting. In particular, the decay µ → eγ, which is experimentally
determined to an extremely high precision, is a promising channel to detect new physics effects. Including related decay channels, and generalizing to all three lepton families, a detailed
calculation of new physics contribution to the decays

`i → ` j γ ,

`i → ` j γγ ,

`i → ` j `k `¯ k

(5.10)

will be a suitable starting point in order to examine appropriate models such as, e.g., extensions of the Standard Model including viable candidates for dark matter while at the same
time allowing the radiative generation of neutrino masses and thus introducing lepton flavour
violation. A classification of such models can be found in Ref. [191].
Performing a generic calculation of these decays will also allow to derive the new physics
amplitudes to the anomalous magnetic moments of the leptons. This point is important because of two reasons: First, the experimental indications towards a tension with the Standard
Model predictions, and second, the fact that no dedicated computational tool seems to be available allowing to perform a numerical calculation of the respective new physics contributions.
Performing the associated calculation in a most generic manner, and implementing the associated numerical code in a modular way, will allow to apply the calculation to a large class of
Standard Model extensions featuring lepton flavour violation.

5.3

Machine Learning in particle phenomenology

At the level of the more general view of new physics studies, it is important to remember
that indications towards physics beyond the Standard Model arise from several independent
directions, the most convincing ones relating to flavour physics, astroparticle physics, and cosmology. At the same time, collider searches remain the most important direct tool to access
new physics. In addition, measuring variables related to Standard Model processes at collider
experiments allows to obtain additional information on the impact of new physics parameters,
e.g., through loop corrections to the processes under consideration.
Consequently, analysing and constraining new physics models requires the combination
of a potentially large number of free parameters with the plethora of experimentally available
data and constraints. Performing such a task in an efficient way is highly challenging on the
technical and computational level. It is therefore of high importance to develop and exploit
novel technologies, which allow efficient analyses of new physics models.
I therefore intend to explore the possibilities of using machine-learning techniques in phenomenological studies and in particular in the analyses of new physics models. While such
methods already find applications in experimental analyses, see, e.g., Refs. [207, 208], and
more recently in the field of astroparticle physics [209] and cosmology [210], they seem underexplored in the community of high-energy phenomenology.
In Secs. 3.3 and 3.4, first steps in this direction have been undertaken in order to access the
flavour structure of an observed squark-like state at the Large Hadron Collider, see also Ref.
[111]. While the proposed analysis remains rather simple and relies on rather optimistic assumptions, it clearly illustrates the power of the employed multi-variate analysis technique. It
seems that methods relying on machine-learning algorithms are more powerful than, e.g., likelihood fits or Bayesian statistics, especially when it comes to handling large sets of observables
or data. Moreover, they are complementary to other methods since they allow to efficiently
classify the data, e.g., with respect to a certain number of observables or constraints, and will
therefore be very useful in questions related to the distinction of different frameworks beyond
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the Standard Model. As several new physics frameworks may lead to similar signatures at the
LHC, such questions will be of utmost importance in case of the discovery of a new state.
However, several subtleties have to be addressed and understood in order to allow an efficient use of such techniques. First, different implementations of machine-learning based methods have to be scrutinized and compared in order to identify the techniques matching the
different problems and questions arising in particle phenomenology. Second, and more important, the treatment of uncertainties has to be studied in highest detail. Third, the physics
interpretation of the obtained results will be an important aspect to be addressed. Also, complementary studies using the more “traditional” techniques of simple parameter studies or
Bayesian statistics need to be pursued, as they provide complementary information and interpretation.
Generally speaking, I am convinced that machine-learning techniques clearly deserve their
place in studies related to the phenomenology of physics beyond the Standard Model. Moreover, I believe that in the future such techniques will be more and more relevant and used, in
all the different contexts coming within phenomenological studies. I therefore have submitted
a project to the French Agence Nationale de Recherche (ANR) covering in part this direction.

5.4

Non-standard signatures of new physics at colliders

Despite the extensive and extremely well-driven search for new physics at the LHC, and against
the theory arguments that new physics should manifest at energy scales of a few TeV, no direct
evidence for states beyond the Standard Model has been observed so far. The corresponding
null results are presented in terms of mass limits within various new physics frameworks. A
possible and widely spread interpretation of these null results remains that the expected new
states are simply too heavy to be produced at the LHC. An alternative is that the new states are
in principle reachable at current colliders, but the applied search strategies, which often rely on
simplifying assumptions, are not adapted to their specific experimental signatures, such that
the new states escape detection.
This has been demonstrated in Chap. 3 of the present manuscript for the case of intergenerational squark mixing, based on the analysis published in Ref. [128]. The assumed top-charm
mixing strongly decreases the limits on squark masses, which have been obtained by the ATLAS collaboration based on the Minimal Flavour Violation paradigm. As has been shown in
Sec. 3.2, including additional search strategies, related to the non-minimal flavour mixing, will
alleviate this issue [128].
The Large Hadron Collider currently being√prepared for its Run-3, starting presumably
in 2021 with a centre-of-momentum energy of s = 14 TeV and, more important, increased
luminosity, it is important and timely to continue the study of such “exotic” non-covered, but
theoretically well motivated, signatures of new physics.
Performing an inventory of current search strategies, and identifying simplifying assumptions therein, will allow to set up a list of starting points for such analyses. This must include
supersymmetric and non-supersymmetric frameworks. Special care has to be taken when considering the implemented decay patterns of states associated to new physics. This will allow
to point out relevant final states and associated research strategies to be included in the experimental searches. The decay modes can in particular be altered when considering non-trivial
mixing patterns within the model under consideration. Such mixing patterns are likely to be
related to the flavour structure of the theory, and may thus be motivated from a Grand Unification perspective.
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Precision calculations beyond the Standard Model

As already mentioned above, the experimental and observational precision is constantly increasing, at collider-based experiments, low-energy measurements, in direct and indirect dark
matter searches, as well as in cosmological observations. In the light of these experimental
improvements, it is crucial that the associated theory predictions also become more precise,
as they are to be confronted to the observations in order to potentially identify new physics
effects.
Including higher-order radiative corrections to a huge number of theory and phenomenological predictions is of utmost importance in the quest of understanding and identifying
physics beyond the Standard Model. This has to include radiative corrections to both Standard Model predictions, which correspond to the “background” in this context, but also the
the contributions of new states to the same obervables.
To give an example, since my Ph.D. thesis and as a founding member of the DM@NLO collaboration [211], I have been involved in the calculation of higher-order corrections to the annihilation cross-section of neutralino dark matter in the Minimal Supersymmetric Standard Model
(MSSM) and their impact on the resulting prediction of the neutralino relic density. The numerical DM@NLO code is designed to work as an extension of publicly available tools such as
micrOMEGAs [184, 185, 186, 187, 212, 188] or DarkSUSY [213].
The common result of different studies of neutralino pair annihilation [214, 215, 216, 217],
neutralino-squark co-annihilation [218, 219], and squark pair-annihilation [220] is that the impact of corrections of order αs is more important than the current uncertainty on the relic density given by the Planck collaboration [48]. This clearly shows the importance of precision
calculations when it comes to confronting a prediction with experimental data, or inversely
extracting model parameters from observation.
Moreover, performing higher-order corrections also provides a way of estimating the theory uncertainty of the prediction, which is introduced by the choice of the renormalization
scheme and the renormalization scale. For the above example, the analysis of the uncertainty
has shown that, even at the one-loop level, the uncertainty of the predicted neutralino relic
density cannot always meet the observational one [221]. Finally, the obtained results have been
applied to evaluate the impact of the radiative corrections in the context of direct dark matter
detection, i.e. for the scattering of a neutralino off a nucleus [222].
While the numerical implementation of the DM@NLO code is currently limited to neutralino
dark matter in the Minimal Supersymmetric Standard Model, the question of correcting the
dark matter annihilation cross-section in order to obtain a more precise prediction of the relic
density is valid in any new physics model. We are currently implementing the last topologies
associated to the pair-annihilation of scalar particles, e.g., the stops in the MSSM. Once this
step is completed, all necessary topologies are represented in the numerical implementation.
This will allow to generalize the implementation such that it can be applied to any other dark
matter model.
In the implementation of a new model into the present DM@NLO framework, special care will
need to be taken when defining the renormalization scheme. In particular, in models where
co-annihilation can be sizeable, an adequate treatment of the involved masses is of utmost
importance. Moreover, an efficient treatment of infrared singularities has to be implemented.
While currently, the implementation in DM@NLO relies on phase-space slicing [223] and dipole
subtraction à la Catani-Seymour [224, 225], it turns out that a more adequat solution would be
the so-called Frixione-Kunst-Signer (FKS) subtraction scheme [226, 227].
Finally, let me mention that, while the DM@NLO projects focusses on corrections of order αs ,
also electroweak corrections may be relevant in the given context. These corrections can be
computed using the SloopS framework, which aims at automatizing the calculation at the oneloop level in a given renormalization scheme. Applications to the MSSM [228, 229, 230, 231,
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232] have shown that the impact of electroweak corrections can be equally sizeable, depending
on the region of parameter space. However, it turns out that in certain cases there is a rather
important dependence on the renormalization scheme, which makes the exploitation of the
results somewhat difficult.
As an ultimate goal, it will be interesting to provide a tool including both strong and electroweak corrections in the context of dark matter, not only for the relic density, but also for
direct and indirect detection.
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B. Herrmann, M. Klasen, and K. Kovařík. “SUSY-QCD effects on neutralino dark matter
annihilation beyond scalar or gaugino mass unification”. Phys. Rev. D80 (2009), p. 085025.
DOI : 10.1103/PhysRevD.80.085025. arXiv: 0907.0030 [hep-ph].

[217]

B. Herrmann et al. “One-loop corrections to gaugino (co)annihilation into quarks in the
MSSM”. Phys. Rev. D89.11 (2014), p. 114012. DOI: 10.1103/PhysRevD.89.114012. arXiv:
1404.2931 [hep-ph].

[218]

J. Harz et al. “Neutralino-stop coannihilation into electroweak gauge and Higgs bosons
at one loop”. Phys.Rev. D87.5 (2013), p. 054031. DOI: 10 . 1103 / PhysRevD . 87 . 054031.
arXiv: 1212.5241.

88

Bibliography

[219]

J. Harz et al. “One-loop corrections to neutralino-stop coannihilation revisited”. Phys.
Rev. D91.3 (2015), p. 034028. DOI: 10 . 1103 / PhysRevD . 91 . 034028. arXiv: 1409 . 2898
[hep-ph].

[220]

J. Harz et al. “SUSY-QCD corrections to stop annihilation into electroweak final states
including Coulomb enhancement effects”. Phys. Rev. D91.3 (2015), p. 034012. DOI: 10.
1103/PhysRevD.91.034012. arXiv: 1410.8063 [hep-ph].

[221]

J. Harz et al. “Theoretical uncertainty of the supersymmetric dark matter relic density
from scheme and scale variations” (2016). arXiv: 1602.08103 [hep-ph].

[222]
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