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�� ��Algebrai Bethe ansatz for inhomogeneous six-vertex model

z z2 zn1 ..... zn-1
..... .....

w1 w2 w3 w4 w5 w6Verties and their Boltzman weights of the six-vertex model. N � L lattie. Nolumns and L rows.w1 = w2 = 1; w3 = w4 = b(� � �i); w5 = w6 = (� � �i):



R(�) = 266666666666641; 0; 0; 00; b(�); (�); 00; (�); b(�); 00; 0; 0; 1
37777777777775 ; b(�) = sinh �sinh(� + �) ; (�) = sinh �sinh(� + �) :

Monodoromy matrixT (�) = R0N(� � �N):::R02(� � �2)R01(� � �1) =  A(�) B(�)C(�) D(�)![0℄ :A; B;C;D are 2N � 2N matries. Transfer matrix is T (�) = A(�) + D(�). AtL ! 1 the largest eigenvalue state is relevant.Z = TrT L(�) ' Largest eigenvatueL:



Algebrai relations of operators A; B;C;D.[A(�); A(�)℄ = [B(�); B(�)℄ = [C(�);C(�)℄ = [D(�);D(�)℄ = 0;[C(�); B(�)℄ = (� � �)b(� � �) (A(�)D(�) � A(�)D(�));[D(�); A(�)℄ = (� � �)b(� � �) (B(�)C(�) � B(�)C(�));A(�)B(�) = 1b(� � �)B(�)A(�) + (� � �)b(� � �)B(�)A(�);D(�)B(�) = 1b(� � �)B(�)D(�) + (� � �)b(� � �)B(�)D(�);C(�)A(�) = 1b(� � �)A(�)C(�) + (� � �)b(� � �)A(�)C(�);C(�)D(�) = 1b(� � �)D(�)C(�) + (� � �)b(� � �)D(�)C(�):



j0i =  10! 
 :::  10! is the vauum state. This is an eigenstate of T .

A(�)j0i = j0i; D(�)j0i = d(�)j0i; d(�) = NYj=1 b(� � � j):

j i = MYj=1 B(� j)j0i; h j = h0j MYj=1 C(� j)are right and left eigenstates of T (�) with eigenvalue�(�) = Y b�1(� j � �) + d(�)Y b�1(� � � j)if Bethe equations are satis�ed:1d(� j) �Yk, j b(� j � �k)b(�k � � j) = 1 for j = 1; 2; :::;M:



�� ��spin- 12 anti-ferromagneti Heisenberg hainHomogeneous limit � j ! �=2H = J NXj=1 S xjS xj+1 + S yjS yj+1 + �(S zjS zj+1 � 14) = J2 sinh � dd� lnT (�)����=0;� = osh �XXZ hain hamiltonian. Case � = 1 is alled XXX hain. The eigenvetorsare ommon with those of T (�)E = J2 sinh � dd� ln �(�)����=0 = J MXj=1 sinh2�osh 2� j � � :

[S �k ; S �l ℄ = iÆkl���S k ; ~S j = 12 ~� j�1 < � � 1 massless region � = i�; 0 < � < �;1 < � massive region



At ground state of M = N=2 and N ! 1 we an alulate analytially distri-bution funtion of � j.�(�) = 12� seh��� ; for massless aseIn the XXX limit � j gather at origin. So we put z j = � j=(�).�(z) = 12seh�z; E = �J=2Xj 1z2j + 14In massive ase � j distribute on imaginary axis. Putting z j = �i� j we have�(z) = Xl 12� seh�(z � �l)� ; E = �JXj sinh2 �� � os 2z jThis funtion is doubly periodi and represented by ellipti funtion.



�� ��Known exat results for orrelation funtions1. Nearest-neighbor orrelatorhS zjS zj+1i = 112 � 13 ln 2 = �0:1477157268 � � �from the ground state energy per site Hulth´en (1938)2. Next nearest-neighbor orrelator for XXXhS zjS zj+2i = 112 � 43 ln 2 + 34�(3) = 0:06067976995 � � � ;from the ground state energy of the half-�lled Hubbard model Takahashi (1977)3. The twisted four-body orrelation funtionh(S j�S j+1) � (S j+2�S j+3)i0 = 12 ln 2 � 38�(3) = �0:104197748:from third derivative of transfer matrix Muramoto and Takahashi(1999)



Strong oupling expansion of the Hubbard model

H0 = U X ni"ni#H1 = �X� Xi< j ti; j(yi� j� + yj�i�):

He f f etive = Xi< j ti jt jiU (�i � � j � 1)+U�3hXi< j t4i j(1 � �i � � j) +Xi<k t2i jt2jk(�i � �k � 1) + Xi< j<l;i<k;k, j;lti jt jktkltli(5(� j � �k)(�i � �l) + 5(�i � � j)(�k � �l) � 5(� j � �k)(�i � �l)��i � � j � � j � �k � �k � �l � �l � �i � �i � �k � � j � �l + 1)i:



H = �tX<i j>X� (yi� j� + yj�i�) + U NaXi=1 yi"i"yi#i#For one-dimensional half-�lled ase the e�etive Hamiltonian beomest2U Xi (4Si � Si+1 � 1) + t4U3 Xi n4(1 � 4Si � Si+1) + (4Si � Si+2 � 1)o

+O( t6U5 ):On the other hand exat ground state energy per site is expanded ase = �4jtjZ 10 J0(!)J1(!)d!![1 + exp(2U0!)℄ = �4jtj[(12 )2 ln 2 U 0�1

� (1 � 32 � 4)2 �(3)3 (1 � 122 )U 0�3 + :::℄; U0 � U=(4jtj):





4. Multiple-integral representationsfor more general XXZ model with an anisotropy parameter �(a) � > 1; T = 0;H = 0 : Vertex operator approah Uq( �sl(2))Jimbo, Miki, Miwa, Nakayashiki (1992)(b) �1 < � < 1; T = 0;H = 0 : qKZ equationJimbo and Miwa (1996)() Rederivation by the quantum inverse sattering method.Generalization to the XXZ model with a magneti �eld T = 0Kitanine, Maillet, Terras (1998)(d) Integral formula for �nite temperature and �nite magneti �eldG¨ohmann, Kl¨umper, Seel (2004)



Correlation funtion for suessive elementary blok

�n(f� j; �0jg) = h jQnj=1 E�0j;� jj j ih j i ;E+;+j =  1 00 0![ j℄ ; E+;�j =  0 10 0![ j℄ ; E�;+j =  0 01 0![ j℄ ; E�;�j =  0 00 1![ j℄ :Example. Emptiness Formation Probability (EFP) for XXX hain

P(n) � * S z1 + 12 !  S z2 + 12 ! � � �  S zn + 12 !+ = � ++:::+n++:::+ =

= (��) n(n�1)2 2�nZ 1�1 dn� nYa>b sinh �(�a � �b)�a � �b � i nYj=1
�� j � i2 � j�1 �� j + i2 �n� joshn �� jOther arbitrary orrelation funtions have similar integral representation.

�n-fold integral for the orrelation over n-sites. �



1 2 3 n...

System EnvironmentEnvironment

n 1

Figure 1: Finite sub-hain of length n in the in�nite hain

�� ��Boos-Korepin method to evaluate integrals

1. Transform the integrand to a ertain �anonial form� without hangingthe integral value.2. Perform the integration using the residue theorem.



Example
P(3) � 3Yj=1 Z 1� i2�1� i2 d� j2�i U3(�1; �2; �3)T3(�1; �2; �3);

U3(�1; �2; �3) � �6 Q1�k< j�3 sinh�(� j � �k)Q3j=1 sinh3�� jT3(�1; �2; �3) � (�1 + i)2�2(�2 + i)�23(�2 � �1 � i)(�3 � �1 � i)(�3 � �2 � i)



(�1 + i)2(�2 + i)�2�23(�3 � �1 � i)(�3 � �2 � i)(�2 � �1 � i) :

= i(�1 + i)2(�2 + i)�2�23(�3 � �1 � i)(�2 � �1 � i) + i(�1 + i)2(�2 + i)�2�23(�3 � �1 � i)(�3 � �2 � i)� i(�1 + i)2(�2 + i)�2�23(�3 � �2 � i)(�2 � �1 � i) :
�rst term =� �21�2 � (�1 + i)3�3�2 � �1 � i ;

seond term � �21�2 � (�1 + i)3(�3 + i)�2 � �1 � i :



third term � ��21�2 � i (�1 + i)3(�3 + i)2�2 � �1 � i + i (�1 + i)3�23�2 � �1 � i� i(�1 + i)3�33(�3 � �2 � i)(�2 � �1 � i) :

T3 � ��2�23 � i(�1 + i)3�33(�3 � �2 � i)(�2 � �1 � i) :� ��2�23 � i�31(�3 + i)3(�3 � �2)(�2 � �1) :� ��2�23 � 3�21�23 + 3i�1�23 + 3i�21�3 � �23 � �3�1 � �21�2 � �1 :�21�2 � �1 f (�3) � ��i�1 + 13�2 � �1 � 13(�1 + i)� f (�3)

T3 � �2�2�23 + 13 � i�1 � i�3 � 2�1�3�2 � �1 :



Canonial form...Denominator is Qlk=1(�2k�1 � �2k), l � [n=2℄.n dimensional integral is deomposed to one and two dimensional integrals.�� ��Transform T3(�1; �2; �3) into a anonial form T 3(�1; �2; �3)

T3(�1; �2; �3) � T 3(�1; �2; �3) = P(3)0 + P(3)1�2 � �1P(3)0 = �2�2�23; P(3)1 = 13 � i�1 � i�3 � 2�1�3�� ��Perform the integrationJ(3)0 = 3Yj=1 Z 1� i2�1� i2 d� j2�i U3(�1; �2; �3)P(3)0 = 14 ;J(3)1 = 3Yj=1 Z 1� i2�1� i2 d� j2�i U3(�1; �2; �3) P(3)1�2 � �1 = � ln 2 + 38 �(3);P(3) = J(3)0 + J(3)1 = 14 � ln 2 + 38 �(3)Thus seond neighbor orrelator was rederived from the integral formula.



For P(4) = � ++++4++++ the integrand is(�1 + i)3(�2 + i)2�2(�3 + i)�23�34(�43 � i)(�42 � i)(�41 � i)(�32 � i)(�31 � i)(�21 � i) ;Here we put �ab � �a � �b. Canonial form is P(4)0 + P(4)1 =�21 + P(4)2 =(�21�43).P(4)0 = �345 �2�23�34;P(4)1 = �21 (30 �23�34 + 30 i�3�34 � 16 �34 + 18 �3�24 + 8 �4)+�1 (30 i�23�34 + 30 �3�34 � 16 i�34 + 18 i�3�24 � 4 �24 + 4 i�4)�20 �23�34 � 20 i�3�34 + 545 �34 � 425 �3�24 � 4310 i�4;P(4)2 = 2�21�23 + 4i�1�23 � 32�23 � 32�1�3 � i�3 + 15 :P(4) = 15 � 2ln 2 + 17360 �(3) � 116 ln 2 � �(3) � 5180�2(3)� 5524�(5) + 8524 ln 2 � �(5)



In 2003, Sakai, Shiroishi, Nishiyama, Takahashi alulated �+�+�+�+� by Boos�Korepin method and obtained all the orrelation funtions on 4 lattiesites. Espeially, Third-neighbor orrelator isDS zjS zj+3E = 112 � 3ln 2 + 376 �(3) � 143 ln 2 � �(3) � 32�(3)2� 12524 �(5) + 253 ln 2 � �(5) = �0:05024862725 � � �Similarly the other orrelation funtions for n = 4 areDS xjS xj+1S zj+2S zj+3E = 1240 + 112 ln 2 � 91240 �(3) + 16 ln 2 � �(3) + 380 �(3)2 + 3596 �(5) � 524 ln 2 � �(5)DS xjS zj+1S xj+2S zj+3E = 1240 � 16 ln 2 + 77120 �(3) � 512 ln 2 � �(3) � 320 �(3)2 � 6596 �(5) + 56 ln 2 � �(5)DS xjS zj+1S zj+2S xj+3E = 1240 � 14 ln 2 + 169240 �(3) � 512 ln 2 � �(3) � 320 �(3)2 � 6596 �(5) + 56 ln 2 � �(5)DS zjS zj+1S zj+2S zj+3E = DS xjS xj+1S zj+2S zj+3E + DS xjS zj+1S xj+2S zj+3E + DS xjS zj+1S zj+2S xj+3EFrom these we reprodue the twisted four-body orrelations.



In a similar way, P(5) was alulated after very tedious alulations.P(5) = 16 � 103 ln 2 + 28124 �(3) � 452 ln 2 � �(3) � 48916 �(3)2� 6775192 �(5) + 12256 ln 2 � �(5) � 42564 �(3) � �(5) � 12125256 �(5)2+ 6223256 �(7) � 1151564 ln 2 � �(7) + 42777512 �(3) � �(7)But the diret integral of other orrelations for �ve sites is almost impossible.



�� ��Generalization to XXZ-model

In 2003, Kato, Shiroishi, Takahashi, Sakai have generalized the Boos-Korepinmethod to the XXZ models with an anisotropy parameterExample : Multiple integral representation for P(n) in the ase of j�j � 1P(n) = (��)� n(n�1)2 Z 1�1 dx12� � � �Z 1�1 dxn2� Ya>b sinh(xa � xb)sinh ((xa � xb � i�) �)� nYj=1 sinhn� j ��x j + i�2 � �� sinh j�1 ��x j � i�2 � ��oshn x

here � = os(��) Jimbo and Miwa (1996)�Similar integral representations for any arbitrary orrelation funtions�



Nearest-neighbor orrelation funtionshS xjS xj+1i = 14�s1 ��(1) + 14�2 �0�(1); hS zjS zj+1i = 14 � 12�s1 ��(1) � 12�2 �0�(1)Next nearest-neighbor orrelation funtionshS xjS xj+2i = 12�s2 ��(1) + 24�2 �0�(1) � 3(1 � 2)28�s2 ��(3) � s128�2 �0�(3);hS zjS zj+2i = 14 � 1 + 22�s2 ��(1) � 12�2 �0�(1) + 3s14�1 ��(3) + 1 � 28�2 �0�(3)

 j:= os � j�; s j := sin � j�

��( j):= Z 1� �i2�1� �i2 dx 1sinhx osh �xsinh j �x �0�( j):= Z 1� �i2�1� �i2 dx 1sinhx ��� osh �xsinh j �x

Replaing �! i�=�, we an also get the orrelation funtionsin the massive region (� = osh � > 1) Takahashi, Kato, Shiroishi (2003)



Nearest-neighbor and next nearest neighbor orrelation funtions for theXXZ hain. We alulated hS zjS zj+1i, hS xjS xj+1i, hS zjS zj+2i and hS xjS xj+2i
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The third-neighbor orrelation funtions for the XXZ hain.
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�� ��Algebrai Approah, qKZ Relation

� Next problem is to alulate hS zjS zj+4i for XXX model�

In priniple, it's possible to alulate other �ve-dimensional integrals byuse of Boos-Korepin method.It, however, will take tremendous amount of time....We propose a di�erent method (�First Priniple Approah�) and obtainanalytial form of hS zjS zj+4iGeneralization of the method by Boos, Korepin, Smirnov (2003) for P(n)



limzi!0 ��01;:::;�0nn;�1;:::;�n(z1; z2; � � � ; zn) = hE�01�1 � � � E�0n�n i(E�0� )s;s0 = Æ�;sÆ�0;s0 ; �; �0 = �1�Algebrai Relations�� Translational Invariane��01 ;:::;�0nn;�1 ;:::;�n (z1 + x; : : : ; zn + x) = ��01 ;:::;�0nn;�1 ;:::;�n (z1; : : : ; zn)� Transposition, Negating and Reverse-Order Relations��01 ;:::;�0nn;�1 ;:::;�n (z1; : : : ; zn) = ��1 ;:::;�nn;�01 ;:::;�0n (�z1; : : : ;�zn)= ���01 ;:::;��0nn;��1 ;:::;��n (z1; : : : ; zn) = ��0n ;:::;�01n;�n ;:::;�1 (�zn; : : : ;�z1)� Intertwining RelationR�0j�0j+1��0j ��0j+1 (z j � z j+1)�:::��0j+1 ;��0j ::::::� j+1 ;� j :::(: : : z j+1; z j : : :)= �:::�0j ;�0j+1 ::::::�� j ;�� j+1 :::(: : : z j; z j+1 : : :)R�� j �� j+1� j� j+1 (z j � z j+1)R++++(z) = R����(z) = 1; R+�+�(z) = R�+�+(z) = zz+1 ; R+��+(z) = R�++�(z) = 1z+1 :



� Redution Relation�+;�02 ;:::;�0nn;+;�2;:::;�n (z1; z2; : : : ; zn) + ��;�02 ;:::;�0nn;�;�2 ;:::;�n (z1; z2; : : : ; zn)= ��02 ;:::;�0nn�1;�2 ;:::;�n (z2; : : : ; zn)� First Reurrent Relation��01 ;�02 ;:::;�0nn;�1 ;�2 ;:::;�n (z + 1; z; z3 : : : ; zn) = �Æ�1 ;��2�01�2��02 ;�03 ;:::;�0nn�1;��01;�3 ;:::;�n (z; z3 : : : ; zn)��01 ;�02 ;:::;�0nn;�1 ;�2 ;:::;�n (z � 1; z; z3 : : : ; zn) = �Æ�01 ;��02�1�02���1 ;�03 ;:::;�0nn�1;�2;�3 ;:::;�n (z; z3 : : : ; zn)� Seond Reurrent Relationlimz1!i1 ��01 ;�02 ;:::;�0nn;�1 ;�2 ;:::;�n (z1; z2; : : : ; zn) = Æ�1 ;�01 12��02 ;:::;�0nn�1;�2;:::;�n (z2; : : : ; zn)� Identity RelationsX�1 ; : : : ; �nPi �0i = Pi �i ��01 ;:::;�0nn;�1 ;:::;�n (z1; : : : ; zn) = X�01 ; : : : ; �0nPi �0i = Pi �i ��01 ;:::;�0nn;�1 ;:::;�n (z1; : : : ; zn)= �+;:::;+n;+;:::;+(z1; : : : ; zn) = ��;:::;�n;�;:::;�(z1; : : : ; zn)



 We have alulated all the inhomogeneous orrelation funtions up ton � 4 from the multiple integrals and on�rmed these relations are ful-�lled.Further we have found the inhomogeneous orrelation funtions anbe represented in terms of !-funtion

!(x) � 12 + 2 1Xk=1(�1)kk 1 � x2k2 � x2= 12 � 2(1 � x2) 1Xk=0 x2k�a(2k + 1);

�a(x) � 1Xn=1(�1)n�1n�x = (1 � 21�x)�(x); �a(1) = ln 2:

!(x + 1) = � x(x + 2)x2 � 1 !(x) � 32 11 � x2 ; !(�x) = !(x); !(�i1) = 0:



Examples :� n = 1 �+1;+(z1) = ��1;�(z1) = 12 ; ��1;+(z1) = �+1;�(z1) = 0:� n = 2 �++2;++(z1; z2) = 14 + 16!(z1 � z2);�+�2;+�(z1; z2) = � 16!(z1 � z2); ��+2;+�(z1; z2) = 13!(z1 � z2)� n = 3 � +++3;+++(z1; z2; z3) = 18 + A(z1; z2jz3)!(z1 � z2) + A(z1; z3jz2)!(z1 � z3)+ A(z2; z3jz2)!(z2 � z3);� �++3;�++(z1; z2; z3) = � ++2;++(z2; z3) � � +++3;+++(z1; z2; z3);� �+�3;�+�(z1; z2; z3) = � �+2;�+(z1; z2) � � �++3;�++(z1; z2; z3); :::

A(z1; z2jz3) = (z1 � z3)(z2 � z3) � 112(z1 � z3)(z2 � z3)



� �01 ;:::;�0nn;�1 ;:::;�n (z1; : : : ; zn) = 0BBBBBBB� nYj=1 Æ� j ;�0j2 1CCCCCCCA + h n2 iXm=1 X1�k1<k3<k5 :::<k2m�1<n; k2m>k2m�1 A�01 ;:::;�0n�1 ;:::;�n (k1; � � � ; k2mjz1; : : : ; zn)� !(zk1 � zk2 ) � � �!(zk2m�1 � zk2m );

A�01 ;:::;�0n�1 ;:::;�n (k1; � � � ; k2m jz1; : : : ; zn) = Q�01 ;:::;�0n�1 ;:::;�n (k1; � � � ; k2mjz1; : : : ; zn)Q0i< j(zi � z j) : rational funtion of z1; : : : ; znDenominator isY1� j<k�m(zk2 j�1 � zk2l�1)(zk2 j�1 � zk2l)(zk2 j � zk2l�1)(zk2 j � zk2l) 2mYl=1 ( Yi,k1;k2;:::;k2m(zl � zi)):

The total exponent for this is 4nm�2m2�2m. The largest exponent for zi isn� 2 for i 2 fk1; :::; k2mg and 2m for i , k j. Numerator is also polynomials ofz1; :::; zn whih satis�es the same exponent onditions. Unknowns are theoeÆients of eah terms. Number inreases drastially as n;m inreases.



� �By use of Algebrai relations, we have alulated all the orrelationfuntions for n = 5� �01�02�03�04�055;�1�2�3�4�5 (z1; z2; z3; z4; z5); Q�01 ;:::;�05�1 ;:::;�5 (k1; k2jz1; : : : ; z5);Q�01 ;:::;�05�1 ;:::;�5 (k1; : : : ; k4jz1; : : : ; z5)� �

Fourth-neighbor orrelation funtionDS zjS zj+4E = 112 � 163 ln 2 + 1456 �(3) � 54ln 2 � �(3) � 2934 �(3)2� 87512 �(5) + 14503 ln 2 � �(5) � 27516 �(3) � �(5) � 187516 �(5)2+ 318564 �(7) � 17154 ln 2 � �(7) + 661532 �(3) � �(7)= 0:034652776982 � � �



Formula by Boos,Jimbo,Miwa,Smirnov and Takeyama, (Lett. Math. Phys.75 (2006) 201)
hn(�1; :::; �n; �n; :::; �1)(z1; :::; zn) = (�1)n( nYj=1 � j)���1;:::��nn;�1 ;:::�n (z1; :::; zn);

sn = nYj=1 12 �j+i jj�i j � j�i jj+i j�;hn = exp
n sn;
n = Z d�2�i d�2�i g(� � �)U(�; �)V(�; �)Qnj=1(� � z j)(1 � (� � z j)2)(� � z j)(1 � (� � z j)2) ;g(z) = �!(z) z(1 � z2)2 :hn and sn are vetors in 2n Pauli spins spae. 
n;U(�; �) and V(�; �) areoperators in this spae.



U(�; �) = Tr���T (���)n (� + �2 );Tn(�) = L(0)1 (� � z1 � 1):::L(0)n (� � zn � 1)L(0)n (� � zn):::L(0)1 (� � z1);L(0)j (�) = (� + 12)I �0j + 12(H �zj + 2E �+j + 2F ��j ):Here I;H; E; F are d � d matriesIi; j = Æi; j; Hi; j = (d + 1 � 2i)Æi; j; Ei; j = (i � 1)Æi; j+1; Fi; j = (d � i)Æi+1; j:These satisfy ommutation relations[H; E℄ = �2E; [H; F℄ = 2F; [E; F℄ = �H:�zj; �+j ; ��j are Pauli operators in 2n spin spae j = 1; :::; n; 1; :::; n.Tr��� is analyti ontinuation d ! � � �.



At d = 2 we haveI = �1; 00; 1�; H = �1; 00; �1�; E = �0; 01; 0�; F = �0; 10; 0�;and T (2)n (�) = �A(�); B(�)C(�);D(�)�;V(�; �) = A(�)D(�) + D(�)A(�) � B(�)C(�) �C(�)B(�):In the homogeneous limit z j ! 0 this beomes
n = Z d�2�i d�2�i g(� � �)U(�; �)V(�; �)�n(1 � �2)n�n(1 � �2)n :We alulated the ases n = 1; 2; :::; 7.



hS z1S z2i = 112 � 13�a(1) = �0:1477157268533151 � � � ; (1938)hS z1S z3i = 112 � 43�a(1) + �a(3) = 0:06067976995643530 � � � ; (1977)hS z1S z4i = 112 � 3�a(1) + 749 �a(3) � 569 �a(1)�a(3) � 83�a(3)2 � 509 �a(5)+ 809 �a(1)�a(5) = �0:05024862725723524 � � � ; (2003)hS z1S z5i = 112 � 163 �a(1) + 2909 �a(3) � 72�a(1)�a(3) � 11729 �a(3)2 � 7009 �a(5)+ 46409 �a(1)�a(5) � 2209 �a(3)�a(5) � 4003 �a(5)2 + 4559 �a(7)� 39209 �a(1)�a(7) + 280�a(3)�a(7) = 0:03465277698272816 � � � :(2005)



hS z1S z6i = 112 � 253 �a(1) + 8009 �a(3) � 11923 �a(1)�a(3) � 153689 �a(3)2� 608�a(3)3 � 42289 �a(5) + 642569 �a(1)�a(5) � 9769 �a(3)�a(5)+ 3648�a(1)�a(3)�a(5) � 33283 �a(3)2�a(5) � 766403 �a(5)2+ 665603 �a(1)�a(5)2 + 126403 �a(3)�a(5)2 + 64003 �a(5)3 + 96749 �a(7)+ 56952�a(3)�a(7) � 2258489 �a(1)�a(7) � 1164803 �a(1)�a(3)�a(7)� 353923 �a(3)2�a(7) + 7840�a(5)�a(7) � 8960�a(3)�a(5)�a(7)� 666403 �a(7)2 + 31360�a(1)�a(7)2 � 686�a(9)+ 18368�a(1)�a(9) � 53312�a(3)�a(9) + 35392�a(1)�a(3)�a(9)+ 16128�a(3)2�a(9) + 38080�a(5)�a(9) � 53760�a(1)�a(5)�a(9)= � 0:03089036664760932 � � �hS z1S z7i =0:02444673832795890 � � � ;hS z1S z8i = � 0:0224982227633722 � � � :(2006)



Von Neumann entropy (Entanglement Entropy)

S (n) � �tr�n log2 �n = � 2nX�=1 !� log2 !�;

Table 1: von Neumann entropy S (n) of a �nite sub-hain of length nS (1) S (2) S (3) S (4)1 1.3758573262887466 1.5824933209573855 1.7247050949099274S (5) S (6) S (7)1.833704916848315 1.922358833819333 1.997129812895912
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Ｈｉｓｔｏｒｙ　ｏｆ　ｔｈｅｒｍｏｄｙｎａｍｉｃｓ　ｏｆ　

１Ｄ　ｓｏｌｖａｂｌｅ　ｍｏｄｅｌ

• Repulsive　δ-function boson   Yang & Yangboson   Yang & Yang　(1969) 

• XXX and XXZ (|Δ|>1)              Takahashi Gaudin (1971) 

• δ-function fermion                Takahashi  Lai (1971) 

• Hubbard model Takahashi  (1972) 

• XXZ(|Δ|<1) & XYZ                  Takahashi & Suzuki (1972) 

• Kondo & Anderson model         Andrei, Wiegmann(1979) 

• QTM for XXZ and Hubbard       Koma(’87) Destri, de Vega, Klumper, 

• QTM for XYZ                         Suzuki, Akutsu Wadati (1990) 

• Correlation Length                  Yamada Takahashi Kluemper(’91) 



Low temperature thermodynamicsLow temperature thermodynamics

• T-Linear specific heat for XXZ model(-1<Δ<1)

• specific heat     susceptibility for ferromagnetic XXX 

model

• Logarithmic anomary of susceptibility for 

antiferromagnetic XXX model

T
2−

T
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Simplification of thermodynamic Bethe-ansatz equations

cond-mat/0010486. P299-304, Physics and 

Combinatrix, 

Proceeding of the Nagoya 2000 International 

Workshop, World Scientific (2001).
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Thermodynamic Bethe ansatz equations for XXZ model                    

at ∆≧1 [Gaudin ,Takahashi (1971)] is simplified to an integral 

equation which has one unknown function. [Takahashi(2001)]

This equation is analytically continued to ∆<1. 
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Derivation from QTM

Takahashi, Shiroishi and Klumper,

Equivalence of TBA and QTM 

J. Phys. A: Math. Gen 34 L187-194, 

Cond mat/0102027  
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Quantum transfer matrix and fusion hierarchy modelsQuantum transfer matrix and fusion hierarchy modelsQuantum transfer matrix and fusion hierarchy modelsQuantum transfer matrix and fusion hierarchy models
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Consider an inhomogeneous six-vertex model with the 

following column dependent Boltzman weights:
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For a solution of For a solution of Bethe ansatzBethe ansatz equations we have an equations we have an eigenvalueeigenvalue;;
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�� ��Summary1. Correlation funtions of spin- 12 Heisenberg hain at the ground statean be alulated analytially when there is no magneti �eld.

2. For � = 1 (XXX model), orrelations are expressed in terms of ln 2and �(2k + 1).3. For general �, orrelations are expressed as a polynomial of ertainone-dimensional integrals.4. We have alulated all the orrelation funtionsup to n = 7 for XXX modelup to n = 4 for XXZ model5. About the two-point funtion for XXX hain we alulated 6-th neigh-bor and 7-th neighbor orrelators using generating funtion method.
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Conclusion

1) Thermodynamic Bethe ansatz equations are simplified to 

an equation which has only one unknown function.

2)  Gaudin Takahashi equations and Takahashi Suzuki equations 

are redrived from quantum transfer matrix formulation.  

3) |∆|≧1  and |∆|<1 cases are treated by a single integral equation.

4) This equation is useful for high temperature expansion. 

Future Problems

1)Extention to other solvable models (XYZ chain, Hubbard 

chain,…).

2)Analytic solution for XY case(Δ=0).
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