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Long-range interacting models  

• Long range deformations of the Heisenberg model are important for various 
applications (e.g. AdS/CFT, condensed matter) 

• Very few cases are well understood 

• Unified framework for nearest-neighbour and long range interaction? 

• The role of DAHA (double affine Hecke algebra) 

• Relation with the separation of variables? 

• Here: solution of the q-Haldane-Shastry model via the spin Ruijenaars-
Schneider model and Macdonald polynomials 



The q-Haldane Shastry Hamiltonian 

Q-DEFORMED HALDANE–SHASTRY, SPIN-RUIJSENAARS AND MACDONALD POLYNOMIALS 3

matrices. The (isotropic) Haldane–Shastry spin chain has Hamiltonian [Hal88Hal88,Sha88Sha88]

(1.1) Hhs = ev
Ê

ÂHhs , ÂHhs = ≠
Nÿ

i<j

ev
Ê

z
i

z
j

(z
i

≠ z
j

)2 (1 ≠ P
ij

) .

The overall sign ensures that (1.11.1) is positive: (≠)Hhs is (anti)ferromagnetic. Let Ê :=
e2fii/N œ C◊ := C \ {0} be the primitive Nth root of unity. Following [Ugl95Ugl95] we write
(1.2) ev

Ê

: z
j

‘≠æ Êj = e2fiij/N

for the map evaluating z1, · · · , z
N

at the corresponding Nth roots of unity. On shell, i.e.
after evaluation, we can think of the z

j

as the position of site j of the chain, viewed as
being embedded in the unit circle S1 ™ C. We will refer to the z

j

as coordinates.
The many remarkable properties of this model include a particularly simple spectrum.

The energy and momentum are additive, with a quadratic dispersion relation:

(1.3) XMmaÁhs(n) = 1
2 n (N ≠ n) , phs(n) = 2fi

N
n .

The spectrum is highly degenerate [Hal88Hal88], partially [FGL15FGL15] due to an infinite-
dimensional symmetry algebra present already at for finite size [HHT+92HHT+92, BGHP93BGHP93].
There is one highest-weight eigenvector for each partition ⁄ with ⁄1 Æ N ≠ 2 ¸(⁄) + 1
(see §1.1.31.1.3), with wave function [Hal91bHal91b,BGHP93BGHP93]

(1.4) �(i1, · · · , i
M

) = ev
Ê

MŸ

m<n

(z
im ≠ z

in)2 P (1/2)
⁄

(z
i1 , · · · , z

iM ) .

Here P (–)
⁄

is a Jack polynomial with parameter – = g≠1, where g (g ≠1) is the Calogero–
Sutherland coupling (§A.1A.1). The special case P (1/2)

⁄

is a zonal spherical polynomial. cf [Cherednik, Matsuo](To
compare: – = 1 gives Schur and – = 2 zonal polynomials; cf. Figure 44 on p. 2626.)

Refer to q = 1 sects/app. incl §A.2A.2

In this work we extend all of this to the partially isotropic case, building on [BGHP93BGHP93,
Ugl95Ugl95,Lam18Lam18]. do we have new results

for q = 1 too?

1.1.1. Hamiltonians. Fix an anisotropy parameter q œ C◊. The Hamiltonian of the
(chiral) q-deformed Haldane–Shastry spin chain [Ugl95Ugl95] can be expressed in a long-range
pairwise form too [Lam18Lam18]:

(1.5) H = ≠ [N ]
N

Nÿ

i<j

ev
Ê

V (z
i

, z
j

) S[i,j] .

Appendix . . . contains a comparison with the conventions from [Ugl95Ugl95, Lam18Lam18]. The
prefactor involves the q-analogue of N œ N,

[N ] := qN ≠ q≠N

q ≠ q≠1 = qN≠1 + qN≠3 + · · · + q3≠N + q1≠N .

Next, the potential in (1.51.5) reads

(1.6) V (z
i

, z
j

) = z
i

z
j

(q z
i

≠ q≠1z
j

)(q≠1z
i

≠ q z
j

) .

A geometric way to think about this quantity is shown in Figure 11.
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Figure 1. The potential (1.61.6) is a point splitting of the inverse square
in (1.11.1). Consider a little ‘dipole’ at each site, with length set by q≠q≠1.
Then ev

Ê

V (z
i

, z
j

) = 1/d+ d≠, where d± are illustrated for q œ iR
>1 (left)

and q œ R
>1 (right). At q = 1 both d± reduce to the chord distance.

Finally, the operators S[i,j] in (1.51.5) deform the long-range exchange interactions of
(1.11.1). The deformation is accomplished via the spin-1/2 xxz (six-vertex) R-matrix

(1.7) Ř(u) :=

Q

cca

1 0 0 0
0 u g(u) f(u) 0
0 f(u) g(u) 0
0 0 0 1

R

ddb , f(u) := u ≠ 1
q u ≠ q≠1 , g(u) := q ≠ q≠1

q u ≠ q≠1 .

Here the 4◊4 matrix is with respect to the standard basis |øøÍ, |ø¿Í, |¿øÍ, |¿¿Í of C2 ¢C2.
The functions f and g can be recognised as the ratios b/a and c/a, respectively, of the
six-vertex model’s local weights. The properties of (1.71.7) will be reviewed in §2.2.22.2.2.

Note that the isotropic interactions can be decomposed into nearest-neighbour steps
consisting of transport, interaction, and transport back:

(1.8) 1 ≠ P
ij

= P
j≠1,j

· · · P
i+1,i+2 (1 ≠ P

i,i+1) P
i+1,i+2 · · · P

j≠1,j

.

The appropriate q-deformation has the same structure, cf. [HS96HS96]. It is perhaps most
clearly defined using graphical notation:

(1.9) S[i,j] :=

zN

zN

zj+1

zj+1

zj

zj

zj

zj

zj

zj

zj

zj

zj≠1

zj≠1

zj≠1

· · ·

· · ·

· · ·

zi+1

zi+1

zi+1

zi

zi

zi≠1

zi≠1

z1

z1

· · · · · · , i < j .

The little arrows at the top indicate that the diagrams are read from bottom to top (time
goes up). The coordinates, here in the role of inhomogeneity parameters, follow the lines
as indicated. The nearest-neighbour transport is accounted for by the R-matrix,

(1.10)
v

v

u

u

:= Ř(u/v) ,
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while the nearest-neighbour exchange in (1.81.8) is deformed to

(1.11)
u

u

v

v

:= ≠(q ≠ q≠1) ŘÕ(1) =

Q

cca

0 0 0 0
0 q≠1 ≠1 0
0 ≠1 q 0
0 0 0 0

R

ddb .

This is the Temperley–Lieb generator, i.e. q-antisymmetriser up to normalisation, and
the local Hamiltonian of the Uq(sl2)-invariant Heisenberg spin chain [PS90PS90], see §2.2.32.2.3.

An example of the long-range spin interactions (1.91.9) is

(1.12)
S[1,5] = Ř45(z5/z4) Ř34(z5/z3) Ř23(z5/z2)

◊ ≠(q ≠ q≠1) ŘÕ
12(1)

◊ Ř23(z2/z5) Ř34(z3/z5) Ř45(z4/z5) .

We stress that in the graphical notation the parameters follow the lines, but (unlike if
one would draw R = P Ř or Ř P ) the vector spaces do not, cf. the subscripts in (1.121.12).

The notation ‘[i, j]’ as an interval in (1.91.9), which is borrowed from [HS96HS96], reflects
the fact that the intermediate spins are a�ected by the transport via the R-matrix: the
model involves multi-spin interactions when q ”= ±1. As a result the direct computation
of the action of H on any vector is quite complicated even for a single excited spin.

Comments. The Hamiltonian (1.51.5) is somewhat involved, yet precisely in such a way
that the remarkable properties of (1.11.1) nicely generalise to the q-case.

i. Nonabelian symmetries. The Hamiltonian (1.51.5) clearly preserves the total spin in
the z-direction, and thus the (weight) decomposition of Hsp into M -particle sectors,

(1.13) Hsp =
Nn

M=0
Hsp

M

, Hsp
M

:= ker
#
Sz ≠

!1
2N ≠ M

"$
, Sz := 1

2

Nÿ

i=1
‡z

i

.

The isotropy sl2 = (su2)C present at q = 1 is not broken to CSz, but rather deformed
to Uq(sl2) (see §2.2.12.2.1), which is moreover enhanced to a much larger symmetry algebra.
Indeed, by construction [BGHP93BGHP93] the Hamiltonian (1.51.5) is invariant under the quantum-
a�ne algebra U Õ

q( „gl2) (with ‘level’ c = 0), as we will prove in §33. This is the q-deformation
of the Yangian symmetry of the Haldane–Shastry model [HHT+92HHT+92, BGHP93BGHP93]. The
U Õ

q( „gl2)-action that commutes with H is a bit more involved than the one that renders
the xxz chain exactly solvable, but is of course directly visible in the high degeneracies in
the spectrum, see §1.1.21.1.2. In §1.1.31.1.3 we will present the exact highest-weight eigenvectors
in closed form; see also comment iiii in §1.1.31.1.3.

ii. Abelian symmetries. By construction [BGHP93BGHP93] the Hamiltonian furthermore fits
in a hierarchy of commuting operators. Two of these will be given in the following
comments, see (1.141.14) and (1.161.16). In §1.2.21.2.2 we will describe the higher Hamiltonians in
general.

iii. Homogeneity and q-momentum. For q ”= ±1 the model no longer has translational
symmetry in the usual sense. In [Lam18Lam18] one of us conjectured that the homogeneity is

q-antisymmetrizer

[Bernard, Gaudin, Haldane, Pasquier, 93; Uglov 95; Lamers 18]
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matrices. The (isotropic) Haldane–Shastry spin chain has Hamiltonian [Hal88Hal88,Sha88Sha88]

(1.1) Hhs = ev
Ê

ÂHhs , ÂHhs = ≠
Nÿ

i<j

ev
Ê

z
i

z
j

(z
i

≠ z
j

)2 (1 ≠ P
ij

) .

The overall sign ensures that (1.11.1) is positive: (≠)Hhs is (anti)ferromagnetic. Let Ê :=
e2fii/N œ C◊ := C \ {0} be the primitive Nth root of unity. Following [Ugl95Ugl95] we write
(1.2) ev

Ê

: z
j

‘≠æ Êj = e2fiij/N

for the map evaluating z1, · · · , z
N

at the corresponding Nth roots of unity. On shell, i.e.
after evaluation, we can think of the z

j

as the position of site j of the chain, viewed as
being embedded in the unit circle S1 ™ C. We will refer to the z

j

as coordinates.
The many remarkable properties of this model include a particularly simple spectrum.

The energy and momentum are additive, with a quadratic dispersion relation:

(1.3) XMmaÁhs(n) = 1
2 n (N ≠ n) , phs(n) = 2fi

N
n .

The spectrum is highly degenerate [Hal88Hal88], partially [FGL15FGL15] due to an infinite-
dimensional symmetry algebra present already at for finite size [HHT+92HHT+92, BGHP93BGHP93].
There is one highest-weight eigenvector for each partition ⁄ with ⁄1 Æ N ≠ 2 ¸(⁄) + 1
(see §1.1.31.1.3), with wave function [Hal91bHal91b,BGHP93BGHP93]

(1.4) �(i1, · · · , i
M

) = ev
Ê

MŸ

m<n

(z
im ≠ z

in)2 P (1/2)
⁄

(z
i1 , · · · , z

iM ) .

Here P (–)
⁄

is a Jack polynomial with parameter – = g≠1, where g (g ≠1) is the Calogero–
Sutherland coupling (§A.1A.1). The special case P (1/2)

⁄

is a zonal spherical polynomial. cf [Cherednik, Matsuo](To
compare: – = 1 gives Schur and – = 2 zonal polynomials; cf. Figure 44 on p. 2626.)

Refer to q = 1 sects/app. incl §A.2A.2

In this work we extend all of this to the partially isotropic case, building on [BGHP93BGHP93,
Ugl95Ugl95,Lam18Lam18]. do we have new results

for q = 1 too?

1.1.1. Hamiltonians. Fix an anisotropy parameter q œ C◊. The Hamiltonian of the
(chiral) q-deformed Haldane–Shastry spin chain [Ugl95Ugl95] can be expressed in a long-range
pairwise form too [Lam18Lam18]:

(1.5) H = ≠ [N ]
N

Nÿ

i<j

ev
Ê

V (z
i

, z
j

) S[i,j] .

Appendix . . . contains a comparison with the conventions from [Ugl95Ugl95, Lam18Lam18]. The
prefactor involves the q-analogue of N œ N,

[N ] := qN ≠ q≠N

q ≠ q≠1 = qN≠1 + qN≠3 + · · · + q3≠N + q1≠N .

Next, the potential in (1.51.5) reads

(1.6) V (z
i

, z
j

) = z
i

z
j

(q z
i

≠ q≠1z
j

)(q≠1z
i

≠ q z
j

) .

A geometric way to think about this quantity is shown in Figure 11.
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(1.2) ev

Ê

: z
j

‘≠æ Êj = e2fiij/N

for the map evaluating z1, · · · , z
N

at the corresponding Nth roots of unity. On shell, i.e.
after evaluation, we can think of the z

j

as the position of site j of the chain, viewed as
being embedded in the unit circle S1 ™ C. We will refer to the z

j

as coordinates.
The many remarkable properties of this model include a particularly simple spectrum.

The energy and momentum are additive, with a quadratic dispersion relation:

(1.3) XMmaÁhs(n) = 1
2 n (N ≠ n) , phs(n) = 2fi

N
n .

The spectrum is highly degenerate [Hal88Hal88], partially [FGL15FGL15] due to an infinite-
dimensional symmetry algebra present already at for finite size [HHT+92HHT+92, BGHP93BGHP93].
There is one highest-weight eigenvector for each partition ⁄ with ⁄1 Æ N ≠ 2 ¸(⁄) + 1
(see §1.1.31.1.3), with wave function [Hal91bHal91b,BGHP93BGHP93]

(1.4) �(i1, · · · , i
M

) = ev
Ê

MŸ

m<n

(z
im ≠ z

in)2 P (1/2)
⁄

(z
i1 , · · · , z

iM ) .

Here P (–)
⁄

is a Jack polynomial with parameter – = g≠1, where g (g ≠1) is the Calogero–
Sutherland coupling (§A.1A.1). The special case P (1/2)

⁄

is a zonal spherical polynomial. cf [Cherednik, Matsuo](To
compare: – = 1 gives Schur and – = 2 zonal polynomials; cf. Figure 44 on p. 2626.)

Refer to q = 1 sects/app. incl §A.2A.2

In this work we extend all of this to the partially isotropic case, building on [BGHP93BGHP93,
Ugl95Ugl95,Lam18Lam18]. do we have new results

for q = 1 too?

1.1.1. Hamiltonians. Fix an anisotropy parameter q œ C◊. The Hamiltonian of the
(chiral) q-deformed Haldane–Shastry spin chain [Ugl95Ugl95] can be expressed in a long-range
pairwise form too [Lam18Lam18]:

(1.5) H = ≠ [N ]
N

Nÿ

i<j

ev
Ê

V (z
i

, z
j

) S[i,j] .

Appendix . . . contains a comparison with the conventions from [Ugl95Ugl95, Lam18Lam18]. The
prefactor involves the q-analogue of N œ N,

[N ] := qN ≠ q≠N

q ≠ q≠1 = qN≠1 + qN≠3 + · · · + q3≠N + q1≠N .

Next, the potential in (1.51.5) reads

(1.6) V (z
i

, z
j

) = z
i

z
j

(q z
i

≠ q≠1z
j

)(q≠1z
i

≠ q z
j

) .

A geometric way to think about this quantity is shown in Figure 11.
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zi

q zi

q≠1
zi

zjq zj

q≠1
zj

d≠

d+
zi

q zi

q≠1
zi

zj

q zj

q≠1
zj

d≠ d+

Figure 1. The potential (1.61.6) is a point splitting of the inverse square
in (1.11.1). Consider a little ‘dipole’ at each site, with length set by q≠q≠1.
Then ev

Ê

V (z
i

, z
j

) = 1/d+ d≠, where d± are illustrated for q œ iR
>1 (left)

and q œ R
>1 (right). At q = 1 both d± reduce to the chord distance.

Finally, the operators S[i,j] in (1.51.5) deform the long-range exchange interactions of
(1.11.1). The deformation is accomplished via the spin-1/2 xxz (six-vertex) R-matrix

(1.7) Ř(u) :=

Q

cca

1 0 0 0
0 u g(u) f(u) 0
0 f(u) g(u) 0
0 0 0 1

R

ddb , f(u) := u ≠ 1
q u ≠ q≠1 , g(u) := q ≠ q≠1

q u ≠ q≠1 .

Here the 4◊4 matrix is with respect to the standard basis |øøÍ, |ø¿Í, |¿øÍ, |¿¿Í of C2 ¢C2.
The functions f and g can be recognised as the ratios b/a and c/a, respectively, of the
six-vertex model’s local weights. The properties of (1.71.7) will be reviewed in §2.2.22.2.2.

Note that the isotropic interactions can be decomposed into nearest-neighbour steps
consisting of transport, interaction, and transport back:

(1.8) 1 ≠ P
ij

= P
j≠1,j

· · · P
i+1,i+2 (1 ≠ P

i,i+1) P
i+1,i+2 · · · P

j≠1,j

.

The appropriate q-deformation has the same structure, cf. [HS96HS96]. It is perhaps most
clearly defined using graphical notation:

(1.9) S[i,j] :=

zN

zN

zj+1

zj+1

zj

zj

zj

zj

zj

zj

zj

zj

zj≠1

zj≠1

zj≠1

· · ·

· · ·

· · ·

zi+1

zi+1

zi+1

zi

zi

zi≠1

zi≠1

z1

z1

· · · · · · , i < j .

The little arrows at the top indicate that the diagrams are read from bottom to top (time
goes up). The coordinates, here in the role of inhomogeneity parameters, follow the lines
as indicated. The nearest-neighbour transport is accounted for by the R-matrix,

(1.10)
v

v

u

u

:= Ř(u/v) ,

point-splitting interaction (q real): 



Recap: the usual Haldane Shastry Hamiltonian 
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matrices. The (isotropic) Haldane–Shastry spin chain has Hamiltonian [Hal88Hal88,Sha88Sha88]

(1.1) Hhs = ev
Ê

ÂHhs , ÂHhs = ≠
Nÿ

i<j

ev
Ê

z
i

z
j

(z
i

≠ z
j

)2 (1 ≠ P
ij

) .

The overall sign ensures that (1.11.1) is positive: (≠)Hhs is (anti)ferromagnetic. Let Ê :=
e2fii/N œ C◊ := C \ {0} be the primitive Nth root of unity. Following [Ugl95Ugl95] we write
(1.2) ev

Ê

: z
j

‘≠æ Êj = e2fiij/N

for the map evaluating z1, · · · , z
N

at the corresponding Nth roots of unity. On shell, i.e.
after evaluation, we can think of the z

j

as the position of site j of the chain, viewed as
being embedded in the unit circle S1 ™ C. We will refer to the z

j

as coordinates.
The many remarkable properties of this model include a particularly simple spectrum.

The energy and momentum are additive, with a quadratic dispersion relation:

(1.3) XMmaÁhs(n) = 1
2 n (N ≠ n) , phs(n) = 2fi

N
n .

The spectrum is highly degenerate [Hal88Hal88], partially [FGL15FGL15] due to an infinite-
dimensional symmetry algebra present already at for finite size [HHT+92HHT+92, BGHP93BGHP93].
There is one highest-weight eigenvector for each partition ⁄ with ⁄1 Æ N ≠ 2 ¸(⁄) + 1
(see §1.1.31.1.3), with wave function [Hal91bHal91b,BGHP93BGHP93]

(1.4) �(i1, · · · , i
M

) = ev
Ê

MŸ

m<n

(z
im ≠ z

in)2 P (1/2)
⁄

(z
i1 , · · · , z

iM ) .

Here P (–)
⁄

is a Jack polynomial with parameter – = g≠1, where g (g ≠1) is the Calogero–
Sutherland coupling (§A.1A.1). The special case P (1/2)

⁄

is a zonal spherical polynomial. cf [Cherednik, Matsuo](To
compare: – = 1 gives Schur and – = 2 zonal polynomials; cf. Figure 44 on p. 2626.)

Refer to q = 1 sects/app. incl §A.2A.2

In this work we extend all of this to the partially isotropic case, building on [BGHP93BGHP93,
Ugl95Ugl95,Lam18Lam18]. do we have new results

for q = 1 too?

1.1.1. Hamiltonians. Fix an anisotropy parameter q œ C◊. The Hamiltonian of the
(chiral) q-deformed Haldane–Shastry spin chain [Ugl95Ugl95] can be expressed in a long-range
pairwise form too [Lam18Lam18]:

(1.5) H = ≠ [N ]
N

Nÿ

i<j

ev
Ê

V (z
i

, z
j

) S[i,j] .

Appendix . . . contains a comparison with the conventions from [Ugl95Ugl95, Lam18Lam18]. The
prefactor involves the q-analogue of N œ N,

[N ] := qN ≠ q≠N

q ≠ q≠1 = qN≠1 + qN≠3 + · · · + q3≠N + q1≠N .

Next, the potential in (1.51.5) reads

(1.6) V (z
i

, z
j

) = z
i

z
j

(q z
i

≠ q≠1z
j

)(q≠1z
i

≠ q z
j

) .

A geometric way to think about this quantity is shown in Figure 11.
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The model is Yangian symmetric (huge degeneracy) and the spectrum is encoded by motifs: 
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Recall that a partition ⁄ = (⁄1 Ø ⁄2 Ø · · · Ø 0) is a weakly decreasing sequence of
integers. The length ¸(⁄) of ⁄ is the number of nonzero parts of ⁄. Then2

⁄
m

= µ
M≠m+1 ≠ 2 (M ≠ m) , 1 Æ m Æ M = ¸(⁄) = ¸(µ) ,(1.27a)

gives a bijection between M
N

and the set of partitions with ⁄1 Æ N ≠ 2 ¸(⁄) + 1. If
”

M

:= (M ≠ 1, M ≠ 2, · · · ) denotes the staircase partition of length M ≠ 1 and µ+ is the
partition obtained from µ œ M

N

by reversal then this relation takes the succinct form
⁄ + 2 ”

¸(µ) = µ+ ,(1.27b)
where addition and scalar multiplication are pointwise. See also Figure 33.

µ1 µ2 · · · µ
M

1 3 · · · 2M≠1 N≠1

⁄̄
M ⁄̄

M≠1
· · · ⁄̄1

Figure 3. The correspondence (1.271.27) between a motif µ œ M
N

of length
M := ¸(µ) Ø 1 and a partition with ⁄1 Æ N ≠ 2 M + 1 and ¸(⁄) = M ,
given by ⁄

m

= ⁄̄
m

+ 1, 1 Æ m Æ M . Here ⁄̄ characterises the extent by
which µ di�ers from the left-most filled motif of length M , as shown.

With this notation in place the (unnormalised) wave function of |µÍ is the following
q-deformation of (1.41.4). The component where all magnons sit on the left remains simple:

(1.28) �
µ

(1, · · · , M) = ÈÈ1, · · · , M |µÍ = ev
Ê

Â�
⁄(µ)(z1, · · · , z

M

) .

Here ⁄(µ) denotes the partition associated to µ via (1.271.27) and Â�
⁄

is a symmetric poly-
nomial in the magnon coordinates:

(1.29) Â�
⁄

(z1, · · · , z
M

) :=
A

MŸ

m<n

(q z
m

≠ q≠1z
n

) (q≠1z
m

≠ q z
n

)
B

P ı

⁄

(z1, · · · , z
M

) .

Besides the ‘symmetric square’ of the q-Vandermonde product it features the special case
of a Macdonald polynomial (§2.1.22.1.2) with parameters pı = qı = q2. The dependence on
q2 reflects a sort of symmetry of the Hamiltonian under q ‘æ ≠q, see app. In the notation
of Macdonald [Mac95Mac95,Mac98Mac98] the parameters of P ı

⁄

are related as qı = tı – for – = 1/2:
P ı

⁄

is a quantum spherical zonal function. See also Figure 44 on p. 2626. cf [Nou96Nou96], . . . ,
Cher-Matsuo corresp
[Kasatani Pasquier,
Kasatani Takeyama,
Stokman]?

The other components are more involved than in the isotropic case (1.41.4). They are
obtained from (1.291.29) by moving the magnons via q-deformed permutations (the Hecke
algebra, §2.1.12.1.1) before evaluation. Namely, let s

i

be the permutation z
i

¡ z
i+1 and set in terms of a, b, cf §2.12.1?

(1.30) T pol
i

:= f≠1
i,i+1(s

i

≠ g
i,i+1) , f

i,i+1 := f(z
i

/z
i+1) , g

i,i+1 := g(z
i

/z
i+1) ,

2 Note that ⁄ defined in (1.271.27) is the conjugate of the partition associated to µ in [Ugl95Ugl95] follow-
ing [JKK+95aJKK+95a]. See §3.2.33.2.3 for the reason of the conjugation.

M magnon motif

“vacuum” M magnon motif
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ij
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MX
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"(µ
m

) =
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m=1

µ
m

(N � µ
m
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1.1.2. Motifs and exact energy spectrum. The spectrum is conveniently described in
terms of the following patterns [HHT+92HHT+92]. For a spin chain with N spin-1/2 sites define

(1.18) M
N

:=
)
(1 Æ µ1 < · · · < µ

M

Æ N ≠ 1)
-- µ

m+1 > µ
m

+ 1
*

.

An element µ œ M
N

, called a motif (though ‘N -motif’ would be more precise), thus is a
sequence in {1, · · · , N ≠1} increasing with steps of at least two. Denote the empty motif
by 0. For example, M2 = {0, (1)}, M3 = {0, (1), (2)} and M4 = {0, (1), (2), (3), (1, 3)}.
Let us define the length ¸(µ) of µ to be the number of parts µ

m

. The motif conditio
thatn implies 0 Æ ¸(µ) Æ ÂN/2Ê for any µ œ M

N

. We will further write

|µ| :=
¸(µ)ÿ

m=1
µ

m

.

Conditioning on whether N ≠ 1 œ µ yields a recursion M
N

≥= M
N≠1  M

N≠2 (disjoint
union), so the number of motifs forms a Fibonacci sequence with o�set one in the system
size: #M

N

= Fib
N+1.

As we will demonstrate in §33 (see especially §3.2.33.2.3, 3.33.3, 3.53.5) these motifs label the
eigenspaces of the Hamiltonians,

(1.19) Hsp =
n

µ œ MN

Hsp,µ ,

with (strictly) additive q-momentum and energy eigenvalues

(1.20)

G |Hsp,µ = ei p(µ) , p(µ) := 2fi

N
|µ| mod 2fi ,

H |Hsp,µ = E(µ) =
Mÿ

m=1
Á(µ

m

) ,

H̄ |Hsp,µ = Ē(µ) =
Mÿ

m=1
Á̄(µ

m

) .

Note that the µ
m

can be seen as the ‘Bethe quantum numbers’, or, up to a factor,
quasimomenta p

m

= 2fiµ
m

/N . The energy is strictly additive: there is no interaction
(bound-state) energy. The physical picture is that of a gas of anyons: free quasiparticles
that interact through their statistics only, just as for the Haldane–Shastry model [Hal91bHal91b,
Hal91aHal91a].

The chiral quasienergy in (1.201.20) is given by Uglov’s dispersion relation [Ugl95Ugl95]

(1.21) XMmaÁ(n) = 1
q ≠ q≠1

3 q≠n

q≠N

[n] ≠ n

N
[N ]

4
.

As q æ 1 we retrieve the quadratic dispersion (1.31.3), as can be seen by writing q = e“

and expanding the part in parentheses to second order in “.
The antichiral dispersion relation di�ers from (1.211.21) by inverting q or, equivalently,

reflecting the motif:

(1.22) XMmaÁ̄(n) = 1
q ≠ q≠1

3 qn

qN

[n] ≠ n

N
[N ]

4
= Á(n)

--
q‘æq≠1 = Á(N ≠ n) .

The q-deformation (1.16) breaks left-right symmetry: the model described by (1.11) is chiral.
One of our new results is a Hamiltonian with the opposite chirality. It also q-deforms (1.1) and
is very similar to (1.11):

Theorem 1.1. The abelian symmetries of the q-deformed Haldane–Shastry spin chain include

Hr = evω H̃r , H̃r =
[N ]

N

N∑

i<j

V (zi, zj) Sr
[i,j] ,(1.20a)

now featuring long-range spin interactions where the interactions take place on the right,

Sr
[i,j] :=

zN

zN

zj+1

zj+1

zj

zj

zj−1

zj−1

zj−1

· · ·

· · ·

· · ·

zi+1

zi+1

zi+1

zi

zi

zi

zi

zi

zi

zi

zi

zi−1

zi−1

z1

z1

· · · · · · .(1.20b)

Indeed, in §3.2.3 we will show that [Hl, Hr] = 0 is true by construction. In particular it makes
sense to define the full Hamiltonian of the q-deformed Haldane–Shastry spin chain as

(1.21) H full :=
1

2
(Hl + Hr) = evω H̃ full , H̃ full =

[N ]

2N

N∑

i<j

V (zi, zj)
(
Sl

[i,j] + Sr
[i,j]

)
.

As we will see in §1.2.3 it has real spectrum also when q ∈ S1.
To get some feeling for the q-deformed Hamiltonians let us investigate the boundary condi-

tions, focussing on Hl for definiteness. The q-deformation affects the periodicity of (1.1). One
might say that the deformed Hamiltonians are really defined on a strip rather than a circle.
The potential (1.13) is still periodic as it depends on the ratio zi/zj , i.e. on the distance i − j
in additive language. However, the long-range interactions (1.16) are certainly not periodic:
compare the highly non-local multispin operator Sl

[1,N ] with any genuine nearest-neighbour in-

teraction Sl
[i,i+1] = esp

i . Unlike for the Heisenberg xxz chain no particle ever really wraps around

the back of the chain. This periodicity breaking is required by the coproduct (§2.2.1) of the
nonabelian symmetries (§1.2.5), cf. [HS96]. As q → 1 the ‘wall’ between sites N and 1 becomes
transparent. For q → ∞ we instead get an open chain, as we will show soon (§1.2.2).

On the other hand the model is formally periodic:

Proposition 1.2. The q-deformed Haldane–Shastry is q-homogeneous: its abelian symmetries
include the (left) q-translation operator [Lam18]

(1.22) G := evω G̃ , G̃ := ŘN−1,N (z1/zN ) · · · Ř12(z1/z2) =

z2

z2 · · ·

· · · zN

zNz1

z1

z1

z1

z1

.

In [Lam18] it was conjectured that Hl is q-homogeneous. The stronger statement from Pro-
position 1.2 will be established in §3.2.3 (see Proposition 3.11). Observe that the Yang–Baxter
equation (§2.2.2) implies GN = 1, so G’s eigenvalues are of the form ei p, with q-momentum
p ∈ (2π/N)ZN quantised as usual for particles on a circle. In particular the (discrete) value
p cannot depend on q, which we can vary as we like. (The dependence on q is hidden in the
meaning of p, as eigenvalue of −i log G.) We will use this to compute p in the crystal limit
q → ∞ at the end of §1.2.2.
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[Haldane, 88; Shastry, 88]
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1.1.2. Motifs and exact energy spectrum. The spectrum is conveniently described in
terms of the following patterns [HHT+92HHT+92]. For a spin chain with N spin-1/2 sites define

(1.18) M
N

:=
)
(1 Æ µ1 < · · · < µ

M

Æ N ≠ 1)
-- µ

m+1 > µ
m

+ 1
*

.

An element µ œ M
N

, called a motif (though ‘N -motif’ would be more precise), thus is a
sequence in {1, · · · , N ≠1} increasing with steps of at least two. Denote the empty motif
by 0. For example, M2 = {0, (1)}, M3 = {0, (1), (2)} and M4 = {0, (1), (2), (3), (1, 3)}.
Let us define the length ¸(µ) of µ to be the number of parts µ

m

. The motif conditio
thatn implies 0 Æ ¸(µ) Æ ÂN/2Ê for any µ œ M

N

. We will further write

|µ| :=
¸(µ)ÿ

m=1
µ

m

.

Conditioning on whether N ≠ 1 œ µ yields a recursion M
N

≥= M
N≠1  M

N≠2 (disjoint
union), so the number of motifs forms a Fibonacci sequence with o�set one in the system
size: #M

N

= Fib
N+1.

As we will demonstrate in §33 (see especially §3.2.33.2.3, 3.33.3, 3.53.5) these motifs label the
eigenspaces of the Hamiltonians,

(1.19) Hsp =
n

µ œ MN

Hsp,µ ,

with (strictly) additive q-momentum and energy eigenvalues

(1.20)

G |Hsp,µ = ei p(µ) , p(µ) := 2fi

N
|µ| mod 2fi ,

H |Hsp,µ = E(µ) =
Mÿ

m=1
Á(µ

m

) ,

H̄ |Hsp,µ = Ē(µ) =
Mÿ

m=1
Á̄(µ

m

) .

Note that the µ
m

can be seen as the ‘Bethe quantum numbers’, or, up to a factor,
quasimomenta p

m

= 2fiµ
m

/N . The energy is strictly additive: there is no interaction
(bound-state) energy. The physical picture is that of a gas of anyons: free quasiparticles
that interact through their statistics only, just as for the Haldane–Shastry model [Hal91bHal91b,
Hal91aHal91a].

The chiral quasienergy in (1.201.20) is given by Uglov’s dispersion relation [Ugl95Ugl95]

(1.21) XMmaÁ(n) = 1
q ≠ q≠1

3 q≠n

q≠N

[n] ≠ n

N
[N ]

4
.

As q æ 1 we retrieve the quadratic dispersion (1.31.3), as can be seen by writing q = e“

and expanding the part in parentheses to second order in “.
The antichiral dispersion relation di�ers from (1.211.21) by inverting q or, equivalently,

reflecting the motif:

(1.22) XMmaÁ̄(n) = 1
q ≠ q≠1

3 qn

qN

[n] ≠ n

N
[N ]

4
= Á(n)

--
q‘æq≠1 = Á(N ≠ n) .
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The full Hamiltonian thus acquires the beautiful q-deformed dispersion is this 1

2

qdimHsp,(n) =
trHsp,(n)

K/2?

(1.23) XMmaÁfull(n) = Á(n) + Á̄(n)
2 = 1

2 [n] [N ≠ n] .

The resulting spectrum is manifestly real also for q œ S1 µ C◊.1
The di�erent q-deformed dispersion relations are plotted in Figure 22. First consider

generic q œ C◊, so qN ”= 1. The set of distinct energies of the (anti)chiral Hamiltonians
is equinumerous with the set of motifs. These Hamiltonians ‘only’ have representation-
theoretic degeneracies to reflect the U Õ

q( „gl2) symmetry — which are of course much higher
than those of the Heisenberg xxz or even xxx spin chain. The full Hamiltonian has
some additional degeneracies, as mirror-image motifs give the same eigenvalues reflecting
parity invariance. At q = 1 the isotropic Hhs has many [FGL15FGL15] more ‘accidental’
degeneracies, which occur for N Ø 7. The root-of-unity case, for which even larger
degeneracies occur, will be investigated elsewhere.

E

0

1
2 [N/2]2

p
0 fi 2fi

q-deformed dispersions
(1.221.22) antichiral
(1.211.21) chiral
(1.231.23) full

cf.
1
2 n (N ≠n)◊ [N/2]2

(N/2)2

Figure 2. The one-particle energies as functions of the q-momentum
p = 2fi n/N , cf. (1.201.20). For this plot we have taken q = 1.2 and N = 10.
Though the quadratic dispersion of Haldane–Shastry is a function of the
ordinary (q = 1) momentum we included a parabola for comparison.

Consider generic q. The eigenspace Hsp,µ, for µ œ M
N

of ¸(µ) = M , is an irreducible
highest-weight module for U Õ

q( „gl2), see §3.2.53.2.5. Its Drinfel’d polynomial [CP91CP91] is given
by [Ugl95Ugl95]

(1.24) XMmaQ
µ

(u) :=
NŸ

i=1
i/œµ,µ+(1M )

!
1 ≠ qN≠2 i+1 u

"
.

This is a polynomial of degree N ≠ 2M , where µ specifies which (consecutive pairs of)
factors to omit. The zeroes form (q-)strings, i.e. sets of the form {v, q2v, q4v, . . . } [CP91CP91].

1 From the point of view of the Ruijsenaars model (see §1.21.2 and 2.1.32.1.3) one might want to call the
di�erence (H≠H̄)/2 the momentum operator. However, this does not seem to give a nice parametrisation
for the energy eigenvalues, and, unlike (1.141.14), does not deform the usual isotropic translation operator.
Its dispersion

!
Á(n) ≠ Á̄(n)

"
/2 = (q ≠ q≠1)≠1 !

(N ≠ 2n) [N ] ≠ [N ≠ 2n] N
"
/(2N) XMmais a Laurent series in q2

with coe�cients that form a piecewise linear graph, cf. the expression found for (1.211.21) in [Lam18Lam18].

The Yangian symmetry is replaced by the quantum affine symmetry 



qHS, spin Macdonald-Ruijsenaars model  and DAHA 

The q-Haldane-Shastry model is a particular limit of a more general, DAHA based model 
[Bernard, Gaudin, Haldane, Pasquier, 93; Uglov 95]
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Then the chiral spin-Macdonald–Ruijsenaars operator is given by term for j = N vs qKZ
scattering operator

ÂD1 =
Nÿ

j=1
A

j

zN

zN

zj+1

zj+1

pzj

pzj

pzj

pzj

p
zj

zj

zj

zj

zj≠1

zj≠1

zj≠1

· · ·

· · ·

· · ·

z1

z1

z1

· · · ,(1.40a)

where, as for the ordinary Macdonald operator (§2.1.22.1.2),

A
j

:=
NŸ

k( ”=j)

q z
j

≠ q≠1z
k

z
j

≠ z
k

=
NŸ

k( ”=j)
f≠1

jk

, f
jk

:= f(z
j

/z
k

) .(1.40b)

For instance, for N = 3 (1.401.40) reads

(1.41)

ÂD1 = A1 p̂1 + A2 Ř12(z2/z1) p̂2 Ř12(z1/z2)
+ A3 Ř23(z3/z2) Ř12(z3/z1) p̂3 Ř12(z1/z3) Ř23(z2/z3)

= A1 p̂1 + A2 Ř12(z2/z1) Ř12(p≠1z1/z2) p̂2

+ A3 Ř23(z3/z2) Ř12(z3/z1) Ř12(p≠1 z1/z3) Ř23(p≠1 z2/z3) p̂3 .

The di�erence with the spinless case is that the p̂
j

are ‘dressed’ by R-matrices.
The higher spin-Macdonald operators ÂD

r

involve more and more ‘layers’ of R-matrices,
see (3.133.13). For example,

(1.42) ÂD2 =
Nÿ

j<j

Õ
A

jj

Õ

zN

zN

pzjÕ

p

zjÕ

· · ·

· · ·

pzj

p

zj

· · ·

· · ·

z1

z1

· · · , A
jj

Õ :=
NŸ

k( ”=j,j

Õ)
f≠1

jk

f≠1
j

Õ
k

= A
j

f
jj

Õ A
j

Õ f
j

Õ
j

.

Beyond the ‘equator’ r = ÂN/2Ê the expressions become simpler again. In particular,
the (multiplicative) translation operator

(1.43) ÂD
N

= p̂1 · · · p̂
N

spin Macdonald-Ruijsenaars operator     : 
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is the same as in the spinless case, and the antichiral counterpart of (1.401.40) is

(1.44) ÂD≠1 := ÂD≠1
N

ÂD
N≠1 =

Nÿ

i=1
A≠i

z1

z1

p≠1zi

p≠1

zi

· · ·

· · ·

zN

zN

··· , A≠i

:=
NŸ

k( ”=i)
f≠1

ki

.

The ‘full’, or physical, spin-Ruijsenaars Hamiltonian is ÂH = ( ÂD1 + ÂD≠1)/2, while the
physical momentum operator is ( ÂD1 ≠ ÂD≠1)/2. By a suitable conjugation (§2.1.32.1.3) one
can pass to the spin-generalisation of Ruijsenaars’ manifestly Hermitian form [Rui87Rui87].

All of these operators preserve the q-bosonic space and commute with each other.
Their joint eigenvectors are (1.381.38) with Â� consisting of Macdonald polynomials, with
parameters q = p and t = q2 in the notation of [Mac95Mac95]. The eigenvalues of the ÂD

r

are
as in the spinless case (§2.1.22.1.2). The spin-Ruijsenaars model already has quantum-a�ne
symmetry [BGHP93BGHP93], see §3.1.43.1.4.

eigenfunctions obtained from nonsymmetric Macdonald polynomials E
–

with ¸(–) Æ
N by Hecke-symmetrising to project onto C[z1, · · · , z

N

]SM ◊SN≠M .
The nonrelativistic limit c æ Œ is taken by setting p = q2~/g and expanding around

q ¥ 1. This yields (§A.2A.2) the e�ective (or ‘gauge transformed’) Hamiltonian of the
(quantum) trigonometric spin-Calogero–Sutherland model [HH92HH92,MP93MP93,HW93HW93] L N?

(1.45)

ÂHnr =
Nÿ

i=1

!
z

i

ˆ
zi

"2 ≠ 2
Nÿ

i<j

z
i

z
j

(z
i

≠ z
j

)2 g (g ≠ P
ij

)

= L2

2fi2

A

≠ ~2

2 m

Nÿ

i=1
ˆ2

xi
+

Nÿ

i<j

g (g ≠ ~P
ij

)
1

L

fi

sin fi

L

(x
i

≠ x
j

)
22

B

, z
j

= e2fii xj/L ,

where in the second line we reinserted Planck’s constant and the mass, and switched to
additive notation, with L the circumference of the circle on which the particles move.
See also [Che94Che94,Res17Res17].

1.2.2. Higher spin-chain Hamiltonians. Contact with the q-deformed Haldane–Shastry
model is made by freezing (§3.23.2). The idea is due to Polychronakos [Pol93Pol93] and was
further developed in [BGHP93BGHP93,TH95TH95], and [BGHP93BGHP93,Ugl95Ugl95] in the q-case. By carefully
taking the limit p æ 1 where the potential dominates the kinetic energy the particles
freeze at their (equispaced) classical equilibrium positions ev

Ê

z
j

(i.e. ev
Ê

x
j

= L j/N) to
give rise to the spin chain. More precisely, as in the spinless case, the ÂD

r

become trivial
at p = 1. The spin-chain Hamiltonians (§3.2.63.2.6) thus arise as the ‘semiclassical’ limit of
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(quantum) trigonometric spin-Calogero–Sutherland model [HH92HH92,MP93MP93,HW93HW93] L N?

(1.45)

ÂHnr =
Nÿ

i=1

!
z

i

ˆ
zi

"2 ≠ 2
Nÿ

i<j

z
i

z
j

(z
i

≠ z
j

)2 g (g ≠ P
ij

)

= L2

2fi2

A

≠ ~2

2 m

Nÿ

i=1
ˆ2

xi
+

Nÿ

i<j

g (g ≠ ~P
ij

)
1

L

fi

sin fi

L

(x
i

≠ x
j

)
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B

, z
j

= e2fii xj/L ,

where in the second line we reinserted Planck’s constant and the mass, and switched to
additive notation, with L the circumference of the circle on which the particles move.
See also [Che94Che94,Res17Res17].

1.2.2. Higher spin-chain Hamiltonians. Contact with the q-deformed Haldane–Shastry
model is made by freezing (§3.23.2). The idea is due to Polychronakos [Pol93Pol93] and was
further developed in [BGHP93BGHP93,TH95TH95], and [BGHP93BGHP93,Ugl95Ugl95] in the q-case. By carefully
taking the limit p æ 1 where the potential dominates the kinetic energy the particles
freeze at their (equispaced) classical equilibrium positions ev

Ê

z
j

(i.e. ev
Ê

x
j

= L j/N) to
give rise to the spin chain. More precisely, as in the spinless case, the ÂD

r

become trivial
at p = 1. The spin-chain Hamiltonians (§3.2.63.2.6) thus arise as the ‘semiclassical’ limit of

in the non-relativistic limit                    ,                       

it becomes the spin Calogero-Sutherland Hamiltonian: 

V (z
i

, z
j

) =
z
i

z
j

(z
i

� z
j

)2
=

1

sin2 ⇡(i� j)/N

S[i,j] = P
ij

E(µ)� E0 =
MX

m=1

"(µ
m

) =
MX

m=1

µ
m

(N � µ
m

)

�̄
m

= µ
M�m+1 � 2(M �m)� 1

[H, H̄] = 0

g ! 1
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(translation) operator in multiplicative notation (§2.1.1),

(1.63) p̂j : zj !→ p zj , p̂j =

z1

z1

zj−1

zj−1

pzj

p

zj

zj+1

zj+1

zN

zN

· · · · · · ,

with p-deformed canonical commutation relations p̂j zi = pδij zi p̂j .

Definition. Using the graphical notation (1.17), (1.63) the (first) spin-Macdonald operator is

(1.64) D̃1 =
N∑

j=1

Aj ×

zN

zN

zj+1

zj+1

pzj

pzj

pzj

pzj

p

zj

zj

zj

zj

zj−1

zj−1

zj−1

· · ·

· · ·

· · ·

z1

z1

z1

· · · ,

Aj :=
N∏

ȷ̄(̸=j)

aj ȷ̄ ,

aj ȷ̄ := f(zj/zȷ̄)
−1 =

q zj − q−1zȷ̄

zj − zȷ̄
.

For N = 3, for instance, (1.64) becomes

(1.65)

D̃1 = A1 p̂1 + A2 Ř12(z2/z1) p̂2 Ř12(z1/z2)

+ A3 Ř23(z3/z2) Ř12(z3/z1) p̂3 Ř12(z1/z3) Ř23(z2/z3)

= A1 p̂1 + A2 Ř12(z2/z1) Ř12(p−1z1/z2) p̂2

+ A3 Ř23(z3/z2) Ř12(z3/z1) Ř12(p−1 z1/z3) Ř23(p−1 z2/z3) p̂3 .

The difference with the spinless case (§2.1.2) is that the p̂j are ‘dressed’ by R-matrices. In
the nonrelativistic limit c → ∞, taken by setting p = q2!/k and expanding around q ≈ 1,
(1.64) reduces to the effective Hamiltonian H̃ ′ nr of the spin-Calogero–Sutherland model, related
to (1.10) by a ‘gauge transformation’ (§B).

The higher spin-Macdonald operators D̃r, 1 ≤ r ≤ N , involve more and more ‘layers’ of
R-matrices, see (3.12). For example,

(1.66) D̃2 =
N∑

j<j′

Ajj′ ×

zN

zN

pzj′

p

zj′

· · ·

· · ·

pzj

p

zj

· · ·

· · ·

z1

z1

··· ,
Ajj′ :=

N∏

ȷ̄(̸=j,j′)

aj ȷ̄ aj′ȷ̄

=
Aj Aj′

ajj′ aj′j
.

When N = 3 this gives

D̃2 = A12 p̂1 p̂2 + A13 Ř23(z3/z2) p̂1 p̂3 Ř23(z2/z3)

+ A23 Ř12(z2/z1) Ř23(z3/z1) p̂2 p̂3 Ř23(z1/z3) Ř12(z1/z2) .

Beyond the ‘equator’ r = ⌊N/2⌋ the expressions become simpler again. In particular, the
(multiplicative) translation operator is the same as in the spinless case,

(1.67) D̃N = p̂1 · · · p̂N ,
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The q-deformation (1.16) breaks left-right symmetry: the model described by (1.11) is chiral.
One of our new results is a Hamiltonian with the opposite chirality. It also q-deforms (1.1) and
is very similar to (1.11):

Theorem 1.1. The abelian symmetries of the q-deformed Haldane–Shastry spin chain include

Hr = evω H̃r , H̃r =
[N ]

N

N∑

i<j

V (zi, zj) Sr
[i,j] ,(1.20a)

now featuring long-range spin interactions where the interactions take place on the right,

Sr
[i,j] :=

zN

zN

zj+1

zj+1

zj

zj

zj−1

zj−1

zj−1

· · ·

· · ·

· · ·

zi+1

zi+1

zi+1

zi

zi

zi

zi

zi

zi

zi

zi

zi−1

zi−1

z1

z1

· · · · · · .(1.20b)

Indeed, in §3.2.3 we will show that [Hl, Hr] = 0 is true by construction. In particular it makes
sense to define the full Hamiltonian of the q-deformed Haldane–Shastry spin chain as

(1.21) H full :=
1

2
(Hl + Hr) = evω H̃ full , H̃ full =

[N ]

2N

N∑

i<j

V (zi, zj)
(
Sl

[i,j] + Sr
[i,j]

)
.

As we will see in §1.2.3 it has real spectrum also when q ∈ S1.
To get some feeling for the q-deformed Hamiltonians let us investigate the boundary condi-

tions, focussing on Hl for definiteness. The q-deformation affects the periodicity of (1.1). One
might say that the deformed Hamiltonians are really defined on a strip rather than a circle.
The potential (1.13) is still periodic as it depends on the ratio zi/zj , i.e. on the distance i − j
in additive language. However, the long-range interactions (1.16) are certainly not periodic:
compare the highly non-local multispin operator Sl

[1,N ] with any genuine nearest-neighbour in-

teraction Sl
[i,i+1] = esp

i . Unlike for the Heisenberg xxz chain no particle ever really wraps around

the back of the chain. This periodicity breaking is required by the coproduct (§2.2.1) of the
nonabelian symmetries (§1.2.5), cf. [HS96]. As q → 1 the ‘wall’ between sites N and 1 becomes
transparent. For q → ∞ we instead get an open chain, as we will show soon (§1.2.2).

On the other hand the model is formally periodic:

Proposition 1.2. The q-deformed Haldane–Shastry is q-homogeneous: its abelian symmetries
include the (left) q-translation operator [Lam18]

(1.22) G := evω G̃ , G̃ := ŘN−1,N (z1/zN ) · · · Ř12(z1/z2) =

z2

z2 · · ·

· · · zN

zNz1

z1

z1

z1

z1

.

In [Lam18] it was conjectured that Hl is q-homogeneous. The stronger statement from Pro-
position 1.2 will be established in §3.2.3 (see Proposition 3.11). Observe that the Yang–Baxter
equation (§2.2.2) implies GN = 1, so G’s eigenvalues are of the form ei p, with q-momentum
p ∈ (2π/N)ZN quantised as usual for particles on a circle. In particular the (discrete) value
p cannot depend on q, which we can vary as we like. (The dependence on q is hidden in the
meaning of p, as eigenvalue of −i log G.) We will use this to compute p in the crystal limit
q → ∞ at the end of §1.2.2.

7
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pÕ = (qÕ)2 = q≠2, where q (without the prime) is the (Hecke) parameter that we started
out with. Their joint eigenfunctions are non-symmetric Macdonald polynomials with
parameters pÕ, qÕ. To get symmetric polynomials as in (1.381.38) we q-symmetrise, yielding
a q≠1-Vandermonde factor. On such polynomials it su�ces to consider symmetric com-
binations of the Y -operators, which act on shell by Macdonald operators of type A

M≠1
with parameters changed, due to the q≠1-Vandermonde factor, to pÕÕ = qÕÕ = q≠2. Their
joint eigenfunctions equal Macdonald polynomials with pı = qı = q2 by duality.

At the moment our derivation is computational; it would be desirable to understand
it from a more representation-theoretic (or perhaps geometric) point of view.

1.3. Outline. The main text is organised as follows. In §22 we review the algebraic pre-
liminaries that we will need. The polynomial representation of the a�ne Hecke algebra
and its relation to Macdonald polynomials and the Ruijsenaars model are discussed
in §2.12.1, while the spin representation of the (finite) Hecke algebra and its relation to
quantum integrability and spin chains is the topic of §2.22.2.

The core of this work is §33, in which we prove the statements made above. Following
[BGHP93BGHP93, TH95TH95, Ugl95Ugl95] we derive the Hamiltonian of the q-deformed Haldane–Shastry
spin chain in pairwise form [Lam18Lam18] from the trigonometric spin-Ruijsenaars model (§3.13.1)
by freezing (§3.23.2). In §3.53.5 we go on to construct the exact spin-chain eigenvectors from
§1.1.31.1.3.

2. Algebraic set-up

Let us recall various notions from the q-world to fix our notation and conventions for
the algebraic framework that we will use in §33. From now on we follow [Mac95Mac95,Mac98Mac98]
and work with parameters t1/2 = q and q = p. (The latter is denoted by fl in [BGHP93BGHP93]
and p in [JKK+95bJKK+95b,JKK+95aJKK+95a,Ugl95Ugl95].) We will keep using the terminology ‘q-deformed’.
One can either fix t1/4 œ C◊ — with exponent 1/4 in view of e.g. (??) — or work over
the ring C((t1/4)) of formal Laurent polynomials in t1/4; to keep the notation light we
use the former point of view. We work with the symmetric definition of the q-analogues
of integers, factorials and binomial coe�cients (Gaussian polynomials),

(2.1) [n] := [n]
t

1/2 = tn/2 ≠ t≠n/2

t1/2 ≠ t≠1/2 , [n]! := [n] [n≠1] · · · [2] ,
5
n
k

6
:= [n]!

[k]! [n ≠ k]! .

Though we’ll often factor out fractional powers of t we do not change normalisations
with respect to §11.

2.1. Polynomial side. Consider the algebra C[z] := C[z1, · · · , z
N

] ≥= C[z]¢N of poly-
nomials in N variables. This space naturally is a (right) module of the symmetric
group S

N

ugly notation but see
(3.23.2)

by permuting variables, generated by simple transpositions s1, · · · , s
N≠1 act-

ing as s
i

z
i

= z
i+1 s

i

, so (w F )(z) = F (z
w

) where (z
w

)
i

= z
w i

. We use the cycle
notation for permutations. We write C[z]SN for the algebra of symmetric polynomials
in N variables.

Algebraic setup: Hecke algebra and DAHA 

Hecke algebra (generalises the permutations algebra, e.g. for spin variables)

Q-DEFORMED HALDANE–SHASTRY, SPIN-RUIJSENAARS AND MACDONALD POLYNOMIALS 20

2.1.1. Hecke algebras. The (Iwahori–)Hecke algebra H
N

:= H
N

!
t1/2" ugly but matches SN ,

and di�erent from (1.461.46)
of type A

N≠1 is a
unital associative algebra that deforms the group algebra C[S

N

] of the symmetric group.
It has a presentation by generators T1, · · · , T

N≠1 obeying
braid relations: T

i

T
i+1 T

i

= T
i+1 T

i

T
i+1 , T

i

T
j

= T
j

T
i

if |i ≠ j| > 1 ,

Hecke condition:
!
T

i

≠ t1/2"!
T

i

+ t≠1/2"
= 0 .

(2.2a)

The Hecke condition means that T
i

is invertible, with t1/2 ≠ t≠1/2 measuring the extent
by which T

i

fails to be an involution:
T ≠1

i

= T
i

≠ (t1/2 ≠ t≠1/2) .(2.2b)

The Hecke algebra has dimension dimH
N

= N ! for generic t1/2 œ C◊, with a basis
{T

w

}
wœSN indexed by the symmetric group, T

w

= T
i1 · · · T

ik for any reduced decompos-
ition w = s

i1 · · · s
ik ; e.g. T

e

= 1, T
si = T

i

and (1.311.31).
The Hecke condition fixes the possible eigenvalues of any representation of T

i

to
t1/2 and ≠t≠1/2. Although (2.22.2) is invariant under replacing t1/2  ≠t≠1/2, this sym-
metry might be broken when picking a representation, cf. the dimensions in (??) (Ap-
pendix B.1B.1). We will work with representations where eigenvectors with eigenvalue t1/2

(≠t≠1/2) become (anti)symmetric at t = 1, see (2.52.5) and (??). ‘Bar automorphism’:
t ‘æ t≠1, Ti ‘æ T ≠1

i
(algebra morphism, not
anti-), so Tw ‘æ T ≠1

w≠1

, cf
Kazhdan–Lusztig

The Hecke algebra has two well-known representations: one on polynomials, and one
on spins (§2.2.12.2.1). On C[z] the action of S

N

is deformed to (1.301.30), i.e. to the Demazure–
Lusztig operator
(2.3) T pol

i

:= ≠t≠1/2 (t z
i

≠ z
i+1) ˆ

i

+ t1/2 ,

where the (Newton) divided di�erence is defined as
(2.4) ˆ

i

:= (z
i

≠ z
i+1)≠1 (1 ≠ s

i

) .

Since 1 ≠ s
i

antisymmetrises, ˆ
i

preserves polynomials despite its denominator, so (2.32.3)
does indeed act on C[z]. The divided di�erences obey the braid relations and ˆ2

i

= 0,
yielding a representation of the nil-Hecke algebra.

For N = 2 the decomposition into t1/2- and ≠t≠1/2-eigenspaces of (2.32.3) is
(2.5) C[z1, z2] ≥= C[z1, z2 ]S2 ü �

t

(z1, z2)C[z1, z2 ]S2 ,

where we denote the q-Vandermonde polynomial by

(2.6) �
t

(z1, · · · , z
N

) := t≠N (N≠1)/4
NŸ

i<j

(t z
i

≠ z
j

) .

The H
N

-irreps in C[z] are classified by Young diagrams, just as for S
N

. We will be
interested in the totally q-(anti)symmetric cases. Write ¸(w) for the length of w œ S

N

.
The (unnormalised) total q-(anti)symmetrisers are

(2.7) �± :=
ÿ

wœSN

(±t±1/2)¸(w) T
w

,
�pol

+ C[z] = C[z]SN ,

�pol
≠ C[z] = �

t

(z)C[z]SN .

The (extended) a�ne Hecke algebra (aha) ‚H
N

:= ‚H
N

!
t1/2"

of type
‚A

N≠1 [Lus83Lus83, Lus89Lus89] is a unital associative algebra extending the (‘finite’) Hecke al-
gebra H

N

by C[Y ] = C[Y1, · · · , Y
N

] — where the notation implies that the additional

there exists a realisation of the Hecke algebra on polynomials
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2.1.1. Hecke algebras. The (Iwahori–)Hecke algebra H
N

:= H
N

!
t1/2" ugly but matches SN ,

and di�erent from (1.461.46)
of type A

N≠1 is a
unital associative algebra that deforms the group algebra C[S

N

] of the symmetric group.
It has a presentation by generators T1, · · · , T

N≠1 obeying
braid relations: T

i

T
i+1 T

i

= T
i+1 T

i

T
i+1 , T

i

T
j

= T
j

T
i

if |i ≠ j| > 1 ,

Hecke condition:
!
T

i

≠ t1/2"!
T

i

+ t≠1/2"
= 0 .

(2.2a)

The Hecke condition means that T
i

is invertible, with t1/2 ≠ t≠1/2 measuring the extent
by which T

i

fails to be an involution:
T ≠1

i

= T
i

≠ (t1/2 ≠ t≠1/2) .(2.2b)

The Hecke algebra has dimension dimH
N

= N ! for generic t1/2 œ C◊, with a basis
{T

w

}
wœSN indexed by the symmetric group, T

w

= T
i1 · · · T

ik for any reduced decompos-
ition w = s

i1 · · · s
ik ; e.g. T

e

= 1, T
si = T

i

and (1.311.31).
The Hecke condition fixes the possible eigenvalues of any representation of T

i

to
t1/2 and ≠t≠1/2. Although (2.22.2) is invariant under replacing t1/2  ≠t≠1/2, this sym-
metry might be broken when picking a representation, cf. the dimensions in (??) (Ap-
pendix B.1B.1). We will work with representations where eigenvectors with eigenvalue t1/2

(≠t≠1/2) become (anti)symmetric at t = 1, see (2.52.5) and (??). ‘Bar automorphism’:
t ‘æ t≠1, Ti ‘æ T ≠1

i
(algebra morphism, not
anti-), so Tw ‘æ T ≠1

w≠1

, cf
Kazhdan–Lusztig

The Hecke algebra has two well-known representations: one on polynomials, and one
on spins (§2.2.12.2.1). On C[z] the action of S

N

is deformed to (1.301.30), i.e. to the Demazure–
Lusztig operator
(2.3) T pol

i

:= ≠t≠1/2 (t z
i

≠ z
i+1) ˆ

i

+ t1/2 ,

where the (Newton) divided di�erence is defined as
(2.4) ˆ

i

:= (z
i

≠ z
i+1)≠1 (1 ≠ s

i

) .

Since 1 ≠ s
i

antisymmetrises, ˆ
i

preserves polynomials despite its denominator, so (2.32.3)
does indeed act on C[z]. The divided di�erences obey the braid relations and ˆ2

i

= 0,
yielding a representation of the nil-Hecke algebra.

For N = 2 the decomposition into t1/2- and ≠t≠1/2-eigenspaces of (2.32.3) is
(2.5) C[z1, z2] ≥= C[z1, z2 ]S2 ü �

t

(z1, z2)C[z1, z2 ]S2 ,

where we denote the q-Vandermonde polynomial by

(2.6) �
t

(z1, · · · , z
N

) := t≠N (N≠1)/4
NŸ

i<j

(t z
i

≠ z
j

) .

The H
N

-irreps in C[z] are classified by Young diagrams, just as for S
N

. We will be
interested in the totally q-(anti)symmetric cases. Write ¸(w) for the length of w œ S

N

.
The (unnormalised) total q-(anti)symmetrisers are

(2.7) �± :=
ÿ

wœSN

(±t±1/2)¸(w) T
w

,
�pol

+ C[z] = C[z]SN ,

�pol
≠ C[z] = �

t

(z)C[z]SN .

The (extended) a�ne Hecke algebra (aha) ‚H
N

:= ‚H
N

!
t1/2"

of type
‚A

N≠1 [Lus83Lus83, Lus89Lus89] is a unital associative algebra extending the (‘finite’) Hecke al-
gebra H

N

by C[Y ] = C[Y1, · · · , Y
N

] — where the notation implies that the additional

coordinate permutation
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As an aside note that multiplication by z≠1
i

also obeys the relations (2.82.8), though
of course it does not preserve the space of polynomials. One can avoid the passage to
Laurent polynomials by considering operators Z

i

that act on C[z] by multiplying by z
i

,
at the price that the relations (2.82.8) are inverted to

(2.15) T
i

Z
i

T
i

= Z
i+1 , T

i

Z
j

= Z
j

T
i

if j ”= i, i + 1 .

The Z
i

can be combined with (2.112.11) into a polynomial representation of the double a�ne
Hecke algebra (daha) [Che92Che92, Che05Che05]. This unital associative algebra extends the aha
by C[Z], where the (mutually commuting) a�ne generators Z

i

obey the cross relations
(2.152.15) along with [Che92Che92]

Y
i

Z1 · · · Z
N

= q Z1 · · · Z
N

Y
i

, Z
i

Y1 · · · Y
N

= q≠1 Y1 · · · Y
N

Z
i

,

Y ≠1
2 Z1 Y2 Z≠1

1 = T 2
1 .

In particular q is a parameter of the daha itself, just as t already is for the Hecke
algebra, whereas for the aha q is associated to the representation (2.112.11). The daha has
a graphical representation in terms of ribbon diagrams [BWPV13BWPV13].

2.1.2. Macdonald theory. The centre of the aha, also known as the spherical aha, con-
sists of symmetric polynomials in the a�ne generators [Lus83Lus83,Lus89Lus89]:

(2.16) Z
!‚H

N

"
= C[Y ]SN .

As generators of (2.162.16) we choose elementary symmetric polynomials in the Y
i

, which
are packaged together in the generating function

�(u) :=
NŸ

i=1
(1 + u Y

i

) =
Nÿ

r=0
ur e

r

(Y ) , e
r

(Y ) :=
Nÿ

i1<···<ir

Y
i1 · · · Y

ir .(2.17a)

(The notation �(u) should not be confused with the q-Vandermonde (2.62.6).) So this
operator commutes with all generators of the aha, and of course

#
�(u), �(v)

$
= 0 .(2.17b)

From the viewpoint of integrability the latter says that �(u) is a good candidate for a
generating function of commuting charges for an integrable model: see §2.1.32.1.3.

Consider the subspace of (completely) symmetric polynomials, could write �N as in
[Mac95Mac95] but that looks
like a wedge

(2.18) C[z]SN =
N≠1‹

i=1
ker(s

i

≠ 1) =
N≠1‹

i=1
ker

!
T pol

i

≠ t1/2"
,

where the second equality uses (2.32.3), cf. (2.52.5). The description in terms of Hecke gener-
ators makes clear that the generating function (2.172.17) preserves (2.182.18). Write

(2.19) D
r

= e
r

(Y ) on C[z]SN , 0 Æ r Æ N .

Then D
r

are Macdonald operators [Mac95Mac95,Mac98Mac98,Mac03Mac03,Che05Che05]:

(2.20) D
r

:=
ÿ

J : #J=r

A
J

q̂
J

, A
J

:=
Ÿ

jœJ /–k

a
jk

, q̂
J

:=
Ÿ

jœJ

q̂
j

,

together with the multiplication by      :    double affine Hecke algebra (DAHA)
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As an aside note that multiplication by z≠1
i

also obeys the relations (2.82.8), though
of course it does not preserve the space of polynomials. One can avoid the passage to
Laurent polynomials by considering operators Z

i

that act on C[z] by multiplying by z
i

,
at the price that the relations (2.82.8) are inverted to

(2.15) T
i

Z
i

T
i

= Z
i+1 , T

i

Z
j

= Z
j

T
i

if j ”= i, i + 1 .

The Z
i

can be combined with (2.112.11) into a polynomial representation of the double a�ne
Hecke algebra (daha) [Che92Che92, Che05Che05]. This unital associative algebra extends the aha
by C[Z], where the (mutually commuting) a�ne generators Z

i

obey the cross relations
(2.152.15) along with [Che92Che92]

Y
i

Z1 · · · Z
N

= q Z1 · · · Z
N

Y
i

, Z
i

Y1 · · · Y
N

= q≠1 Y1 · · · Y
N

Z
i

,

Y ≠1
2 Z1 Y2 Z≠1

1 = T 2
1 .

In particular q is a parameter of the daha itself, just as t already is for the Hecke
algebra, whereas for the aha q is associated to the representation (2.112.11). The daha has
a graphical representation in terms of ribbon diagrams [BWPV13BWPV13].

2.1.2. Macdonald theory. The centre of the aha, also known as the spherical aha, con-
sists of symmetric polynomials in the a�ne generators [Lus83Lus83,Lus89Lus89]:

(2.16) Z
!‚H

N

"
= C[Y ]SN .

As generators of (2.162.16) we choose elementary symmetric polynomials in the Y
i

, which
are packaged together in the generating function

�(u) :=
NŸ

i=1
(1 + u Y

i

) =
Nÿ

r=0
ur e

r

(Y ) , e
r

(Y ) :=
Nÿ

i1<···<ir

Y
i1 · · · Y

ir .(2.17a)

(The notation �(u) should not be confused with the q-Vandermonde (2.62.6).) So this
operator commutes with all generators of the aha, and of course

#
�(u), �(v)

$
= 0 .(2.17b)

From the viewpoint of integrability the latter says that �(u) is a good candidate for a
generating function of commuting charges for an integrable model: see §2.1.32.1.3.

Consider the subspace of (completely) symmetric polynomials, could write �N as in
[Mac95Mac95] but that looks
like a wedge

(2.18) C[z]SN =
N≠1‹

i=1
ker(s

i

≠ 1) =
N≠1‹

i=1
ker

!
T pol

i

≠ t1/2"
,

where the second equality uses (2.32.3), cf. (2.52.5). The description in terms of Hecke gener-
ators makes clear that the generating function (2.172.17) preserves (2.182.18). Write

(2.19) D
r

= e
r

(Y ) on C[z]SN , 0 Æ r Æ N .

Then D
r

are Macdonald operators [Mac95Mac95,Mac98Mac98,Mac03Mac03,Che05Che05]:

(2.20) D
r

:=
ÿ

J : #J=r

A
J

q̂
J

, A
J

:=
Ÿ

jœJ /–k

a
jk

, q̂
J

:=
Ÿ

jœJ

q̂
j

,

introduce extra operators      (mutually commuting):    affine Hecke algebra (AHA)
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(Jucys–Murphy) generators Y
i

commute — with cross relations
(2.8) T ≠1

i

Y
i

T ≠1
i

= Y
i+1 , T

i

Y
j

= Y
j

T
i

if j ”= i, i + 1 .

Note that this ‘chiral’ setting may be extended to the ‘full’ aha by including the inverses
of Y

i

. These will play a role in §2.1.22.1.2 and 3.2.63.2.6.
The basic representation of ‚H

N

is an extension, depending on a parameter q, of the
polynomial representation (2.32.3) of H

N

. To keep the notation light we’ll think of q œ C◊ as
fixed. Since we will only work with the polynomial representation of the aha we omit the
superscript ‘pol’ for the following operators. Define the q-dilatation, or (multiplicative)
di�erence, operator q̂

i

on C[z] by
(q̂

i

F )(z) := F (z1, · · · , z
i≠1, q z

i

, z
i+1, · · · , z

N

) .(2.9a)
It formally shifts the position of the ith coordinate, and can be expressed as

q̂
i

=
ÿ

kØ0

1
k! (q ≠ 1)k zk

i

ˆk

zi
= qzi ˆzi ,(2.9b)

Here z
i

ˆ
zi counts the degree in z

i

, and is the ith (continuum) momentum operator ≠i ˆ
xi

(~ © 1) in multiplicative notation, cf. §A.1A.1.
There are two ways to express the a�ne generators [BGHP93BGHP93, Che05Che05]. One features

the twisted cyclic shift operator fi acting on C[z] by
(2.10) (fi F )(z) := F (q z

N

, z1, · · · , z
N≠1) ,

so that the q-deformed (di�erence) Dunkl operators [Che05Che05]

(2.11) Y
i

:= T pol
i

· · · T pol
N≠1 fi T pol ≠1

1 · · · T pol ≠1
i≠1

By (2.82.8) the first a�ne generator Y1 = T pol
1 · · · T pol

N≠1fi determines Y2, · · · , Y
N

.
In the second way to write these di�erence operators, which is convenient for calcu-

lations, the simple transpositions in fi = s
N≠1 · · · s1 q̂1 are distributed over the Hecke

generators in (2.112.11). Let s
ij

denote the transposition swapping z
i

¡ z
j

(so s
i,i+1 = s

i

)
and define the rational functions

(2.12)
a(u) := t≠1/2 t u ≠ 1

u ≠ 1 , a
ij

:= a(z
i

/z
j

) ,

b(u) := ≠t≠1/2 t ≠ 1
u ≠ 1 , b

ij

:= b(z
i

/z
j

) ,

to set [BGHP93BGHP93]

Rpol
ij

:=

Y
___]

___[

t≠1 (t ≠ 1) z
j

z
i

≠ z
j

(1 ≠ s
ij

) + 1 = t≠1/2 (a
ij

+ b
ij

s
ij

) , i < j ,

≠(t ≠ 1) z
i

z
j

≠ z
i

(1 ≠ s
ji

) + 1 = t+1/2 (a
ij

≠ b
ji

s
ji

) , i > j .
(2.13)

These are defined such that Rpol
i,i+1 = t≠1/2 T pol

i

s
i

and Rpol
ij

Rpol
ji

= 1, with normalisation
so that Rpol

ij

= 1 on C[z
i

, z
j

]S2 . They obey the Yang–Baxter equation Rpol
ij

Rpol
ik

Rpol
jk

=
Rpol

jk

Rpol
ik

Rpol
ij

, while Rpol
ij

and Rpol
kl

commute if {i, j}fl{k, l} = ?. This is no coincidence:
see §B.1B.1. In terms of this notation [BGHP93BGHP93,Pas96Pas96]

(2.14) Y
i

= t(N≠2i≠1)/2 Rpol
i,i+1 Rpol

i,i+2 · · · Rpol
iN

q̂
i

Rpol
i1 · · · Rpol

i,i≠2 Rpol
i,i≠1 .
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As an aside note that multiplication by z≠1
i

also obeys the relations (2.82.8), though
of course it does not preserve the space of polynomials. One can avoid the passage to
Laurent polynomials by considering operators Z

i

that act on C[z] by multiplying by z
i

,
at the price that the relations (2.82.8) are inverted to

(2.15) T
i

Z
i

T
i

= Z
i+1 , T

i

Z
j

= Z
j

T
i

if j ”= i, i + 1 .

The Z
i

can be combined with (2.112.11) into a polynomial representation of the double a�ne
Hecke algebra (daha) [Che92Che92, Che05Che05]. This unital associative algebra extends the aha
by C[Z], where the (mutually commuting) a�ne generators Z

i

obey the cross relations
(2.152.15) along with [Che92Che92]

Y
i

Z1 · · · Z
N

= q Z1 · · · Z
N

Y
i

, Z
i

Y1 · · · Y
N

= q≠1 Y1 · · · Y
N

Z
i

,

Y ≠1
2 Z1 Y2 Z≠1

1 = T 2
1 .

In particular q is a parameter of the daha itself, just as t already is for the Hecke
algebra, whereas for the aha q is associated to the representation (2.112.11). The daha has
a graphical representation in terms of ribbon diagrams [BWPV13BWPV13].

2.1.2. Macdonald theory. The centre of the aha, also known as the spherical aha, con-
sists of symmetric polynomials in the a�ne generators [Lus83Lus83,Lus89Lus89]:

(2.16) Z
!‚H

N

"
= C[Y ]SN .

As generators of (2.162.16) we choose elementary symmetric polynomials in the Y
i

, which
are packaged together in the generating function

�(u) :=
NŸ

i=1
(1 + u Y

i

) =
Nÿ

r=0
ur e

r

(Y ) , e
r

(Y ) :=
Nÿ

i1<···<ir

Y
i1 · · · Y

ir .(2.17a)

(The notation �(u) should not be confused with the q-Vandermonde (2.62.6).) So this
operator commutes with all generators of the aha, and of course

#
�(u), �(v)

$
= 0 .(2.17b)

From the viewpoint of integrability the latter says that �(u) is a good candidate for a
generating function of commuting charges for an integrable model: see §2.1.32.1.3.

Consider the subspace of (completely) symmetric polynomials, could write �N as in
[Mac95Mac95] but that looks
like a wedge

(2.18) C[z]SN =
N≠1‹

i=1
ker(s

i

≠ 1) =
N≠1‹

i=1
ker

!
T pol

i

≠ t1/2"
,

where the second equality uses (2.32.3), cf. (2.52.5). The description in terms of Hecke gener-
ators makes clear that the generating function (2.172.17) preserves (2.182.18). Write

(2.19) D
r

= e
r

(Y ) on C[z]SN , 0 Æ r Æ N .

Then D
r

are Macdonald operators [Mac95Mac95,Mac98Mac98,Mac03Mac03,Che05Che05]:

(2.20) D
r

:=
ÿ

J : #J=r

A
J

q̂
J

, A
J

:=
Ÿ

jœJ /–k

a
jk

, q̂
J

:=
Ÿ

jœJ

q̂
j

,
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(Jucys–Murphy) generators Y
i

commute — with cross relations
(2.8) T ≠1

i

Y
i

T ≠1
i

= Y
i+1 , T

i

Y
j

= Y
j

T
i

if j ”= i, i + 1 .

Note that this ‘chiral’ setting may be extended to the ‘full’ aha by including the inverses
of Y

i

. These will play a role in §2.1.22.1.2 and 3.2.63.2.6.
The basic representation of ‚H

N

is an extension, depending on a parameter q, of the
polynomial representation (2.32.3) of H

N

. To keep the notation light we’ll think of q œ C◊ as
fixed. Since we will only work with the polynomial representation of the aha we omit the
superscript ‘pol’ for the following operators. Define the q-dilatation, or (multiplicative)
di�erence, operator q̂

i

on C[z] by
(q̂

i

F )(z) := F (z1, · · · , z
i≠1, q z

i

, z
i+1, · · · , z

N

) .(2.9a)
It formally shifts the position of the ith coordinate, and can be expressed as

q̂
i

=
ÿ

kØ0

1
k! (q ≠ 1)k zk

i

ˆk

zi
= qzi ˆzi ,(2.9b)

Here z
i

ˆ
zi counts the degree in z

i

, and is the ith (continuum) momentum operator ≠i ˆ
xi

(~ © 1) in multiplicative notation, cf. §A.1A.1.
There are two ways to express the a�ne generators [BGHP93BGHP93, Che05Che05]. One features

the twisted cyclic shift operator fi acting on C[z] by
(2.10) (fi F )(z) := F (q z

N

, z1, · · · , z
N≠1) ,

so that the q-deformed (di�erence) Dunkl operators [Che05Che05]

(2.11) Y
i

:= T pol
i

· · · T pol
N≠1 fi T pol ≠1

1 · · · T pol ≠1
i≠1

By (2.82.8) the first a�ne generator Y1 = T pol
1 · · · T pol

N≠1fi determines Y2, · · · , Y
N

.
In the second way to write these di�erence operators, which is convenient for calcu-

lations, the simple transpositions in fi = s
N≠1 · · · s1 q̂1 are distributed over the Hecke

generators in (2.112.11). Let s
ij

denote the transposition swapping z
i

¡ z
j

(so s
i,i+1 = s

i

)
and define the rational functions

(2.12)
a(u) := t≠1/2 t u ≠ 1

u ≠ 1 , a
ij

:= a(z
i

/z
j

) ,

b(u) := ≠t≠1/2 t ≠ 1
u ≠ 1 , b

ij

:= b(z
i

/z
j

) ,

to set [BGHP93BGHP93]

Rpol
ij

:=

Y
___]

___[

t≠1 (t ≠ 1) z
j

z
i

≠ z
j

(1 ≠ s
ij

) + 1 = t≠1/2 (a
ij

+ b
ij

s
ij

) , i < j ,

≠(t ≠ 1) z
i

z
j

≠ z
i

(1 ≠ s
ji

) + 1 = t+1/2 (a
ij

≠ b
ji

s
ji

) , i > j .
(2.13)

These are defined such that Rpol
i,i+1 = t≠1/2 T pol

i

s
i

and Rpol
ij

Rpol
ji

= 1, with normalisation
so that Rpol

ij

= 1 on C[z
i

, z
j

]S2 . They obey the Yang–Baxter equation Rpol
ij

Rpol
ik

Rpol
jk

=
Rpol

jk

Rpol
ik

Rpol
ij

, while Rpol
ij

and Rpol
kl

commute if {i, j}fl{k, l} = ?. This is no coincidence:
see §B.1B.1. In terms of this notation [BGHP93BGHP93,Pas96Pas96]

(2.14) Y
i

= t(N≠2i≠1)/2 Rpol
i,i+1 Rpol

i,i+2 · · · Rpol
iN

q̂
i

Rpol
i1 · · · Rpol

i,i≠2 Rpol
i,i≠1 .
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(Jucys–Murphy) generators Y
i

commute — with cross relations
(2.8) T ≠1

i

Y
i

T ≠1
i

= Y
i+1 , T

i

Y
j

= Y
j

T
i

if j ”= i, i + 1 .

Note that this ‘chiral’ setting may be extended to the ‘full’ aha by including the inverses
of Y

i

. These will play a role in §2.1.22.1.2 and 3.2.63.2.6.
The basic representation of ‚H

N

is an extension, depending on a parameter q, of the
polynomial representation (2.32.3) of H

N

. To keep the notation light we’ll think of q œ C◊ as
fixed. Since we will only work with the polynomial representation of the aha we omit the
superscript ‘pol’ for the following operators. Define the q-dilatation, or (multiplicative)
di�erence, operator q̂

i

on C[z] by
(q̂

i

F )(z) := F (z1, · · · , z
i≠1, q z

i

, z
i+1, · · · , z

N

) .(2.9a)
It formally shifts the position of the ith coordinate, and can be expressed as

q̂
i

=
ÿ

kØ0

1
k! (q ≠ 1)k zk

i

ˆk

zi
= qzi ˆzi ,(2.9b)

Here z
i

ˆ
zi counts the degree in z

i

, and is the ith (continuum) momentum operator ≠i ˆ
xi

(~ © 1) in multiplicative notation, cf. §A.1A.1.
There are two ways to express the a�ne generators [BGHP93BGHP93, Che05Che05]. One features

the twisted cyclic shift operator fi acting on C[z] by
(2.10) (fi F )(z) := F (q z

N

, z1, · · · , z
N≠1) ,

so that the q-deformed (di�erence) Dunkl operators [Che05Che05]

(2.11) Y
i

:= T pol
i

· · · T pol
N≠1 fi T pol ≠1

1 · · · T pol ≠1
i≠1

By (2.82.8) the first a�ne generator Y1 = T pol
1 · · · T pol

N≠1fi determines Y2, · · · , Y
N

.
In the second way to write these di�erence operators, which is convenient for calcu-

lations, the simple transpositions in fi = s
N≠1 · · · s1 q̂1 are distributed over the Hecke

generators in (2.112.11). Let s
ij

denote the transposition swapping z
i

¡ z
j

(so s
i,i+1 = s

i

)
and define the rational functions

(2.12)
a(u) := t≠1/2 t u ≠ 1

u ≠ 1 , a
ij

:= a(z
i

/z
j

) ,

b(u) := ≠t≠1/2 t ≠ 1
u ≠ 1 , b

ij

:= b(z
i

/z
j

) ,

to set [BGHP93BGHP93]

Rpol
ij

:=

Y
___]

___[

t≠1 (t ≠ 1) z
j

z
i

≠ z
j

(1 ≠ s
ij

) + 1 = t≠1/2 (a
ij

+ b
ij

s
ij

) , i < j ,

≠(t ≠ 1) z
i

z
j

≠ z
i

(1 ≠ s
ji

) + 1 = t+1/2 (a
ij

≠ b
ji

s
ji

) , i > j .
(2.13)

These are defined such that Rpol
i,i+1 = t≠1/2 T pol

i

s
i

and Rpol
ij

Rpol
ji

= 1, with normalisation
so that Rpol

ij

= 1 on C[z
i

, z
j

]S2 . They obey the Yang–Baxter equation Rpol
ij

Rpol
ik

Rpol
jk

=
Rpol

jk

Rpol
ik

Rpol
ij

, while Rpol
ij

and Rpol
kl

commute if {i, j}fl{k, l} = ?. This is no coincidence:
see §B.1B.1. In terms of this notation [BGHP93BGHP93,Pas96Pas96]

(2.14) Y
i

= t(N≠2i≠1)/2 Rpol
i,i+1 Rpol

i,i+2 · · · Rpol
iN

q̂
i

Rpol
i1 · · · Rpol

i,i≠2 Rpol
i,i≠1 .

the centre of the AHA is generated by the symmetric polynomials

Q-DEFORMED HALDANE–SHASTRY, SPIN-RUIJSENAARS AND MACDONALD POLYNOMIALS 22

As an aside note that multiplication by z≠1
i

also obeys the relations (2.82.8), though
of course it does not preserve the space of polynomials. One can avoid the passage to
Laurent polynomials by considering operators Z

i

that act on C[z] by multiplying by z
i

,
at the price that the relations (2.82.8) are inverted to

(2.15) T
i

Z
i

T
i

= Z
i+1 , T

i

Z
j

= Z
j

T
i

if j ”= i, i + 1 .

The Z
i

can be combined with (2.112.11) into a polynomial representation of the double a�ne
Hecke algebra (daha) [Che92Che92, Che05Che05]. This unital associative algebra extends the aha
by C[Z], where the (mutually commuting) a�ne generators Z

i

obey the cross relations
(2.152.15) along with [Che92Che92]

Y
i

Z1 · · · Z
N

= q Z1 · · · Z
N

Y
i

, Z
i

Y1 · · · Y
N

= q≠1 Y1 · · · Y
N

Z
i

,

Y ≠1
2 Z1 Y2 Z≠1

1 = T 2
1 .

In particular q is a parameter of the daha itself, just as t already is for the Hecke
algebra, whereas for the aha q is associated to the representation (2.112.11). The daha has
a graphical representation in terms of ribbon diagrams [BWPV13BWPV13].

2.1.2. Macdonald theory. The centre of the aha, also known as the spherical aha, con-
sists of symmetric polynomials in the a�ne generators [Lus83Lus83,Lus89Lus89]:

(2.16) Z
!‚H

N

"
= C[Y ]SN .

As generators of (2.162.16) we choose elementary symmetric polynomials in the Y
i

, which
are packaged together in the generating function

�(u) :=
NŸ

i=1
(1 + u Y

i

) =
Nÿ

r=0
ur e

r

(Y ) , e
r

(Y ) :=
Nÿ

i1<···<ir

Y
i1 · · · Y

ir .(2.17a)

(The notation �(u) should not be confused with the q-Vandermonde (2.62.6).) So this
operator commutes with all generators of the aha, and of course

#
�(u), �(v)

$
= 0 .(2.17b)

From the viewpoint of integrability the latter says that �(u) is a good candidate for a
generating function of commuting charges for an integrable model: see §2.1.32.1.3.

Consider the subspace of (completely) symmetric polynomials, could write �N as in
[Mac95Mac95] but that looks
like a wedge

(2.18) C[z]SN =
N≠1‹

i=1
ker(s

i

≠ 1) =
N≠1‹

i=1
ker

!
T pol

i

≠ t1/2"
,

where the second equality uses (2.32.3), cf. (2.52.5). The description in terms of Hecke gener-
ators makes clear that the generating function (2.172.17) preserves (2.182.18). Write

(2.19) D
r

= e
r

(Y ) on C[z]SN , 0 Æ r Æ N .

Then D
r

are Macdonald operators [Mac95Mac95,Mac98Mac98,Mac03Mac03,Che05Che05]:

(2.20) D
r

:=
ÿ

J : #J=r

A
J

q̂
J

, A
J

:=
Ÿ

jœJ /–k

a
jk

, q̂
J

:=
Ÿ

jœJ

q̂
j

,



Algebraic setup: Hecke algebra and DAHA 

Now we want to introduce a spin model and a Hecke algebra realised on spins
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2.2.2. Quantum-a�ne sl2. The quantum-a�ne algebra5 ‚U := U Õ
t

1/2( „gl2)
c=0 cf [CP hep-th/9411145,

q-alg/9501003; Ram et al
1907.11796]

has two de-
scriptions that will be relevant for us. The Drinfel’d–Jimbo presentation features two
copies of the Chevalley generators of U, which we denote by E

Á

, F
Á

, K
Á

(Á = 0, 1),
each obeying (2.402.40) with cross relations K0 K1 = 1 (i.e. the ‘level’ c = 0 condition),
[E

Á

, F
”

] = 0 if Á ”= ”, XMmawhile (subscripts a, b look like
auxiliary spaces.
superscripts are an
option but ugly; we will
eventually need
¶-versions of E

0

, F
0

.)
XMma

E3
Á

E
”

≠ [3] E2
Á

E
”

E
Á

+ [3] E
Á

E
”

E2
Á

≠ E
”

E3
Á

= 0
F 3

Á

F
”

≠ [3] F 2
Á

F
”

F
Á

+ [3] F
Á

F
”

F 2
Á

≠ F
”

F 3
Á

= 0
(Á ”= ”) .

In these final (q-Serre) relations [3] = t + 1 + t≠1.
The representation (2.412.41) of U on Hsp can be ‘a�nised’, see e.g. [hep-

th/9411145][JKK+95bJKK+95b], to get a representation of ‚U. Namely, given N parameters z
i

define

(2.42) XMma

Esp
0 =

Nÿ

i=1
z

i

k≠1
1 · · · k≠1

i≠1 ‡≠
i

,

F sp
0 =

Nÿ

i=1
z≠1

i

‡+
i

k
i+1 · · · k

N

,

Ksp
0 = k≠1

1 · · · k≠1
N

= t≠S

z
.

Together with (2.412.41) these obey the relations of ‚U. Note that Esp
0 and F sp

1 are spin
raising operators, mapping Hsp

M

to Hsp
M≠1, while F sp

0 and Esp
1 are lowering operators,

acting from Hsp
M

to Hsp
M+1.

The case N = 1 of (2.422.42) is the evaluation representation of ‚U on V sp(z) = V sp ¢
C[z±1], z = z1. For N = 2 we get a tensor product of two such modules, which is
irreducible for generic values of the parameters. Generically R(u/v) intertwines V sp

a

¢V sp
b

and V sp
b

¢ V sp
a

, except at u = t (u = t≠1) where it becomes proportional to the q-
(anti)symmetriser. Jimbo’s trick gives intertwiner R as lin comb of U-invariants. Result
looks nicer in terms of Ř = P R: Baxterisation.

Any representation of the Hecke algebra can be ‘Baxterised’ to produce a trigonometric
R-matrix with spectral parameter [Jim85Jim85, Jim86Jim86, Jon90Jon90]. In our case this gives Jimbo’s
Uq(„sl2) R-matrix (in the ‘homogeneous picture’, cf. [JM95JM95]) from (1.71.7):

(2.43) XMmaŘ(u) = t1/2 u T sp ≠ (T sp)≠1

t u ≠ 1 = f(u) T sp + g(u) = 1 ≠ f(u) U sp ,

where as in §11

(2.44) f(u) = t1/2 u ≠ 1
t u ≠ 1 = 1

a(u) , g(u) = t ≠ 1
t u ≠ 1 = ≠ b(u)

a(u) ,

obeying t1/2f(u) + g(u) = t≠1/2f(u) + u g(u) = 1. The usual symmetry property of the
R-matrix (from the ‘principal picture’) is broken, P Ř(u) P ”= Ř(u) for t ”= 1, to ensure
that the (braid) limit u æ Œ is well defined. Note that the final expression in (2.432.43),
together with (2.392.39), implies the relation (1.111.11).

5 In the notation of [JM95JM95] we really care about U Õ
t1/2 („gl2)c=0, also known as the quantum loop

algebra of gl2. The prime indicates the absence of the degree operator. We don’t require the quantum
determinant to be unity. As we only deal with finite-dimensional modules we focus on ‘level’ c = 0.
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The Hecke-algebra relations (2.22.2) imply that on V sp ¢ V sp ¢ V sp the R-matrix obeys
the Yang–Baxter equation in the braid-like form:

Ř12(u/v) Ř23(u) Ř12(v) = Ř23(v) Ř12(u) Ř23(u/v) ,(2.45a)

where Ř12(u) = Ř(u) ¢ and Ř23(u) = ¢ Ř(u). The normalisation in (2.432.43) is chosen
such that the (braiding) unitarity and ‘intial’ conditions read

Ř(u) Ř(1/u) = ¢ , Ř(1) = ¢ .(2.45b)

Together, these properties imply that we can depict the R-matrix as in (1.101.10), where
by unitarity we do not have to distinguish between under- and overcrossings. Setting
w = u v we may then translate (2.452.45) to

(2.46)

v

v

v

u

u

u

w

w

w

=

v

v

v

u

u

u

w

w

w

,

v

v

v

w

w

w

=

v

v

w

w

,

u

u

u

u

=
u

u

u

u

The R-matrix is key for the Faddeev–Takhtajan–Reshetikhin (frt) presentation of ‚U.
Consider an auxiliary space V sp

a

≥= V sp and a monodromy matrix L
a

(u) on V sp
a

, or use V
0

, V
0

Õ ?

(2.47) L
a

(u) =
3

A(u) B(u)
C(u) D(u)

4

a

.

Introduce another copy V sp
b

≥= V sp of the auxiliary space. Then ‚U is the unital associative
algebra generated by the four operators in (2.472.47), or more precisely by the operator-
valued coe�cients in expansions as a formal power series in u±1, with defining relations
expressed on V sp

a

¢ V sp
b

as

(2.48) R
ab

(u/v) L
a

(u) L
b

(v) = L
b

(v) L
a

(u) R
ab

(u/v) , R(u) := P Ř(u) .

The coproduct is L
a

(u) ‘æ L
a

(u) ¢ L
a

(u) = L
a1(u) L

a2(u). The centre of ‚U is generated
by the quantum determinant of the monodromy matrix. This quantity is obtained by
fusion in the auxiliary space: remove the denominators of R the RLL-relations and set
v = t u in to get (t1/2 ≠ t≠1/2) U sp

ab

times

qdet
a

L
a

(u) = A(t u) D(u) ≠ t1/2 B(t u) C(u) = D(t u) A(u) ≠ t≠1/2 C(t u) B(u)
= A(u) D(t u) ≠ t1/2 C(u) B(t u) = D(u) A(t u) ≠ t≠1/2 B(u) C(t u) .

Representations of ‚U can be directly constructed from the R-matrix, which itself obeys
(2.482.48) for N = 1.6 Repeated application of the (opposite) coproduct yields a (‘global’)
representation on Hsp:

(2.49)
Lsp

a

(u; z) := R
aN

(u/z
N

) · · · R
a2(u/z2) R

a1(u/z1)
= P(a12···N) Ř

N≠1,N

(u/z
N

) · · · Ř12(u/z2) Ř
a1(u/z1) .

6 We changed the normalisation with respect to [BGHP93BGHP93,Ugl95Ugl95] to avoid a pole at u = 1, cf. (2.522.52).
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algebra generated by the four operators in (2.472.47), or more precisely by the operator-
valued coe�cients in expansions as a formal power series in u±1, with defining relations
expressed on V sp

a

¢ V sp
b

as

(2.48) R
ab

(u/v) L
a

(u) L
b

(v) = L
b

(v) L
a

(u) R
ab

(u/v) , R(u) := P Ř(u) .

The coproduct is L
a

(u) ‘æ L
a

(u) ¢ L
a

(u) = L
a1(u) L

a2(u). The centre of ‚U is generated
by the quantum determinant of the monodromy matrix. This quantity is obtained by
fusion in the auxiliary space: remove the denominators of R the RLL-relations and set
v = t u in to get (t1/2 ≠ t≠1/2) U sp

ab

times

qdet
a

L
a

(u) = A(t u) D(u) ≠ t1/2 B(t u) C(u) = D(t u) A(u) ≠ t≠1/2 C(t u) B(u)
= A(u) D(t u) ≠ t1/2 C(u) B(t u) = D(u) A(t u) ≠ t≠1/2 B(u) C(t u) .

Representations of ‚U can be directly constructed from the R-matrix, which itself obeys
(2.482.48) for N = 1.6 Repeated application of the (opposite) coproduct yields a (‘global’)
representation on Hsp:

(2.49)
Lsp

a

(u; z) := R
aN

(u/z
N

) · · · R
a2(u/z2) R

a1(u/z1)
= P(a12···N) Ř

N≠1,N

(u/z
N

) · · · Ř12(u/z2) Ř
a1(u/z1) .

6 We changed the normalisation with respect to [BGHP93BGHP93,Ugl95Ugl95] to avoid a pole at u = 1, cf. (2.522.52).

XXZ model:

To define the long-range spin Macdonald-Ruijsenaars model introduce a bosonic space:

inhomogeneities 

and the action of the Macdonald operators on these spaces:
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Scalar product for | Â�(z)Í. Transposing, gives t+‘.../2. Can the scalar product be
expressed in terms of that for Â� in a nice way? cf §1.1.31.1.3 comment iiiiii. . . . (Rather than
stating the above in terms of È Â�(z)|) I should explain in §3.53.5 how to transpose (giving
q‘

q
m

(im≠m) rather than the q≠‘

q
m

(im≠m) there) to get (1.331.33)!

3.1.3. Spin-Macdonald operators. As in the spinless case (§2.1.22.1.2) the generating func-
tion (2.172.17) for the centre of the polynomial action of the aha acts on ÂH since �(u) T

i

=
T

i

�(u) for all i. Of course it still obeys the commutation (2.172.17).
The chiral Hamiltonian of the generalised model is defined as the first nontrivial

operator generated in this way:

(3.10) ÂD1 := Y1 + · · · + Y
N

-- ÂH .

Using the physical condition (3.33.3) this operator can be written in such a way that the
only nontrivial action on polynomials is through the q̂

j

. We claim that the result is

ÂD1 = ÂY1 + · · · + ÂY
N

,(3.11a)

where A
j

=
r

N

k( ”=j) f≠1
jk

as in (2.212.21), and we obtain the summand of (1.401.40):

ÂY
j

:= A
j

S(j···21) q̂1 S(12···j) = A
j

Ř(j···21) q̂
j

Ř(12···j) .(3.11b)

In the final expression we used the following convenient notation: check order: S
w

¶ w?

(3.12) Ř
w

:= w ¶ S
w

, w œ S
N

.

That is, Ř
w

is obtained by drawing the braid diagram for (the reduced decomposition,
say, of) w and reinterpreting it in terms of graphical notation (1.101.10) for the R-matrix.
The graphical version of (3.113.11) was given in (1.401.40).

More generally, the spin-analogues of the Macdonald operators are

(3.13) ÂD
n

:= e
n

(Y )
-- ÂH =

ÿ

J : #J=n

A
J

Ř
J

q̂
J

Ř≠1
J

, Ř
J

:= Ř{j1,···,jM } ,

where we use the notation from (2.202.20), and {j1, · · · , j
M

} œ S
N

was defined in (1.321.32):

(3.14) Ř{j1,···,jM } = Ř(j1,···,1) · · · Ř(jM ,···,M) =

zN

zN

···

ziMzM+1

zM+1

zM

zM

· · ·

· · ·

z1

z1

.

See (1.421.42) for an example.

Proof. Our proof from §2.1.22.1.2 readily adapts to the spin case. As in the scalar case the
Hamiltonian can be written in normal form ÂD1 =

q
j

ÂY
j

, where Y
j

acts on polynomials
only by a rational factor times q̂

j

. The computation of ÂY1 = A1 q̂1 is as before. The
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J

Ř
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J

, Ř
J
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where we use the notation from (2.202.20), and {j1, · · · , j
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N

was defined in (1.321.32):
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q
j

ÂY
j

, where Y
j

acts on polynomials
only by a rational factor times q̂

j

. The computation of ÂY1 = A1 q̂1 is as before. The

V (z
i

, z
j

) =
z
i

z
j

(z
i

� z
j

)2
=

1

sin2 ⇡(i� j)/N

S[i,j] = P
ij

E(µ)� E0 =
MX

m=1

"(µ
m

) =
MX

m=1

µ
m

(N � µ
m

)

�̄
m

= µ
M�m+1 � 2(M �m)� 1

[H, H̄] = 0

g ! 1

qdet
a

Lsp
a

(u; z) = tN/2

NY

i=1

u� z
i

tu� z
i

qdet
a

Lsp
a

(u; z) = tN/2

NY

i=1

u� z
i

tu� z
i

eH =
N\

i=1

ker(T sp
i

� T pol
i

)
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Quantum affine symmetry of the model 

One defines the L matrix of the model via:
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only new feature in the spin case is that to get the other ÂY
j

we conjugate using the
q-dependent S

N

representation (3.23.2):

ÂD1 = S(j···21) e1(Y ) S≠1
(j···21) =

Nÿ

i=1
Ř(j···21) s(j···21)Yi

s≠1
(j···21) Ř≠1

(j···21) .

The higher spin-Macdonald operators are found analogously. ⇤

The quantum Lax matrix (3.223.22) is readily generalised to the spin case:

(3.15) L
ij

:= A
j

g
ji

z
j

z
i

◊

Y
]

[
S(j···21) q̂1 S≠1

(j···21) if i = j ,

S(j···2) q̂2 S≠1
(j···2) if i ”= j .

Preserves ÂH? Then tr L = ÂD1; tr L2 ”= ÂD2.
Note that ÂD

N

= qtdegz as in scalar case. We thus have

(3.16) ÂD
N≠n

= ÂD
N

ÂD≠n

, ÂD
N

= qtdegz , ÂD≠n

:=
Nÿ

i1<···<in

Y ≠1
i1 · · · Y ≠1

in

-- ÂH .

Let us use this observation to compute ÂD
N≠1 = qtdegz ÂD≠1 and its semiclassical limit

” ÂD
N≠1 = tdegz + ” ÂD≠1. We claim that the former is an ‘antichiral’ version of (3.113.11):

(3.17) ÂD≠1 =
Nÿ

i=1

ÂY≠i

, ÂY≠i

:= A≠i

S(i···N) q̂≠1
N

S(N ···i) , A≠i

:=
NŸ

k( ”=i)
f≠1

ki

.

Note that the arguments of the fs in A≠i

are the inverse of those in (2.212.21).
adapt proof from scalar case
As we have seen in §3.1.23.1.2 the diagonalisation of the spin-Ruijsenaars model is straight-

forward.

3.1.4. Quantum-a�ne symmetry. The generalised model enjoys quantum-a�ne sym-
metries [BGHP93BGHP93]. Indeed, introduce an auxiliary space V sp

a

≥= V sp and define on
V sp ú

a

¢ Hsp ú[z] the monodromy matrix

(3.18) ÂL
a

(u) := R
aN

(u Y
N

) · · · R
a2(u Y2) R

a1(u Y1) .

Here the Y
i

play the role of ‘quantised (inverse) inhomogeneities’, cf. (??), acting as
nontrivial operators on the C[z]. The appearance of some sort of inhomogeneities is
not too surprising from the Heisenberg point of view, for the nearest-neighbour interac-
tions (2.522.52) are deformed to long-ranged ones in (??). In the more algebraic language
of the daha (3.183.18) is the dual, Y

i

¡ Z≠1
i

if we allow for Laurent polynomials, of the
monodromy matrix from (??).

Crucially, (3.183.18) endows ÂH with a (level c = 0) ‚U-action commuting with �(v).

Proof. The R-matrix and the Y
i

act on di�erent spaces, so the RLL-relations (2.482.48) can
be verified as usual. Since � is central it is furthermore clear that

(3.19)
#ÂL

a

(u), �(v)
$

= 0 .

The center of the quantum affine algebra is generated by the quantum determinant
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The Hecke-algebra relations (2.22.2) imply that on V sp ¢ V sp ¢ V sp the R-matrix obeys
the Yang–Baxter equation in the braid-like form:

Ř12(u/v) Ř23(u) Ř12(v) = Ř23(v) Ř12(u) Ř23(u/v) ,(2.45a)

where Ř12(u) = Ř(u) ¢ and Ř23(u) = ¢ Ř(u). The normalisation in (2.432.43) is chosen
such that the (braiding) unitarity and ‘intial’ conditions read

Ř(u) Ř(1/u) = ¢ , Ř(1) = ¢ .(2.45b)

Together, these properties imply that we can depict the R-matrix as in (1.101.10), where
by unitarity we do not have to distinguish between under- and overcrossings. Setting
w = u v we may then translate (2.452.45) to

(2.46)

v

v

v

u

u

u

w

w

w

=

v

v

v

u

u

u

w

w

w

,

v

v

v

w

w

w

=

v

v

w

w

,

u

u

u

u

=
u

u

u

u

The R-matrix is key for the Faddeev–Takhtajan–Reshetikhin (frt) presentation of ‚U.
Consider an auxiliary space V sp

a

≥= V sp and a monodromy matrix L
a

(u) on V sp
a

, or use V
0

, V
0

Õ ?

(2.47) L
a

(u) =
3

A(u) B(u)
C(u) D(u)

4

a

.

Introduce another copy V sp
b

≥= V sp of the auxiliary space. Then ‚U is the unital associative
algebra generated by the four operators in (2.472.47), or more precisely by the operator-
valued coe�cients in expansions as a formal power series in u±1, with defining relations
expressed on V sp

a

¢ V sp
b

as

(2.48) R
ab

(u/v) L
a

(u) L
b

(v) = L
b

(v) L
a

(u) R
ab

(u/v) , R(u) := P Ř(u) .

The coproduct is L
a

(u) ‘æ L
a

(u) ¢ L
a

(u) = L
a1(u) L

a2(u). The centre of ‚U is generated
by the quantum determinant of the monodromy matrix. This quantity is obtained by
fusion in the auxiliary space: remove the denominators of R the RLL-relations and set
v = t u in to get (t1/2 ≠ t≠1/2) U sp

ab

times

qdet
a

L
a

(u) = A(t u) D(u) ≠ t1/2 B(t u) C(u) = D(t u) A(u) ≠ t≠1/2 C(t u) B(u)
= A(u) D(t u) ≠ t1/2 C(u) B(t u) = D(u) A(t u) ≠ t≠1/2 B(u) C(t u) .

Representations of ‚U can be directly constructed from the R-matrix, which itself obeys
(2.482.48) for N = 1.6 Repeated application of the (opposite) coproduct yields a (‘global’)
representation on Hsp:

(2.49)
Lsp

a

(u; z) := R
aN

(u/z
N

) · · · R
a2(u/z2) R

a1(u/z1)
= P(a12···N) Ř

N≠1,N

(u/z
N

) · · · Ř12(u/z2) Ř
a1(u/z1) .

6 We changed the normalisation with respect to [BGHP93BGHP93,Ugl95Ugl95] to avoid a pole at u = 1, cf. (2.522.52).
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N
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:=
NŸ
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f≠1

ki
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Note that the arguments of the fs in A≠i

are the inverse of those in (2.212.21).
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3.1.4. Quantum-a�ne symmetry. The generalised model enjoys quantum-a�ne sym-
metries [BGHP93BGHP93]. Indeed, introduce an auxiliary space V sp

a

≥= V sp and define on
V sp ú

a

¢ Hsp ú[z] the monodromy matrix

(3.18) ÂL
a

(u) := R
aN

(u Y
N

) · · · R
a2(u Y2) R

a1(u Y1) .

Here the Y
i

play the role of ‘quantised (inverse) inhomogeneities’, cf. (??), acting as
nontrivial operators on the C[z]. The appearance of some sort of inhomogeneities is
not too surprising from the Heisenberg point of view, for the nearest-neighbour interac-
tions (2.522.52) are deformed to long-ranged ones in (??). In the more algebraic language
of the daha (3.183.18) is the dual, Y

i

¡ Z≠1
i

if we allow for Laurent polynomials, of the
monodromy matrix from (??).

Crucially, (3.183.18) endows ÂH with a (level c = 0) ‚U-action commuting with �(v).

Proof. The R-matrix and the Y
i

act on di�erent spaces, so the RLL-relations (2.482.48) can
be verified as usual. Since � is central it is furthermore clear that

(3.19)
#ÂL

a

(u), �(v)
$

= 0 .

therefore the Hamiltonians                  ,  and  their  restrictions                    ,                         
commute with the quantum affine algebra, whence the high symmetry of the model
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As an aside note that multiplication by z≠1
i

also obeys the relations (2.82.8), though
of course it does not preserve the space of polynomials. One can avoid the passage to
Laurent polynomials by considering operators Z

i

that act on C[z] by multiplying by z
i

,
at the price that the relations (2.82.8) are inverted to

(2.15) T
i

Z
i

T
i

= Z
i+1 , T

i

Z
j

= Z
j

T
i

if j ”= i, i + 1 .

The Z
i

can be combined with (2.112.11) into a polynomial representation of the double a�ne
Hecke algebra (daha) [Che92Che92, Che05Che05]. This unital associative algebra extends the aha
by C[Z], where the (mutually commuting) a�ne generators Z

i

obey the cross relations
(2.152.15) along with [Che92Che92]

Y
i

Z1 · · · Z
N

= q Z1 · · · Z
N

Y
i

, Z
i

Y1 · · · Y
N

= q≠1 Y1 · · · Y
N

Z
i

,

Y ≠1
2 Z1 Y2 Z≠1

1 = T 2
1 .

In particular q is a parameter of the daha itself, just as t already is for the Hecke
algebra, whereas for the aha q is associated to the representation (2.112.11). The daha has
a graphical representation in terms of ribbon diagrams [BWPV13BWPV13].

2.1.2. Macdonald theory. The centre of the aha, also known as the spherical aha, con-
sists of symmetric polynomials in the a�ne generators [Lus83Lus83,Lus89Lus89]:

(2.16) Z
!‚H

N

"
= C[Y ]SN .

As generators of (2.162.16) we choose elementary symmetric polynomials in the Y
i

, which
are packaged together in the generating function

�(u) :=
NŸ

i=1
(1 + u Y

i

) =
Nÿ

r=0
ur e

r

(Y ) , e
r

(Y ) :=
Nÿ

i1<···<ir

Y
i1 · · · Y

ir .(2.17a)

(The notation �(u) should not be confused with the q-Vandermonde (2.62.6).) So this
operator commutes with all generators of the aha, and of course

#
�(u), �(v)

$
= 0 .(2.17b)

From the viewpoint of integrability the latter says that �(u) is a good candidate for a
generating function of commuting charges for an integrable model: see §2.1.32.1.3.

Consider the subspace of (completely) symmetric polynomials, could write �N as in
[Mac95Mac95] but that looks
like a wedge

(2.18) C[z]SN =
N≠1‹

i=1
ker(s

i

≠ 1) =
N≠1‹

i=1
ker

!
T pol

i

≠ t1/2"
,

where the second equality uses (2.32.3), cf. (2.52.5). The description in terms of Hecke gener-
ators makes clear that the generating function (2.172.17) preserves (2.182.18). Write

(2.19) D
r

= e
r

(Y ) on C[z]SN , 0 Æ r Æ N .

Then D
r

are Macdonald operators [Mac95Mac95,Mac98Mac98,Mac03Mac03,Che05Che05]:

(2.20) D
r

:=
ÿ

J : #J=r

A
J

q̂
J

, A
J

:=
Ÿ

jœJ /–k

a
jk

, q̂
J

:=
Ÿ

jœJ

q̂
j

,

V (z
i

, z
j

) =
z
i

z
j

(z
i

� z
j

)2
=

1

sin2 ⇡(i� j)/N

S[i,j] = P
ij

E(µ)� E0 =
MX

m=1

"(µ
m

) =
MX

m=1

µ
m

(N � µ
m

)

�̄
m

= µ
M�m+1 � 2(M �m)� 1

[H, H̄] = 0

g ! 1

qdet
a

Lsp
a

(u; z) = tN/2

NY

i=1

u� z
i

tu� z
i

qdet
a

Lsp
a

(u; z) = tN/2

NY

i=1

u� z
i

tu� z
i

eH =
N\

i=1

ker(T sp
i

� T pol
i

)

D
r

= e
r

(Y)
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Scalar product for | Â�(z)Í. Transposing, gives t+‘.../2. Can the scalar product be
expressed in terms of that for Â� in a nice way? cf §1.1.31.1.3 comment iiiiii. . . . (Rather than
stating the above in terms of È Â�(z)|) I should explain in §3.53.5 how to transpose (giving
q‘

q
m

(im≠m) rather than the q≠‘

q
m

(im≠m) there) to get (1.331.33)!

3.1.3. Spin-Macdonald operators. As in the spinless case (§2.1.22.1.2) the generating func-
tion (2.172.17) for the centre of the polynomial action of the aha acts on ÂH since �(u) T

i

=
T

i

�(u) for all i. Of course it still obeys the commutation (2.172.17).
The chiral Hamiltonian of the generalised model is defined as the first nontrivial

operator generated in this way:

(3.10) ÂD1 := Y1 + · · · + Y
N

-- ÂH .

Using the physical condition (3.33.3) this operator can be written in such a way that the
only nontrivial action on polynomials is through the q̂

j

. We claim that the result is

ÂD1 = ÂY1 + · · · + ÂY
N

,(3.11a)

where A
j

=
r

N

k( ”=j) f≠1
jk

as in (2.212.21), and we obtain the summand of (1.401.40):

ÂY
j

:= A
j

S(j···21) q̂1 S(12···j) = A
j

Ř(j···21) q̂
j

Ř(12···j) .(3.11b)

In the final expression we used the following convenient notation: check order: S
w

¶ w?

(3.12) Ř
w

:= w ¶ S
w

, w œ S
N

.

That is, Ř
w

is obtained by drawing the braid diagram for (the reduced decomposition,
say, of) w and reinterpreting it in terms of graphical notation (1.101.10) for the R-matrix.
The graphical version of (3.113.11) was given in (1.401.40).

More generally, the spin-analogues of the Macdonald operators are

(3.13) ÂD
n

:= e
n

(Y )
-- ÂH =

ÿ

J : #J=n

A
J

Ř
J

q̂
J

Ř≠1
J

, Ř
J

:= Ř{j1,···,jM } ,

where we use the notation from (2.202.20), and {j1, · · · , j
M

} œ S
N

was defined in (1.321.32):

(3.14) Ř{j1,···,jM } = Ř(j1,···,1) · · · Ř(jM ,···,M) =

zN

zN

···

ziMzM+1

zM+1

zM

zM

· · ·

· · ·

z1

z1

.

See (1.421.42) for an example.

Proof. Our proof from §2.1.22.1.2 readily adapts to the spin case. As in the scalar case the
Hamiltonian can be written in normal form ÂD1 =

q
j

ÂY
j

, where Y
j

acts on polynomials
only by a rational factor times q̂

j

. The computation of ÂY1 = A1 q̂1 is as before. The

(inhomogeneities became operators)



Back to the q-Haldane-Shastry model: freezing 

To remove the dynamical degrees of freedom one sends 
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Quantum Lax matrix for the spin Ruijsenaars model: N ◊ N matrix with entries
[NazSk, Chal], cf. §3.5.23.5.2: dress by R-matrices

(3.22) L
ij

:= A
j

g
ji

z
j

z
i

q̂
j

, A
j

g
ji

z
j

z
i

=

Y
_____]

_____[

NŸ

k( ”=j)
f≠1

jk

= A
j

if i = j ,

t≠1/2 (t ≠ 1) z
j

z
j

≠ z
i

NŸ

k( ”=i,j)
f≠1

jk

if i ”= j .

Preserves C[z]SN ? Note that tr L =
q

N

j=1 A
j

q̂
j

cf §3.10 [Chal]
See §A.2A.2 for the nonrelativistic limit.

3.2. Freezing. To extract a spin chain from the generalised model we proceed along
the lines of Uglov [Ugl95Ugl95], who in turn followed Talstra and Haldane [TH95TH95]. By (3.113.11)
the generalised Hamiltonian still acts on polynomials through the di�erence operators
q̂

i

. To get rid of this action we take the ‘static limit’ q æ 1 in which the kinetic (q-
di�erence) part of the Hamiltonian is suppressed. At q = 1 the dynamical Hamiltonian
becomes trivial, however, so we’ll break the freezing down into two steps. First we
linearise the Hamiltonian in q. The remaining action on polynomials decouples from
that on spins [TH95TH95,Ugl95Ugl95]. This decoupling allows us to remove the polynomial action
in a consistent way, preserving the symmetries inherited from the generalised model, by
freezing (evaluating) the coordinates to particular values.

3.2.1. (Semi)classical limit. To remove the kinetic term from the spin-Macdonald oper-
ator ÂD1 we study the limit q æ 1. Physically this limit can be viewed as neglecting the
kinetic with respect to the potential energy, or as a (partial) classical limit ~ æ 0 where
the dynamical and spin parts are treated di�erently; the latter remains quantum. [cf
Frahm; Polychronakos; Haldane Talstra; Chalykh]

First of all we note that, by (2.352.35), the ‘classical’ (q = 1) Hamiltonians contained in
our generating function are (Gaussian binomial) multiples of the identity:

(3.23) �¶(u) := �(u)
--
q=1 =

NŸ

i=1

!
1 + t(N≠2i+1)/2 u

"
=

Nÿ

r=0
ur

5
N
r

6
.

To extract nontrivial operators from � we thus need to consider a neighbourhood of the
‘classical’ point, and the ‘semiclassical limit’ takes over the role of generating function.
In particular let us expand the dynamical Hamiltonian (3.113.11) for q ¥ 1:

ÂD1 = [N ] + (q ≠ 1) ” ÂD1 + O(q ≠ 1)2 , ” := ˆ
q

|
q=1 .

We claim that the ‘semiclassical’ limit takes the form

(3.24) ” ÂD1 =
Nÿ

j=1
” ÂY

j

, ” ÂY
j

= A
j

z
j

ˆ
zj ≠(t1/2 ≠ t≠1/2) A

j

j≠1ÿ

i=1
V (z

i

, z
j

) S[i,j] .

The kinetic term contains the degree operators from (2.92.9) while the spin part features
the potential (1.61.6) and long-range interactions (1.91.9). We will get back to the higher
Hamiltonians in §3.2.63.2.6.

this freezes the particles in the equilibrium positions 
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matrices. The (isotropic) Haldane–Shastry spin chain has Hamiltonian [Hal88Hal88,Sha88Sha88]

(1.1) Hhs = ev
Ê

ÂHhs , ÂHhs = ≠
Nÿ

i<j

ev
Ê

z
i

z
j

(z
i

≠ z
j

)2 (1 ≠ P
ij

) .

The overall sign ensures that (1.11.1) is positive: (≠)Hhs is (anti)ferromagnetic. Let Ê :=
e2fii/N œ C◊ := C \ {0} be the primitive Nth root of unity. Following [Ugl95Ugl95] we write
(1.2) ev

Ê

: z
j

‘≠æ Êj = e2fiij/N

for the map evaluating z1, · · · , z
N

at the corresponding Nth roots of unity. On shell, i.e.
after evaluation, we can think of the z

j

as the position of site j of the chain, viewed as
being embedded in the unit circle S1 ™ C. We will refer to the z

j

as coordinates.
The many remarkable properties of this model include a particularly simple spectrum.

The energy and momentum are additive, with a quadratic dispersion relation:

(1.3) XMmaÁhs(n) = 1
2 n (N ≠ n) , phs(n) = 2fi

N
n .

The spectrum is highly degenerate [Hal88Hal88], partially [FGL15FGL15] due to an infinite-
dimensional symmetry algebra present already at for finite size [HHT+92HHT+92, BGHP93BGHP93].
There is one highest-weight eigenvector for each partition ⁄ with ⁄1 Æ N ≠ 2 ¸(⁄) + 1
(see §1.1.31.1.3), with wave function [Hal91bHal91b,BGHP93BGHP93]

(1.4) �(i1, · · · , i
M

) = ev
Ê

MŸ

m<n

(z
im ≠ z

in)2 P (1/2)
⁄

(z
i1 , · · · , z

iM ) .

Here P (–)
⁄

is a Jack polynomial with parameter – = g≠1, where g (g ≠1) is the Calogero–
Sutherland coupling (§A.1A.1). The special case P (1/2)

⁄

is a zonal spherical polynomial. cf [Cherednik, Matsuo](To
compare: – = 1 gives Schur and – = 2 zonal polynomials; cf. Figure 44 on p. 2626.)

Refer to q = 1 sects/app. incl §A.2A.2

In this work we extend all of this to the partially isotropic case, building on [BGHP93BGHP93,
Ugl95Ugl95,Lam18Lam18]. do we have new results

for q = 1 too?

1.1.1. Hamiltonians. Fix an anisotropy parameter q œ C◊. The Hamiltonian of the
(chiral) q-deformed Haldane–Shastry spin chain [Ugl95Ugl95] can be expressed in a long-range
pairwise form too [Lam18Lam18]:

(1.5) H = ≠ [N ]
N

Nÿ

i<j

ev
Ê

V (z
i

, z
j

) S[i,j] .

Appendix . . . contains a comparison with the conventions from [Ugl95Ugl95, Lam18Lam18]. The
prefactor involves the q-analogue of N œ N,

[N ] := qN ≠ q≠N

q ≠ q≠1 = qN≠1 + qN≠3 + · · · + q3≠N + q1≠N .

Next, the potential in (1.51.5) reads

(1.6) V (z
i

, z
j

) = z
i

z
j

(q z
i

≠ q≠1z
j

)(q≠1z
i

≠ q z
j

) .

A geometric way to think about this quantity is shown in Figure 11.

[Polychronakos, 93; Haldane, Talstra, 95; Uglov 95]
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Quantum Lax matrix for the spin Ruijsenaars model: N ◊ N matrix with entries
[NazSk, Chal], cf. §3.5.23.5.2: dress by R-matrices
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ji

z
j

z
i

=

Y
_____]

_____[

NŸ

k( ”=j)
f≠1

jk

= A
j
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if i ”= j .

Preserves C[z]SN ? Note that tr L =
q

N

j=1 A
j

q̂
j

cf §3.10 [Chal]
See §A.2A.2 for the nonrelativistic limit.

3.2. Freezing. To extract a spin chain from the generalised model we proceed along
the lines of Uglov [Ugl95Ugl95], who in turn followed Talstra and Haldane [TH95TH95]. By (3.113.11)
the generalised Hamiltonian still acts on polynomials through the di�erence operators
q̂

i

. To get rid of this action we take the ‘static limit’ q æ 1 in which the kinetic (q-
di�erence) part of the Hamiltonian is suppressed. At q = 1 the dynamical Hamiltonian
becomes trivial, however, so we’ll break the freezing down into two steps. First we
linearise the Hamiltonian in q. The remaining action on polynomials decouples from
that on spins [TH95TH95,Ugl95Ugl95]. This decoupling allows us to remove the polynomial action
in a consistent way, preserving the symmetries inherited from the generalised model, by
freezing (evaluating) the coordinates to particular values.

3.2.1. (Semi)classical limit. To remove the kinetic term from the spin-Macdonald oper-
ator ÂD1 we study the limit q æ 1. Physically this limit can be viewed as neglecting the
kinetic with respect to the potential energy, or as a (partial) classical limit ~ æ 0 where
the dynamical and spin parts are treated di�erently; the latter remains quantum. [cf
Frahm; Polychronakos; Haldane Talstra; Chalykh]

First of all we note that, by (2.352.35), the ‘classical’ (q = 1) Hamiltonians contained in
our generating function are (Gaussian binomial) multiples of the identity:

(3.23) �¶(u) := �(u)
--
q=1 =

NŸ

i=1

!
1 + t(N≠2i+1)/2 u

"
=

Nÿ

r=0
ur

5
N
r

6
.

To extract nontrivial operators from � we thus need to consider a neighbourhood of the
‘classical’ point, and the ‘semiclassical limit’ takes over the role of generating function.
In particular let us expand the dynamical Hamiltonian (3.113.11) for q ¥ 1:

ÂD1 = [N ] + (q ≠ 1) ” ÂD1 + O(q ≠ 1)2 , ” := ˆ
q

|
q=1 .

We claim that the ‘semiclassical’ limit takes the form

(3.24) ” ÂD1 =
Nÿ

j=1
” ÂY

j

, ” ÂY
j

= A
j

z
j

ˆ
zj ≠(t1/2 ≠ t≠1/2) A

j
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V (z

i

, z
j

) S[i,j] .

The kinetic term contains the degree operators from (2.92.9) while the spin part features
the potential (1.61.6) and long-range interactions (1.91.9). We will get back to the higher
Hamiltonians in §3.2.63.2.6.
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[Lamers 18]

the higher order Hamiltonians can be similarly obtained by expanding              in 
powers ou u 
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3.2.3. Energy spectrum. Let Â⁄ be any partition with ¸(Â⁄) Æ N . By adding a string of
zeroes at the end if necessary we can view Â⁄ as a weak partition with #Â⁄ = N parts.
By (2.302.30) the eigenvalues of ÂD1 are ÂE1(Â⁄) =

q
i

t(N≠2 i+1)/2 qÂ
⁄i and those of qtdegz are

ÂE
N

(Â⁄) =
r

i

t(N≠2 i+1)/2 qÂ
⁄i = q|Â⁄| for |Â⁄| :=

q
i

Â⁄
i

the weight of Â⁄. By linearising in q it
follows that the possible eigenvalues of the frozen Hamiltonian (3.313.31) are given by

E(Â⁄) = 1
t1/2 ≠ t≠1/2

3
” ÂE1(Â⁄) ≠ [N ]

N

!
” ÂE

N

(Â⁄)
4

= 1
t1/2 ≠ t≠1/2

3
Nÿ

i=1

Â⁄
i

t(N≠2 i+1)/2 ≠ [N ]
N

|Â⁄|
4

= 1
t1/2 ≠ t≠1/2

3
Nÿ

i=1

Â
⁄iÿ

m=1
t(N≠2 i+1)/2 ≠ [N ]

N
|Â⁄|

4
.

We can think of the double sum as having one term for each box in the Young diagram
of Â⁄, contributing t(N≠2 i+1)/2 for each of the Â⁄

i

boxes in row i. Let us instead perform
the sum column by column, thus passing to the conjugate partition Â⁄Õ. Writing M := Â⁄1
for the largest entry of Â⁄ we get

E(Â⁄) = 1
t1/2 ≠ t≠1/2

3
Mÿ

m=1

Â
⁄

Õ
mÿ

i=1
t(N≠2 i+1)/2 ≠ [N ]

N
|Â⁄Õ|

4

= 1
t1/2 ≠ t≠1/2

Mÿ

m=1

3
t(N≠Â

⁄

Õ
m)/2 [Â⁄Õ

m

] ≠ [N ]
N

Â⁄Õ
m

4
,

where we summed a geometric progression. We recognise the result as (1.201.20) if we
rename µ

m

:= Â⁄Õ
M≠m+1, i.e. Â⁄Õ = µ+.

However, it is not clear a priori which of these possible eigenvalues actually occur:
the corresponding eigenvectors might be killed by the evaluation map. It thus remains
to show that the eigenspace Hsp, µ ”= (0) if and only if µ œ M

N

is a motif, i.e. iff each
of the values M, M ≠ 1, . . . , 1, 0 actually occurs (at least once) in Â⁄. Uglov argued that
this is true iff e

µ

= eÂ
⁄

Õ

ev
”= 0, and that the semiclassical limit of corresponding eigenvector

survives evaluation too by considering the limit t æ 0 [Ugl95Ugl95].
The appearance of the conjugate partition is related to the behaviour PÂ

⁄

= eÂ
⁄

Õ +O(q≠
1) of Macdonald polynomials for q ¥ 1. Note that Â⁄Õ can be identified with the exponent
of the largest monomial (1.341.34) of (1.291.29). This proves that the eigenvector determined
by (1.281.28), coming from PÂ

⁄

, has energy (1.201.20).

3.2.4. q-homogeneity. In freezing the generalised model to a spin chain we had to get
rid of the (multiplicative) translation operator q̂1 · · · q̂

N

, cf (3.273.27). Let us show that we
get q-homogeneity on Hsp in return: if ÂO is an operator on ÂH that commutes with the
(total) degree operator

q
j

z
j

ˆ
zj — such as (3.313.31) and higher Hamiltonians obtained

from �(u) — then the evaluation O = ev
Ê

ÂO is q-homogeneous: O = G O G≠1 with G
the q-translation operator (1.141.14).
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i
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N

(Â⁄) =
r

i

t(N≠2 i+1)/2 qÂ
⁄i = q|Â⁄| for |Â⁄| :=

q
i

Â⁄
i

the weight of Â⁄. By linearising in q it
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3
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N
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N
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4
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Â⁄
i
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N
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4
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3
Nÿ

i=1
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⁄iÿ
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N
|Â⁄|

4
.
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i
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Â⁄Õ
m

4
,
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a partition



The eigenvectors of the q-Haldane-Shastry model 

We have an explicit expression of the (equivalent of) highest weight vectors 

one for each multiplet of the quantum affine algebra (for each motif)
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For N = 4, for example, Q0(u) = (1 ≠ q3u)(1 ≠ qu)(1 ≠ q≠1u)(1 ≠ q≠3u) yields a string
of length four, both Q(1)(u) = (1 ≠ q≠1u)(1 ≠ q≠3u) and Q(3)(u) = (1 ≠ q3u)(1 ≠ qu)
one string of length two, Q(2)(u) = (1 ≠ q3u)(1 ≠ q≠3u) two strings of length one, and
Q(1,3)(u) = 1 an empty string (of length zero).

The Drinfel’d polynomial characterises the U Õ
q( „gl2)-structure of Hsp,µ, also comment iiii

below. In particular it describes the structure as a module for Uq(sl2) µ U Õ
q( „gl2): each

string of length l among the zeroes of Q
µ

corresponds to a factor of dimension l +1 (spin
l/2), cf. the graphical rule from [Lam18Lam18]. It follows that

(1.25) XMmadim(Hsp,µ) =

Y
_]

_[

N + 1 if µ = 0 ,

µ1 (N ≠ µ
M

)
M≠1Ÿ

m=1
(µ

m+1 ≠ µ
m

≠ 1) if M Ø 1 .

In §3.33.3 we’ll give another proof of (1.251.25) by studying the chrystal limit q æ Œ.
It might be instructive to demonstrate here already that (1.251.25) implies completeness,

i.e. that the dimensions on both sides of (1.191.19) match:

2N =
ÂN/2Êÿ

M=0

ÿ

µœMN
¸(µ)=M

MŸ

m=0
(µ

m+1 ≠ µ
m

≠ 1) , where
µ

M+1 := N + 1 ,

µ0 := ≠1 .

Proof. The left-hand side is the cardinality of the set {0, 1}N of strings with N bits.
On the right-hand side the counting goes as follows. Let M denote the number of
occurrences of the pattern . . . 01 . . . in a string; then 0 Æ M Æ ÂN/2Ê. Further let µ

m

be the position of the ‘0’ in that pattern, so that µ = (µ1, · · · , µ
M

) œ M
N

. Before
the first 01 there is a substring with µ1 ≠ 1 = µ1 ≠ µ0 ≠ 2 bits; in between any two
consecutive 01s a substring with µ

m+1 ≠ µ
m

≠ 2 bits; and after the last 01 a substring
of length N ≠ µ

M

≠ 1 = µ
M+1 ≠ µ

M

≠ 2. Each of these substrings must be of the form
1 . . . 10 . . . 0, for which there are µ

m+1 ≠µ
m

≠1 possibilities (including only 1s or 0s). ⇤

1.1.3. Highest-weight vectors. Everything so far readily extends to higher rank, as was
conjectured in [Lam18Lam18] and will be shown in §3.43.4. The following, however, is for rank
one only, with spin-1/2 sites.

In §3.53.5 we will obtain an exact expression in closed form for the U Õ
q( „gl2) highest-weight

H-eigenvector |µÍ œ Hsp,µ. Set M = ¸(µ). Like any vector in Hsp
M

it can be written in
terms of the coordinate basis,

(1.26) |µÍ =
Nÿ

i1<···<iM

�
µ

(i1, · · · , i
M

) |i1, · · · , i
M

ÍÍ , |i1, · · · , i
M

ÍÍ := ‡≠
i1 · · · ‡≠

iM
|ø · · · øÍ .

Thus, |?ÍÍ = |ø · · · øÍ œ Hsp
0 is our notation for the pseudovacuum, |iÍÍ œ Hsp

1 has a ¿ at
site i, and so on. Like (1.41.4) the q-deformed wave function �

µ

(i1, · · · , i
M

) = ÈÈi1, · · · , i
M

|µÍ
is more conveniently described by passing from motifs to partitions.the component where all the reversed spins are at the left is particularly simple
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Recall that a partition ⁄ = (⁄1 Ø ⁄2 Ø · · · Ø 0) is a weakly decreasing sequence of
integers. The length ¸(⁄) of ⁄ is the number of nonzero parts of ⁄. Then2

⁄
m

= µ
M≠m+1 ≠ 2 (M ≠ m) , 1 Æ m Æ M = ¸(⁄) = ¸(µ) ,(1.27a)

gives a bijection between M
N

and the set of partitions with ⁄1 Æ N ≠ 2 ¸(⁄) + 1. If
”

M

:= (M ≠ 1, M ≠ 2, · · · ) denotes the staircase partition of length M ≠ 1 and µ+ is the
partition obtained from µ œ M

N

by reversal then this relation takes the succinct form
⁄ + 2 ”

¸(µ) = µ+ ,(1.27b)
where addition and scalar multiplication are pointwise. See also Figure 33.

µ1 µ2 · · · µ
M

1 3 · · · 2M≠1 N≠1

⁄̄
M ⁄̄

M≠1
· · · ⁄̄1

Figure 3. The correspondence (1.271.27) between a motif µ œ M
N

of length
M := ¸(µ) Ø 1 and a partition with ⁄1 Æ N ≠ 2 M + 1 and ¸(⁄) = M ,
given by ⁄

m

= ⁄̄
m

+ 1, 1 Æ m Æ M . Here ⁄̄ characterises the extent by
which µ di�ers from the left-most filled motif of length M , as shown.

With this notation in place the (unnormalised) wave function of |µÍ is the following
q-deformation of (1.41.4). The component where all magnons sit on the left remains simple:

(1.28) �
µ

(1, · · · , M) = ÈÈ1, · · · , M |µÍ = ev
Ê

Â�
⁄(µ)(z1, · · · , z

M

) .

Here ⁄(µ) denotes the partition associated to µ via (1.271.27) and Â�
⁄

is a symmetric poly-
nomial in the magnon coordinates:

(1.29) Â�
⁄

(z1, · · · , z
M

) :=
A

MŸ

m<n

(q z
m

≠ q≠1z
n

) (q≠1z
m

≠ q z
n

)
B

P ı

⁄

(z1, · · · , z
M

) .

Besides the ‘symmetric square’ of the q-Vandermonde product it features the special case
of a Macdonald polynomial (§2.1.22.1.2) with parameters pı = qı = q2. The dependence on
q2 reflects a sort of symmetry of the Hamiltonian under q ‘æ ≠q, see app. In the notation
of Macdonald [Mac95Mac95,Mac98Mac98] the parameters of P ı

⁄

are related as qı = tı – for – = 1/2:
P ı

⁄

is a quantum spherical zonal function. See also Figure 44 on p. 2626. cf [Nou96Nou96], . . . ,
Cher-Matsuo corresp
[Kasatani Pasquier,
Kasatani Takeyama,
Stokman]?

The other components are more involved than in the isotropic case (1.41.4). They are
obtained from (1.291.29) by moving the magnons via q-deformed permutations (the Hecke
algebra, §2.1.12.1.1) before evaluation. Namely, let s

i

be the permutation z
i

¡ z
i+1 and set in terms of a, b, cf §2.12.1?

(1.30) T pol
i

:= f≠1
i,i+1(s

i

≠ g
i,i+1) , f

i,i+1 := f(z
i

/z
i+1) , g

i,i+1 := g(z
i

/z
i+1) ,

2 Note that ⁄ defined in (1.271.27) is the conjugate of the partition associated to µ in [Ugl95Ugl95] follow-
ing [JKK+95aJKK+95a]. See §3.2.33.2.3 for the reason of the conjugation.
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is a Macdonald polynomial with parameters

V (z
i

, z
j

) =
z
i

z
j

(z
i

� z
j

)2
=

1

sin2 ⇡(i� j)/N

S[i,j] = P
ij

E(µ)� E0 =
MX

m=1

"(µ
m

) =
MX

m=1

µ
m

(N � µ
m

)

�̄
m

= µ
M�m+1 � 2(M �m)� 1

[H, H̄] = 0

g ! 1

qdet
a

Lsp
a

(u; z) = tN/2

NY

i=1

u� z
i

tu� z
i

qdet
a

L
a

(u; z) = tN/2

NY

i=1

u� z
i

tu� z
i

eH =
N\

i=1

ker(T sp
i

� T pol
i

)

D
r

= e
r

(Y)

eD
r

= e
r

(eY)

� eD1 ⇠ H = � [N ]

N

X

i<j

V (z
i

, z
j

) S[i,j]

eL
a

(u)

e�(u) = e�0(u) + (q � 1) � e�(u) +O(q � 1)2

q⇤ = (t⇤)1/2 = q2

References
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i
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matrices. The (isotropic) Haldane–Shastry spin chain has Hamiltonian [Hal88Hal88,Sha88Sha88]

(1.1) Hhs = ev
Ê

ÂHhs , ÂHhs = ≠
Nÿ

i<j

ev
Ê

z
i

z
j

(z
i

≠ z
j

)2 (1 ≠ P
ij

) .

The overall sign ensures that (1.11.1) is positive: (≠)Hhs is (anti)ferromagnetic. Let Ê :=
e2fii/N œ C◊ := C \ {0} be the primitive Nth root of unity. Following [Ugl95Ugl95] we write
(1.2) ev

Ê

: z
j

‘≠æ Êj = e2fiij/N

for the map evaluating z1, · · · , z
N

at the corresponding Nth roots of unity. On shell, i.e.
after evaluation, we can think of the z

j

as the position of site j of the chain, viewed as
being embedded in the unit circle S1 ™ C. We will refer to the z

j

as coordinates.
The many remarkable properties of this model include a particularly simple spectrum.

The energy and momentum are additive, with a quadratic dispersion relation:

(1.3) XMmaÁhs(n) = 1
2 n (N ≠ n) , phs(n) = 2fi

N
n .

The spectrum is highly degenerate [Hal88Hal88], partially [FGL15FGL15] due to an infinite-
dimensional symmetry algebra present already at for finite size [HHT+92HHT+92, BGHP93BGHP93].
There is one highest-weight eigenvector for each partition ⁄ with ⁄1 Æ N ≠ 2 ¸(⁄) + 1
(see §1.1.31.1.3), with wave function [Hal91bHal91b,BGHP93BGHP93]

(1.4) �(i1, · · · , i
M

) = ev
Ê

MŸ

m<n

(z
im ≠ z

in)2 P (1/2)
⁄

(z
i1 , · · · , z

iM ) .

Here P (–)
⁄

is a Jack polynomial with parameter – = g≠1, where g (g ≠1) is the Calogero–
Sutherland coupling (§A.1A.1). The special case P (1/2)

⁄

is a zonal spherical polynomial. cf [Cherednik, Matsuo](To
compare: – = 1 gives Schur and – = 2 zonal polynomials; cf. Figure 44 on p. 2626.)

Refer to q = 1 sects/app. incl §A.2A.2

In this work we extend all of this to the partially isotropic case, building on [BGHP93BGHP93,
Ugl95Ugl95,Lam18Lam18]. do we have new results

for q = 1 too?

1.1.1. Hamiltonians. Fix an anisotropy parameter q œ C◊. The Hamiltonian of the
(chiral) q-deformed Haldane–Shastry spin chain [Ugl95Ugl95] can be expressed in a long-range
pairwise form too [Lam18Lam18]:

(1.5) H = ≠ [N ]
N

Nÿ

i<j

ev
Ê

V (z
i

, z
j

) S[i,j] .

Appendix . . . contains a comparison with the conventions from [Ugl95Ugl95, Lam18Lam18]. The
prefactor involves the q-analogue of N œ N,

[N ] := qN ≠ q≠N

q ≠ q≠1 = qN≠1 + qN≠3 + · · · + q3≠N + q1≠N .

Next, the potential in (1.51.5) reads

(1.6) V (z
i

, z
j

) = z
i

z
j

(q z
i

≠ q≠1z
j

)(q≠1z
i

≠ q z
j

) .

A geometric way to think about this quantity is shown in Figure 11.

sets



The eigenvectors of the q-Haldane-Shastry model 

The other components are slightly more involved and they correspond to transport  
of the indices using the Hecke generators
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with f, g from (1.71.7). The operators that we need are built from these as follows. Let us
use (braid) diagrams to represent

T
i

=
1

N

· ·· ·· ·

i+1i

, T ≠1
i

=
1

N

· ·· ·· ·

i i+1

.(1.31a)

(We included the inverse for completeness; it doesn’t feature in the following. Note that
these diagrams di�er from those in (1.101.10), where each line comes with a parameter.)
Next, using cycle notation (j, j ≠ 1, · · · , i) = s

j≠1 · · · s
i

let

T(j,j≠1,···,i) = T
j≠1 · · · T

i

=

1
N

· ·· ·· ·

ji

, i Æ j ,(1.31b)

so T(i,i) = 1, T(i+1,i) = T
i

, T(i+2,i+1,i) = T
i+1 T

i

, and so on. Further define

T{i1,···,iM } = T(i1,···,1) · · · T(iM ,···,M) =

N

···

M

iM

· · ·

· · ·

1

i1

,(1.31c)

where we denoted the shortest permutation such that m ‘≠æ i
m

for all 1 Æ m Æ M by

(1.32) {i1, · · · , i
M

} := (i1, i1 ≠ 1, · · · , 1) · · · (i
M

, i
M

≠ 1, · · · , M) .

In §3.1.23.1.2, cf. (1.381.38) below, we’ll show that the wave function is obtained from (1.291.29) as

(1.33) �
µ

(i1, · · · , i
M

) = ÈÈi1, · · · , i
M

|µÍ = ev
Ê

1
T pol

{i1,···,iM }
Â�

⁄(µ)(z1, · · · , z
M

)
2

.

Here �
µ

depends on the positions (sites) i
m

œ Z
N

of the magnons on the spin chain, while
the polynomial Â�

⁄(µ) depends on the M ‘q-magnon coordinates’ z
m

, which we think of
as being transported by the Hecke action to the same location z

im œ S1 µ C upon evalu-
ation. Whereas the ‘initial’ component (1.281.28) is a symmetric polynomial in M variables
prior to evaluation, any other T pol

{i1,···,iM }
Â�

⁄(µ)(z1, · · · , z
M

) is a non-symmetric polynomial
in i

M

> M variables. In particular, the Hecke operators in (1.331.33) act nontrivially even
though (1.291.29) is symmetric.

Comments. Spin-chain eigenvectors with a simple component also appeared in
[DZJ05DZJ05][JdG etc, Kasatani–Pasquier], although the way in which it determines all other
components is di�erent. Concrete examples of our highest-weight vectors and their
physical interpretation are given in §3.63.6.

i. Largest monomial. Write z⁄ = z⁄1
1 · · · z⁄N

N

, appending zeroes to ⁄ if necessary.
With respect to the dominance ordering, see (2.272.27) in §2.1.22.1.2, the highest term in (1.331.33)
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This result nicely generalises the construction of the eigenvectors of the ordinary 
Haldane-Shastry model

The highest weight condition imposes that the length of the partition  
is strictly equal to M (as for HS)
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Recall that a partition ⁄ = (⁄1 Ø ⁄2 Ø · · · Ø 0) is a weakly decreasing sequence of
integers. The length ¸(⁄) of ⁄ is the number of nonzero parts of ⁄. Then2

⁄
m

= µ
M≠m+1 ≠ 2 (M ≠ m) , 1 Æ m Æ M = ¸(⁄) = ¸(µ) ,(1.27a)

gives a bijection between M
N

and the set of partitions with ⁄1 Æ N ≠ 2 ¸(⁄) + 1. If
”

M

:= (M ≠ 1, M ≠ 2, · · · ) denotes the staircase partition of length M ≠ 1 and µ+ is the
partition obtained from µ œ M

N

by reversal then this relation takes the succinct form
⁄ + 2 ”

¸(µ) = µ+ ,(1.27b)
where addition and scalar multiplication are pointwise. See also Figure 33.

µ1 µ2 · · · µ
M

1 3 · · · 2M≠1 N≠1

⁄̄
M ⁄̄

M≠1
· · · ⁄̄1

Figure 3. The correspondence (1.271.27) between a motif µ œ M
N

of length
M := ¸(µ) Ø 1 and a partition with ⁄1 Æ N ≠ 2 M + 1 and ¸(⁄) = M ,
given by ⁄

m

= ⁄̄
m

+ 1, 1 Æ m Æ M . Here ⁄̄ characterises the extent by
which µ di�ers from the left-most filled motif of length M , as shown.

With this notation in place the (unnormalised) wave function of |µÍ is the following
q-deformation of (1.41.4). The component where all magnons sit on the left remains simple:

(1.28) �
µ

(1, · · · , M) = ÈÈ1, · · · , M |µÍ = ev
Ê

Â�
⁄(µ)(z1, · · · , z

M

) .

Here ⁄(µ) denotes the partition associated to µ via (1.271.27) and Â�
⁄

is a symmetric poly-
nomial in the magnon coordinates:

(1.29) Â�
⁄

(z1, · · · , z
M

) :=
A

MŸ

m<n

(q z
m

≠ q≠1z
n

) (q≠1z
m

≠ q z
n

)
B

P ı

⁄

(z1, · · · , z
M

) .

Besides the ‘symmetric square’ of the q-Vandermonde product it features the special case
of a Macdonald polynomial (§2.1.22.1.2) with parameters pı = qı = q2. The dependence on
q2 reflects a sort of symmetry of the Hamiltonian under q ‘æ ≠q, see app. In the notation
of Macdonald [Mac95Mac95,Mac98Mac98] the parameters of P ı

⁄

are related as qı = tı – for – = 1/2:
P ı

⁄

is a quantum spherical zonal function. See also Figure 44 on p. 2626. cf [Nou96Nou96], . . . ,
Cher-Matsuo corresp
[Kasatani Pasquier,
Kasatani Takeyama,
Stokman]?

The other components are more involved than in the isotropic case (1.41.4). They are
obtained from (1.291.29) by moving the magnons via q-deformed permutations (the Hecke
algebra, §2.1.12.1.1) before evaluation. Namely, let s

i

be the permutation z
i

¡ z
i+1 and set in terms of a, b, cf §2.12.1?

(1.30) T pol
i

:= f≠1
i,i+1(s

i

≠ g
i,i+1) , f

i,i+1 := f(z
i

/z
i+1) , g

i,i+1 := g(z
i

/z
i+1) ,

2 Note that ⁄ defined in (1.271.27) is the conjugate of the partition associated to µ in [Ugl95Ugl95] follow-
ing [JKK+95aJKK+95a]. See §3.2.33.2.3 for the reason of the conjugation.



Open questions 

• Construction of the eigenvectors directly from the freezing procedure? 

• Crystal limit                ? 

• How to build the other vectors than the highest weights in the multiplet? Equivalent 
of the Gelfand-Tsetlin construction  

• Fermionic version and q-wedges ? 

• Large size limit (CFT) and vertex operator representation? 

[Uglov 95; Takemura, Uglov,97]

• Other models? How to interpolate between XXX and Haldane-Shastry (Inozemtsev 
model [Klabbers, Lamers, to appear])? 

• How rigid is the construction of DAHA? One can imagine many deformations of the 
XXX model [Beisert et al. 07] ; how to incorporate them in the algebraic formalism? 

In general the spin chain can be viewed as having some sort of twisted (quasiperiodic) bound-
ary conditions. This is not surprising from the symmetries; after all the closed xxz spin chain
is invariant under U := Uq(sl2) (defined in §2.2.1) only for particular twisted boundaries. We
can make contact with that model as follows.

Proposition 1.3. The Hamiltonian (1.11) formally contains the U-invariant twisted xxz spin
chain:

(1.23) −ϖ Hl →
N−1∑

i=1

esp
i + T sp

N−1 · · · T sp
2 esp

1 T sp −1
2 · · · T sp −1

N−1 , ϖ → ∞ .

Here T sp
i = q − esp

i is the Hecke generator, with inverse T sp −1
i = q−1 − esp

i , cf. §2.2.1 and
(2.48). The last term in (1.23), describing the twisted boundary conditions, is known as a
‘braid translation’ [MS93] (with trivial ‘blob’ generator [MS94]).

Proof. Let us for a moment replace (1.2) by the (hyperbolic) evaluation evϖ : zj $−→ ϖj with
ϖ ∈ R×. (This destroys the quantum-affine symmetries, as can be directly seen in the de-
generacy patterns in the numerical spectrum.) Consider the limit ϖ → ∞. Up to a simple
rescaling the potential (1.13) then boils down to the usual, q-independent nearest-neighbour
pair potential:

−ϖ evϖV (zi, zj) → δ|i−j| mod N, 1 , i ̸= j , ϖ → ∞ .

In the bulk only the nearest-neighbour interactions Sl
[i,i+1] = esp

i from (1.18) survive. These are

the local Hamiltonians of the Heisenberg spin chain (§2.2.3). The only other term in (1.11) that
survives this limit is Sl

[1,N ]. Now from the viewpoint of the R-matrix (1.14), ϖ → ∞ (ϖ → 0)

is the braid limit, yielding T sp
i (resp. T sp −1

i ), yielding the final term in (1.23). !

In summary we have encountered two chiral Hamiltonians, (1.11) and (1.20), which combine
to give the full Hamiltonian (1.21). We have also met the q-translation operator (1.22). These
operators commute with each other. We will get back to the remaining abelian symmetries in
§1.3.2; see Table 4 on p. 25 for an overview.

1.2.2. Crystal limit and motifs. Let us explore the freedom of having a new parameter to play
with and consider the crystal limit q → ∞ [Kas90]; see also [Jim92]. 3 In this extreme case
the spin chain simplifies drastically and we obtain a simple combinatorial model. The poten-
tial (1.13) diverges, with constant leading term: ([4]/[2]) V (zi, zj) → 1. For the spin interactions
we need to determine the limits of the Temperley–Lieb generator and R-matrix. Rescaling the
former to be a projector we get

esp

[2]
→ χ := |↓↑⟩⟨↓↑| = diag(0, 0, 1, 0) ,

Ř(u) → u−χ = diag
(
1, 1, u−1, 1

)
,

q → ∞ ,

One can check that [2]−1 Sl
[i,j] → χi,i+1 ([2]−1 Sr

[i,j] → χj−1,j) concentrate at the left (right) to

become diagonal nearest-neighbour operators independent of j (i, respectively). The Hamilto-
nians (1.11) and (1.20) thus become simple diagonal matrices:

3 One can also let q → 0. By ‘cpt’ from Footnote 1 on p. 5 the resulting limits differ by inverting the argument
(for the R-matrix) and spin reversal |↑⟩ ↔ |↓⟩. The corresponding crystal Hamiltonians thus are as in (1.24) but
now count domain walls of the form · · ·↑↓ · · · . The energy thus stays the same when domains are extended to the
right, and all eigenvectors are effectively left-right flipped. The crystal dispersions in (1.25) are swapped; cf. the
relations in (1.35). One is led to the same notion of motifs.
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[Kashiwara, Miwa, Stern, 95]


