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[Algebraic Bethe ansatz for inhomogeneous six-vertex model]

\

Vertices and their Boltzman weights of the six-vertex model. N X L lattice. N
columns and L rows.

wi=wy =1, w3 =wy =b(d—-&), ws =wg = c(d=E&).



(1, 0, 0, O]
0, b)), c), O sinh A sinh 77
R(A) = , b(A) = — , ¢() = = :
@) 0, ¢, b, O b sinh(d + 1) () sinh(d + 1)
0, O, 0, 1

Monodoromy matrix

T(A) = Roy(A — &n)...Ro2(A — E)Rp1 (A = &1) = (2&1; lligg) :
[0]

A, B,C,D are 2"V x 2V matrices. Transfer matrix is 7 (1) = A1) + D(1). At
L — oo the largest eigenvalue state 1s relevant.

Z = Tr7 “(1) ~ Largest eigenvatue’.



Algebraic relations of operators A, B, C, D.

[AG), ACD] = [B(w), B()] = [C(w), C(D] = [D(w), D(D)] = 0,

Q. B = 57 —A2AD) ~ AWDW),
DG, AG] = S5 BACGH) = BuC),
AGOBQ) = 5 BAG) + 55— BG0AQ),
DB = 5 BUDG) + 5D B,
COAW) = S AWCW + 552 ANCG
CODG) = P + SE=H by,

b(A — 1) b(A — p)



0) = ((1)) ® ... ((1)) 1s the vacuum state. This 1s an eigenstate of 7.

N
A0y =10), D)0 = dI0), d) = | | b —&).

j=1

M M
wy = | | B0y, wi=<ol| |cwy
J=1 j=1
are right and left eigenstates of 7 (u) with eigenvalue

)= | |07 =y +d@ | |67 - ay)
if Bethe equations are satisfied:

R LD
d(A;) . b(Ax — A;)

=1 for j=1,2,..,M.
k



[ spin-% anti-ferromagnetic Heisenberg chainJ

Homogeneous limit §; — n/2

N
o 1 J . d
j=1
A = coshng

XXZ. chain hamiltonian. Case A = 1 is called XXX chain. The eigenvectors
are common with those of 7 (1)

M )
J d h
E = —sinhn— lnT(/l)L:o =J E Sl
j=1

2 dA cosh21; — A

. 1
[SQ,S'ZB] = ldklfa/,BySZa §j = 50']'

-1 <A <1 massless regionn =il,0 < <,

I <A massive region



At ground state of M = N/2 and N — oo we can calculate analytically distri-
bution function of 4;.

1 A
o) = —sechﬂ—, for massless case
2{ 4

In the XXX limit A; gather at origin. So we put z; = 4;/({).

1 1
p) = 5sechnz, E = —J/2Z g
vy 4
In massive case A; distribute on imaginary axis. Putting z; = —id; we have
1 n(z — ml) sinh? 7
= R h—, E = —J
p(2) Z 2y sech— Z A —cos 2z,

This function 1s doubly periodic and represented by elliptic function.



(Known exact results for correlation functions)

1. Nearest-neighbor correlator

1 1
(8585, = 573 In2 = —0.1477157268 - - -

from the ground state energy per site Hulthén (1938)

2. Next nearest-neighbor correlator for XXX

1 4 3

from the ground state energy of the half-filled Hubbard model Takahashi (1977)

3. The twisted four-body correlation function

1 3
((SjXSj+1) . (Sj+2><Sj+3)>0 = 5 In2 — §C(3) = —-0.104197748.

from third derivative of transfer matrix Muramoto and Takahashi(1999)



Strong coupling expansion of the Hubbard model

*
[

U Z ning|

H, = - Z Z Zi,j(C;rO_CjO- + C;O_Cio-).

o i<j

it
7‘{effecn've — Z %(O-l "0 1)

i<j

+U—3[Z t?j(l — 00+ Z tl.zjtik(o'i o —1)+ Z

i<j i<k i<j<li<k,k#jl
liitiktatii(S(oj - o )0 - o) + S(o; - o) (o) - o) = (0 j - o) o - 07)

—O',"O'j—0'j°0'k—0'k°0'l—0'1°0'i—O'i°0'k—0'j°0'l+1)].



= —t Z Z(CWCJ“ + c ~Cio) + U Z cT cchllc,l

<l]> g

For one-dimensional half-filled case the effective Hamiltonian becomes

2 t*

= D ASi+Sipt = )k w2 > (4(1 =4S, Spa1) + (4, Siua = 1)
Z6

+0(ﬁ

On the other hand exact ground state energy per site is expanded as

— 4y foo Jo(w)J1(w)dw
°T ol + exp2U'w)]

1-3,403 1,
- (5 4)25( )(1— 2)U—3+...], U = U/@4|t).

1 ,
= —4|r|[(§)2 In2U !
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Figure 2. The fist- and second-neighbour correlation functions of an antiferromagnetic
ring with N atoms are plotted as functions of 1/N2. In the limit N = oo, these values approach
the theoretical values. Table 2 of Bonner and Fisher (1964) was used.



4. Multiple-integral representations
for more general XXZ model with an anisotropy parameter A

(a) A>1,T =0,H =0 : Vertex operator approach Uq(§l(2))
Jimbo, Miki, Miwa, Nakayashiki (1992)

(b -1 <A< 1,T =0,H =0 : gKZ equation
Jimbo and Miwa (1996)

(¢) Rederivation by the quantum inverse scattering method.
Generalization to the XXZ model with a magnetic field T = 0
Kitanine, Maillet, Terras (1998)

(d) Integral formula for finite temperature and finite magnetic field

Gohmann, Kliimper, Seel (2004)



Correlation function for successive elementary block

e e < YT EV )
PR S T )

1 O _ 0 1 _ 0O O _ 0O O
E-I._’+ B ( ) , E-I._’ B ( ) , E.’+ B ( ) , E.’ B ( ) .
/ O 0fyn 0 0, LOfy O iy
Example. Emptiness Formation Probability (EFP) for XXX chain

1 1 1 S
P(n) E<(Si + 5)(53 + 5)(52 + §)> = Pntt.+ =

R f i ]_[ sinh (1, — Ap) 17 (45— é)j_l (4 + %)n_j

= (— 2
(=7) Ay —Ap —1 cosh” 4

9

a>b j=1

Other arbitrary correlation functions have similar integral representation.

“n-fold integral for the correlation over n-sites. ”



Environment SyStem Environment
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Figure 1: Finite sub-chain of length # 1n the infinite chain

[Boos—Korepin method to evaluate integrals}

1. Transform the integrand to a certain “canonical form” without changing
the integral value.

2. Perform the integration using the residue theorem.



Example

3

-3 d/lj
PO = [ [ SE0su e 0Tl A, o)
i1 i 2mi
[ T1<k<j<3 sinhr(A; — Ay)
Us(A1,42,43) = 7° <J3 3 :
[ 152, sinh’74;
(4 + D" (b + D)A3
T3(A1,A2,3) =

(A=A —D)(A3 — A —D)(A3 — A — Q)



(A + D)*(Ao + DA 25
(A3 = =) — A = D) — A — i)

i1 + )% (A + D3 i(A1 + (A + DA A3
= : ~ + : :
-4 =)A= —i) 3= —)(Az3 — A2 —17)
(A1 + DA + DA A3
(A3 = — D — A4 —i0)

(A + )23

first term =~ /l%/lz — -,
/12 — /11 — 1

(A1 + 1)’ (43 + )
- —i

second term ~ A5, —



)3 2 (A + DA
thirdterm~—/1%/12—i(/h+l) s +,l) +i(1 i >
ﬂz—/ll—l /12—/11—1

i +)* 43
(A3 = A2 = D2 = 4y = i)

i + 0743

T3’V—/12/12— . _.
ST
i3 + i)
< A2 - (B +D”
(A3 — )2 — A1)
g MBI 3N - - B -
o /12_/11 )
/1% —l'/11+% 1
A3) ~ _ 2+ 1
ﬂ2_ﬂlf( ) </l2_/ll 3( 1 l))f( 3)

1 . .
3 — i —idy — 2444
T3~—2/12/l§+ 3 1/12_3/11 1 3.




Canonical form...Denominator is Hizl(/lzk—l — ), [ < [n/2].
n dimensional integral 1s decomposed to one and two dimensional integrals.

[Transform T5(Ay, A2, 43) into a canonical form 775(4;, A5, A3 )J

c 3) P(13)
T3(A1, A2, A3) ~ T5(A1, A2, A3) = Py” + ———
A — A4
1
PO =213, PV = 2~ il =il -2k
(Perform the integration]
3 co— L
3 _ 2 d4, 3 _ 1
JO - HIW_L 2_71_iU3(ﬂ'la/129ﬂ'3)P0 - Za
Jj=1 2
et P ;
JO = f Ui, 25, 2 L —_n2+ 2203,
1 1:[ oy 2m 3(A1, A2 3)/12_/11 n 85( )
e, e ] 3
P(3) = JO +J1 = Z—1H2+ g{(?))

Thus second neighbor correlator was rederived from the integral formula.



For P(4) = p,"*** the integrand is
(A + D) (A + )* (A3 + DA,
(A43 = D42 = D)(Ag1 — D(Az2 = D(A31 = D) A2 — D)
Here we put A,, = A, — 4. Canonical form is P(()4) + P(14) [Ar1 + P(24) [(Ar1443).
34

@ _ 23
Py =~ b4,

PV = 2 B0BLE +30il.0 — 16 23 + 18 1343 + 8 A+
AL B0, +30 4345 — 1644, + 18id3A5 — 4 5 + 4idy)—

54 . 42 43
233 . 3
20 /13/14 - 20 1/13/1 + ?ﬂ — ?ﬂgﬂ, — El/l4,
4 _ 2352 . 2 3 2 3 . 1

P@4) =1-2In2+ 173((3) -2 1n2-203) - %4%(3)
3245 + 3 851n2 £(5)



In 2003, Sakai, Shiroishi, Nishiyama, Takahashi calculated pI~7~ by Boos—
Korepin method and obtained all the correlation functions on 4 lattice
sites. Especially, Third-neighbor correlator is

1 37 14 3
Q<% — - —_ — . —_ — 2
(si5%,5) = = =302+ “{(3) - 2 {(3) - 5L6)
125 25
Similarly the other correlation functions for n = 4 are
T B 91 1 3 35 5
<SJ.SJ.+1SJ.+ZSJ.+3> = 555 * 302 555¢@) + ZIn2-20) + %4(3)2 + 52 005) = 57 n2-4(5)
xgz gx gz \_o L _1 T vy 2y — S d1n2.
(s 15,8 j+25j+3> = 535 " g2+ T5p40) - 5In2- L) = LB - 2 l(5) + 2 In2 - L(5)
xgz gz gx Vo L _1 169 a2 sy - S & d1n2.
(s 15,15%,,S Y3 = 26~ M2+ 555¢B) = 52 £0) = S5 LBY - (d(5) + ZIn2 - L(5)

<S§S§+IS§+ZS§'+3> = <S§S§+IS§+2S§+3> + <S§S§'+1S§+255‘+3> + <S§S§+15§+2S§+3>

From these we reproduce the twisted four-body correlations.



In a similar way, P(5) was calculated after very tedious calculations.

1 10 281 45 489
ma_g—gmm+——a$—3hagmyu—{@)
6775 1225 12125
—@Z(SH c In2- 5(5)——{(3) Z@—WZ(S)
6223 11515 42777
£(@3) - 4(7)

But the direct integral of other correlations for five sites is almost impossible.



(Generalization to XXZ-model )

In 2003, Kato, Shiroishi, Takahashi, Sakai have generalized the Boos-Korepin
method to the XXZ models with an anisotropy parameter

Example : Multiple integral representation for P(n) in the case of |A| < 1

o) dx1 “ dx, sinh(x, — xp)
P = (=) f o "Lo o [ | sinh ((x, — x, — 7))

a>b
sinh”” f Ig ) )sth ! ((x] - 17”) V)
% l_[ cosh” x
here A = cos(nv) Jimbo and Miwa (1996)

“Similar integral representations for any arbitrary correlation functions”



Nearest-neighbor correlation functions

XQXx — Cl / Q32 _1 ¢1 1 /

(S787%41) = Kv(l) 24(1), (8385510 = 4 2ns) (1) - 2—7T2§y(1)
Next nearest—nelghbor correlation functions

XQoXx 3(1_C2)C2 12 ,

(8357,2) = 5=+ 20 - s 003) - ﬂzw),
1 1 + 2¢;

SZSZ = — — (1 (1 —V3+

(83872 = &(1) - ﬂ24v<>+4m§<>

Cj:=COSTjv, §j:=SINTjV

i 7l

, T2 1 coshvx . o2 1 0 coshvx
ai= [ axg N |

~wo-m  sInhx sinh/ yx —o—m  sinhx v sinh/ vx

Replacing v — in/m, we can also get the correlation functions
in the massive region (A = coshn > 1) Takahashi, Kato, Shiroishi (2003)



Nearest-neighbor and next nearest neighbor correlation functions for the
XXZ chain. We calculated (Sj:S;H), (§787,1)5 (S;Sj.ﬂ) and (§757,,)

+

(So?S2%)
0.2

(S0*S*)




The third-neighbor correlation functions for the XXZ chain.

A

-0.25!



[Algebraic Approach, gKZ RelationJ

‘“ Next problem is to calculate (S j.S j 1) for XXX model”

In principle, it’s possible to calculate other five-dimensional integrals by
use of Boos-Korepin method.

It, however, will take tremendous amount of time....

We propose a different method (‘“°First Principle Approach’) and obtain

analytical form of (S j.S 5 )

Generalization of the method by Boos, Korepin, Smirnov (2003) for P(n)
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E

E}’l
hmpn L€ 5 en(ZlaZZa ©,2n) = <Eei e °E€n>

Zi—

€ _ ’ _
(E, )5,y = 0cs0e,y, €€ ==l

‘“Algebraic Relations”

e Translational Invariance

pnlél,, “€n (Zl + Xyovny <n + x) - pnlél,’ -€n (Zb se ey Zn)

e Transposition, Negating and Reverse-Order Relations

I
15 ’en

pnel, ,en(Zla <. aZn) —

615 €

(Zl,---a_zn)

l’lEl, €

1’ i) Ena €

_pn —€1,.. ,—en(le--,Zn) = Phn,e,,.. ,el( an--,_zl)

e Intertwining Relation

e
€.€. .
jj+l ]+1’
Rg}g}ﬂ (Z] Z]+1)p €jt15Ej (

_ ...e;.,e;.ﬂ...
21> %)= P (

€j€jp] e T

Rt =RZ() =1, RIZ2) =R =5, R =R’ = 5.

eie;
ZjsZjsl - ORI (@ — Zj41)

€j€j+1



Reduction Relation

+6,

2 ’

pn+€2,

2’

e / e
E

,en(Z17227 oo 7Zn) +pn—62, ,en(ZbZZ’ c e aZn)

/
€y

_pnlez (Z27°-°7Zn)

First Recurrent Relation

I

€] €€ _ €: 3’ 6
Pn.ele,... en (Z +1 38y Z3 ey Zn) 61 -6 61 ep,_ 61,63, (Z, L3 eees Zn)
€15€350++€n _ ) €€y
Pn.el.e,....n (Z - 19 Ly Z3 e vey Zn) — _661,—65 €1 62,0n 1,6,€3,. (Z, V& T Zn)
Second Recurrent Relation
1 ei,eé, € _ 1 eé,...,e,’i
le_l;?oopn,el,ez, €n (21,225 -+ -52n) = 61 € 2Pn_1,62,m,6n (z2y . v 20)
Identity Relations
1’ ,€n _ 1’ ’en
Z pnel, ,en(Zl,---aZn) - Z pnel, ,en(Zl,---aZn)
€1,..., en ei ..... E;l
i€ =€ Yi€ =2¢
Hot -
_pn+...+(zl7 -aZn) _pn,—,...,—(Zh- ~~7Zn)



(O We have calculated all the inhomogeneous correlation functions up to
n < 4 from the multiple integrals and confirmed these relations are ful-

filled.
Further we have found the inhomogeneous correlation functions can

be represented in terms of w-function

W=tra Nl
wW(X) = 3 - kz_xz
1 0
= 2 =21 =) ) Pk + D),
k=0

(6.9)

La(x) = ) (=1 = (1= 21700, Zo(1) =In2.

n=1

w(—x) = w(x), w(xico) =0.

21— x2’



Examples :

® 71 = 1
1
p1+(z21) = p) _(21) = 3 P @) =p] _(21) =
® 5 = 2
1 1
P34 (21,22) = 77t 6w(Z1 - 22),
_ 1 _
pr+_(1,22) = —gw(m ~22), Pr4_(21,22) = gw(m - 22)
® 5 = 3

1
Py e (21,22,23) = gt A(z1, 22|z3)w(z1 — 22) + A(21, 23122)W(21 — 23)

+ A(22, 3122 )w(z2 — 23),
p2 ++(Z2a Z3) p3 +++(Z1aZ2a Z3)

P34 (21,22,23) =
p2,_+(Z17Z2) _p3,_++(Z17Z27 Z3)7

p3,_+_(Z17 Z27 Z3) =

B (21 —z3)(z2 —23) — 1
A(Z1,22|Z3) - 12(Z1 — Z3)(Zz - Z3)




5]

i’ En L 56]’6;' 61,...,6,1
pnfl, ,Gn(zl""’zn): 1_[ 2 + Z Aq,,,,,e,,(kla'” ak2m|Zla---aZn)
j=1 m=1 1<k| <k3<ks...<koy_1<n, kopy>koym—1

X Q)(Zkl - Zk2) o w(zk2m—l . Zk2m)’
/ e

€ 61, € ( Iy ak2m|Z1a---aZn) . .

elky, e Skomlzr, - zn) = - H, ( ) : rational function of 7, .. ., z,

i \&i — &

<J J

Denominator is

m
r[ (Zkzj_l - Zkzl_l )(Zkzj_l - Zkzl)(zkzj - Zkzl_l )(Zkzj - Zkzl) l_[( l_[ (Zl - Zi))°
1<j<k<m I=1 i#ki,ka,....kom

The total exponent for this is 4nm — 2m? — 2m. The largest exponent for z; is
n—2forie k.., ky,} and 2m for i # k;. Numerator is also polynomials of

71, ..., Zn Which satisfies the same exponent conditions. Unknowns are the
coefficients of each terms. Number increases drastically as n, m increases.



4 )

By use of Algebraic relations, we have calculated all the correlation
functions for n = 5

,,,,,
€ EEEE €

€ ,...,EL
p5,61€263€465 (Zl’ Z2, Z3a Z4’ ZS)’ Qéi ..... 62 (kla k2|Z17 s ZS),

€ ... EL
Qei Gg(kla"°ak4|zla°°°aZ5)

-----

\_ ,/

Fourth-neighbor correlation function

s 116 145 293
(538%4) = 75 =~ 72+ —~¢(3) = 54102 {(3) ~ —=¢B)’
875 1450 275 1875,
~ 156G+ —==In2-406) = 7=4B) - 4(5) = ==¢(5)
3185 1715 6615
+ = (D = — =24+ —==43) - 4(D)

= 0.034652776982 - - -



Formula by Boos,Jimbo,Miwa,Smirnov and Takeyama, (Lett. Math. Phys.
75 (2006) 201)

n
hn(El, ees Epps Eﬂa cees El)(zla cees Zl’l) — (_l)n(l_[ E])p’;’?l”;f"(zl, T Z”)’
J=1

1
[ 150 = =),

Sy, =
=1
h, = exp €, sy,
O - f du dv gu—v)U(u,v)V(u,v)
" 271 2 H?zl(,u - Zj)(l - (,u - Zj)z)(v - Zj)(l — (V — Zj)z),
(2) = ~() ——
§lc) = ~wlz (1—22

h, and s, are vectors in 2n Pauli spins space. ,, U(u,v) and V(u,v) are
operators in this space.



u+v
> ),

Tu(D) = LA =21 = .. LY (A = 2, = DL (A = 2,)...LY (A = 21),

Uu,v) = Tr/,t—vTrglu_V)(

L§.°>(A) = (1+ %)I o+ %(H 0% +2E o +2F o).
Here I, H, E, F are d X d matrices
li;=6;;, Hj=d+1-20)0,;, E;j =—-1)0;j+1, Fij=(d—1)0i11-
These satisfy commutation relations

|H,E] =-2E,[H, F] =2F,[E, F] = -H.

aj., 0';?, o are Pauli operators in 27 spin space j=1,...,n,1,...,7.
Tr,_, is analytic continuation d — y —v.



At d = 2 we have

== D e =G

0, 1 0, —1 1,0 0,0
and
A, B(4)
T)(2) = (C( DD ﬂ)),

Vp,v) = Aw)D(v) + D)A) — B)C(v) = C(u)B(v).
In the homogeneous limit z; — O this becomes

Q = f d/l dv 8(/1—V)U(/laV)V(,UaV)
" J 2w 2mi (1 — 2yl — 2

We calculated the casesn =1,2,...,7.




I 1
($783) =17 gga(l) = —0.1477157268533151 - - - , (1938)

1 4
($318%) =17 gg“a(l) + £,(3) = 0.06067976995643530 - - - , (1977)

1 74 56 8 50
(S8 =13 ~ %D+ 543 = - L(1)43) - gé“a(3)2 ~ 5 %)

80
+ —{a(l)g“a(S) = —0.05024862725723524 - - - ,(2003)

1 1172 700
($718%) =15~ —Ja(l) + —Ja(3) 128,(1)2a(3) - —Ja(3) - —Za(S)
464
+ —ga(l)ga(s) _ _ga(3)§a(5) _ Tga(s) + _ga(7)
3920

— —ga(l)ga(7) + 280£,(3)¢,(7) = 0.03465277698272816 - - - .(2005)



(§38%) =

1 300 1192 15368
L —ga(l) + =g 6®) = = G(6B3) - =407

12
422 42
- 608{41(3) - _8{a(5) + 04256

ga(l)ga(s) - _{a(3)ga(5)

76640
+ 3648§a(1)§a(3)§a(5) _ —ga(?’) ga(s) o —ga(s)

66560 26 6400 674
(5) + ga(3)§a(5) +—§a(5) + 9—§a(7)

225848 116480
La(1)Zu(7) =

+5695244(3)0a(7) -

35392
o —ga(?’) &1(7) + 7840§a(5)§a(7) - 8960§a(3)§a(5)§a(7)

_ @gaa) +313602,(1)2,(7)% — 6862,(9)

La(1)Za(3)Za(7)

+ 183682, (1)44(9) = 53312,(3)4a(9) + 353924,(1)£4(3)4a(9)

+16128£,(3)°£a(9) + 380804,(5)£4(9) — 53760,(1)£2(5)L(9)
~ 0.03089036664760932 - - -

(§755) =0.02444673832795890 - - -

(S38%) =

—0.0224982227633722 - - - .(20006)



Von Neumann entropy (Entanglement Entropy)

2]’1
S(n) = ~trp, 10, p = — ) W 10g, wa,
a=1

Table 1: von Neumann entropy S (n) of a finite sub-chain of length n

S(1) 5(2) 53) S4)

1 1.3758573262887466  1.5824933209573855  1.7247050949099274

S(5) S (6) S(7)
1.833704916848315 1.922358833819333 1.997129812895912




History of thermodynamics of
1D solvable model

Repulsive & —function boson Yang & Yang (1969)

XXX and XXZ (|A[>1) Takahashi Gaudin (1971)

0 —function fermion Takahashi Lai (1971)

Hubbard model Takahashi (1972)

XXZ(| A1) & XYZ Takahashi & Suzuki (1972)

Kondo & Anderson model Andrei, Wiegmann(1979)

QTM for XXZ and Hubbard Koma(’ 87) Destri, de Vega, Klumper,
QTM for XYZ Suzuki, Akutsu Wadati (1990)

Correlation Length Yamada Takahashi Kluemper(’ 91)
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Low temperature thermodynamics

e 7-Linear specific heat for XXZ model(-1<A<1)

e JTspecific heat T susceptibility for ferromagnetic XXX
model

e Logarithmic anomary of susceptibility for
antiferromagnetic XXX model



Simplification of thermodynamic Bethe-ansatz equations

cond—mat/0010486. P299-304, Physics and
Combinatrix,

Proceeding of the Nagoya 2000 International
Workshop, World Scientific (2001).
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Thermodynamic Bethe ansatz equations for XXZ model
at A= 1 [Gaudin ,Takahashi (1971)] is simplified to an integral
equation which has one unknown function. [Takahashi(2001)]

This equation 1s analytically continued to A<1.

N
1
H(J, AR ==J) S'S5, +58/Sh, +ASSS], _Z) —2h) S/, h=0,
[=1 [=1

27t] sinh ¢

07,00 === 28800 + 8101 +77,(0)
In7,(x)=s*In(+7,, NA+7,,(x), j=23...
lim 27 _ 2

> [T

(e o]

_Z _1
A=coshg, Q= ¢, s(x)= 1 Zsec

Nn=—oco

h( 7(x —22nQ)j, s* f(x)= I_QQ s(x—y)f(y)dy.

_ 27J sinh ¢ ¢sinh ¢ /(271)

f

_[_QQ a (x)s(x)dx — TI_QQ s(x)In(1+ m (x)dx, a(x)=

1) cosh @ —cos( ¢x).
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Takahashi-Suzuki equation for A=cos (/n) (1972)
In(1+17,(x)) = =2nJ sin(z/ n)T ' 6(x),
In;(x)=s* In(l+7, ,(x)A+7,,,(x); j=L2,---,n=3,
Inn,_,(x)=s *In(+7,_, (x))(l +2ch ZTL}Z K(x) + K (x)j,
In k(x) = s, *In(1+77 _,(x)).

1 T
s (x)=—sech(—x
1 (x) 1 (2 )
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() = 2c0sn )+ eor T x—y—2Alexpl= 7R (541
+ cotg[x — y+2i]exp[— ZW;;nh 9 a, (y—1)] u(ly) Zfzyi,
f=—TInu0). New integral equation 0 f:@\ 0
o

g(x)=s%*h(x), gx+i)+g(x—i)=hx).

(ew +e‘w)§(a))= h(w), Z(w)=— : —h (o), a):%n.

e +e
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1, (x+i)1,(x—i) = exp il TS;nh 9 Z S(x=2nQ) |(1+7,(x)),

n, e+ im =i =47, Ni+7,,(0) =23,
In;,  2h

lim =
[—eo [ T.

_(sinh(j+Dh/T
/ sinh h/T

2
j —1. Solution at J=0

7,(x) has singularities only at =i, +(j+2)i.
1+7,(x)=A,(x—jDA (x+ j)B,(x—(j+2))B,(x+(j+2)i).

A, (x)=A(X), B,(x)=B,(X).

Note that A.(x) is analytic. A.(x) 1is not. 2



n,(x+0n;(x—i)=
A (x=(=DDA,_ (x+(j=Di)B,_ (x=(j+Di)B,  (x+(j+Di)
XA (x=(j+DDA, (x+(j+DiD)B, (x—(j+3))B,, (x+(j+3)i).

Assume that

n;(x)=X(x—j)Y(x+ j)Z(x—(j+2))W(x+(j+2)i),

n,(x+0n (x—i)is

Xx=(-DDY(x+(j-DDX(x—(j+D)Y(x+ (j+1Di)
Z(x =G+ DWW + (G +DDZ(x = (j + DWW (x + (j + 3)i).

So we have X ~Aj_1,Y~Aj_1,Z~Bj+1,W~E.

7 (x) = AJ._1 (x — ji)Aj_1 (x+ ji)Bj+1 (x—(j+ 2)i)Bj+1 (x+(j+2)).
AL AL
B, (x) B,,(x)
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5(x) = { BLE }
27 | x—1E x+IE

B J sinh ¢ B J sinh ¢ Q _
A,(x) = exp( Z o 2nQ lgj exp( T cot i (x— zg)j B,(x)=1.

l

A, (x) _ Ay (x) = A, (x), Ay (x) _ A, (x) _ A(; (x).
B, (x) B,(x) B, (x) B (x)

1=Iim1+772j”(x+(2j+l)i) lim AL (x)A o (x+ (4 +2)i)
e Dy (X Q2j+DD e A(x)Ao(x+ (4 + 2)i)

sz+1(x)sz+l(x+(4j+2)z). B, (x=20)B,,, (x+(4j+4))
B, . (x)B,;(x+(4j+2)i) B, ,(x=20)B,,,(x+(4j+4)i)

38



Al(x)  Ai0)

= = =.
A(x)  Alo(ioo)

Aj—l(x - ji)Aj—l(x+ ji)BjH(x —(J+2)i)B
= A (x— ji)A,(x+ ji)B,(x—(j+2)D)B,(x+(j+2)i).

(x+(j+2))+1

j+1

1
A (x—D) A, (x+1)

B (x—i)B,(x+i)B,(x=3i)B,(x+3i) = + B, (x—30)B, (x+3i).

lim B, (x—i)B, (x+i)B,(x—3i)B,(x+3i) = (2cosh h/ T)?,

X—>[0

These are sufficient to determine functions!!
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u(x) = B, (x —2i)B, (x + 2i).

1 N B,(x—3i)B,(x+3i)
Ao(x—i)g(x+i)u(x—i) u(x—i) .

u(x+i)=

u(x)=2cosh[hj+ E > i + OZO: > )
r j=1n (x—2nQ - 21)J j=1n (x—2nQ - 21)J

j—1

C:§ (x—i)"” dx :§> Y dy
YA (=DA (x+Du(x—i) 2P 7 A (DA, (y+2D)u(y) 27§
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27 sinh ¢ : 27t] sinh ¢ :
i§ Z eXp|: To al(y+l):| j-l § Z p|: To al(y+l):| I dy
= - (x—2n0 —2i)’ u(y) 272'1 x—y—2nQ-2i u(y) 2zwi
(.. _ 27 sinh ¢ — 1 dy
= § 5 cot 5 (x—y-—2i)exp| 7o a (y+i)] () 27

27t] sinh ¢
Ty

1+7,(x) =exp( al(x)ju(x+i)u(x—i).

o

f=-T j s(O[In u(x+i)+1In u(x—i)|dx = =T In u(0).
-0

Ising limit

l—exp(—J_/T)

u(0)=2cosh(h/T)+ 2(0)
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Dol

®:91

92 Q [T
./

o —2i ® 9

_ P69 ot iv— v ilexp 2% sinh @ :
u(x)—ZCosh(T)+£2(cot2[x y —2ilexpl - a (y+i)]
, 27tJ sinh , 1 d
+cotg[x—y+21]exp[— To ¢ a (y—i)]) u(y) 2;]1.,

f =-TInu(0). New integral equation



TABLE L. Series coefficients a,, for the high-temperature expansion of the specific heat C =}, %+ (5" at h = 0.

n € n £y
0 1] 26 4844550 1446537668 348 TTA54 2040821 Te00
| 0 27 — 13920904364 128009967 17230588 0753560964352
2 [ 28 — 1659222341 3TT 72367445 4803065936371 187712
3 —36 20 538276048012 1007374502067 324006 1454581760
4 —360 30 SO9051 7062061447 184851 B0B042027438864 71 1680
5 7200 31 —3BE446H33192T25659097381 74047760491 4715705 3440
f 15120 32 — 1102865852537 8274359 38440738 96620 1065470654 6048
7 — 1848672 33 2255854 1098065691 203806 700287553087 14386 167693312
b 11426688 3 —1 BETET025 8062208 0070078 TO348236 3003425701 20706 3040
9 504846720 35 — 1172 157008703 773470 1 3568604808064 7 3600272 542720163840
10 — 11558004480 36 SIT1830386424A0386328R 5976972839651 BEO3 185382 125404160
11 — 199812856320 37 52348T4925201096799394 B4 8066040907 | 23002008 56902951 590104
12 10106191 1E0E00 38 —338236523 738230989 2507405473487 74103507 56720011 39589167104
13 19376365252608 30 —1502810215892196198601592842009265 140804095 5107276364175114240
14 —O2ROTO5 522775040 40 444826784T5307301762058213932359681 737961 B00R5 2665438 1 28046080
15 121944211 136778240 41 —oT0TTR3007 12303270022 753418787 2671936481 3437445006218 12675706880
16 BTOITEI3901 16945920 42 —3233111851 2625353033491 11 4259209 26404097 I 8R4 2003 7 40954093 62387 1 569492
17 —31040212495 7945054304 43 19271301 50006T6137361086731 93534535461 1 Ta5664T7T00050272508625686364 16
18 —T7225535925744106143744 44 19637970731 02024 140530884 38820161001 TES 742320747064 261 344707484 8440320
19 A43407 1973638 13620776960 45 —261757449501391 35833491 54080521 46760406 200 100707240678 06340201 73522022400
20 061474835425403 1421 4400 46 —6T15036186134671 52247592 69201 5062732883 66804200 7658502 0863040920574051 8400
21 —12791215138 295381 79364945920 47 28976405097808 3568848406921 65819364 1 28TORRTO02 144 1537682508044 30207575354368
22 796206986 1743501 862336200704 48 —6TREA5 8384244 8252705 720409338 05890162 345435090502089 24354562 581 666305568407 5520
23 23085186271 1306601342750 883302 49 —2TE30667 3545453405 10646 20732226 TE30934 34 4040761 7219100 50875215 630001 27T 0666321 9200
24 —12083472553933584 8980192 847462400 S0 21303335680T00632336TESR00T450042670T0485855353582804 T44 838653520480 1 554357903 3600
25 —349387700006441591 1285457 158144000 51 216E2TRTORSTASITAUS0065038T5344 3801433001725 12050421924 289444 24 T564 74567024803 1 74400




Derivation from QTM

Takahashi, Shiroishi and Klumper,
Equivalence of TBA and QTM

J. Phys. A: Math. Gen 34 L187-194,
Cond mat/0102027
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Quantum transfer matrix and fusion hierarchy models

T

N
Z Z I I A(O-21+] J 7 2+ j+1, ]’0-21+] ]+lo-21+]+1 j+1, )

{o} j=1 i=1
(a 0 0 O]
A(o,0,;0/0,)= 0 e b0
1~ 2> | O b c O
00 0 a

Z=TrT", T(O-po-z,.., O-ZM;O-I,’O-;,..,O-;M)
= A(0,0,; O-;M O-;)A(O-s Oy, O-;O-; ). A(O 1Oy O-;M—Z O-;M—l ).

JA

a = exp(— M ), b= exp(_—h),

) sinh(

2MT

, JA
b =exp(—=), c=exp(———— —
Xp(MT) ¢ = exp( 2MT) (ZMT)
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Consider an inhomogeneous six-vertex model with the
following column dependent Boltzman weights:

T = Tl’Rl(O'LO'l,)RQ(Uz,G;)---RL(O-L,GL)’

R(++)—alo R+——OO
S0 oy ) 3 )_c,o’

0 ¢ b, 0
Rl(_+):(0 Oja Rl(__)ZLO a}

a, =ph(v+v,+n)

b, = p,oh(v+v, —n)

b/ =p,ohlv+v, —n)

¢, =ph(2n), 1=1,..., L
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PY=> f(r.y, aY)O O O

Wave function and eigenvalue I
0)
1 "2 Yk
k

FO1Ya, ey = 2 AP [ Fisug),

Jj=1

y—1 L
F(y;u)= o’ [ [htu+v, +m) [ [hu+v,—n),
=1

[=y+1

A(P)=&(P)) h(u,; —u, —21).

j<l

ou;+1) —a)‘Lﬁ h(u, —u, +2n)
ow;-m  aah,—u,+27)
o) =] phv+v).

Qv +217)
Qv)

T, =" p(v-n) +@" p(v+1)

o) = Thev—u)).

Q(v—2n)

b
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a,=c,=1, b,=b/=0 forevenl,

JA J
a, = exp| ———— [sinh
( 2MT) (2MT

h

b = eXx
p(MT

p, =1/h(2n),v,

bb’

|

h(vl +7)

j D, :exp(_h

JA

MT

=7 foreven/

a

P =

L=2M, =

h(vl - 77) ,

h(vl _77) }

bb’

h
ex v =0,
P (mj

( JA
= exp

jcosh(Lj for odd /.
2MT

2MT

sinh| ——

h'@n) _

jsmh(Lj for odd /.
2MT

h’(0)

sinh| ——

48



(hv+mphv+2a, -7
PO _L h2p)hQ2a,, - 27) J |

o(u . +n) M hu.—u_+2n)
J ——¢ 2h/T I1 p J m YN Bethe ansatz equation,

M
Q)= [1h(v—u,).

m=1
For a solution of Bethe ansatz equations we have an eigenvalue;

oty Q2D O(v—-2n)
T =e""o(v—-1m) o) o(v+17) o
f=-T 1\14im In T, (0).

Fusion models I

_ L e e Qv+ (j+DmOWv—(j+1Dn)
m=2¢ =2 =+ Qe+ (2= )

TLo+mT,v=-m)=p@+(+Dmee—-G+Dm+T,, 0T, v),
T,(v) = o).
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Derivation of Gaudin—Takahashi equation

h(u)=sinu, 7=i3/2. §=cosh™ || SRUAZMT))
sinh(J /2MT)

i —1 ~ JA
« ., =—tanh tanh @ tanh ,
M 2 ( ? 2MT)

¢ =¢, Ma, =iJsinh ¢/(4T).
~ ~ M

¢ ¢

s1n5(x+i)sm5(x—(1—2uM)i)

TTein® o .
Q(x)_g81n2(x X]-), (D(X) Sinh&'Sinhé(l_uM)

Uy =y 11, X, =iu; /7.
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Set of entire functions

Q(x+(j+DHO(x—(j+1)i)
O(x+Ql—j+DDO(x+ Q- j—Di)

T.(x)=) eV p(x—(j—2D)i)
t=0

Define new functions which has poles;

Tj (x) = Tj () _ sinh(¢)sinh~¢ (I—-u,,)
‘g(x+(j+1)i)sin / (x—=(j+1-2u,,)i)

sin L
2

These satisfies;

T+t x—iy=b,w+T T, .

~ ~ M

¢

sin(x+(j+2uM)i)sin¢(x—ji)
_ 2 2
b,(x)= = —
. @ . O
SIn —(x+ J1)SIn —
2( Ji) )
_ sinh(j+1)h/T
sinhh/T

(x = (J = 2uy D)

T, (tico)



Y ()= (bx ?(T)f;;l(x) =12

Y (x—-0DY, (x+1)=1+7Y,(x),

Y (x+ DY, (x—)=0+Y,  (x)N(1+7Y,, (x)),
. In Y,(x) 2h

lim = :

[ o0 [ T

In Y (x)=8*(n(1+Y, )+ In(l+7Y, )),

L(x+)T,(x—i)=b,(x)1+7Y,(x)),
InT,(x)=8*(In b, (x)+In(1+7,(x))).

In ¥,(x) =—Inb, (x) + 8 *Inb, (x) + s ¥ In(1+ ¥, (x)).

i=23,...

ji>2.
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_ ¢ 2

sin 2(x+ (j+ 2u,, )i)sin 2(x— Ji)

b.(x)= lim exp | M In = =
M — o . ¢ .. . ¢ . .
sin 2(x+ Jji ) sin 2(Jc—(]—2uM)l)

= e (_ 277 sinh ¢aj(x)], a (x)= _Psih_joK27)

cosh j¢ — cos( @x)’

oT
Then we find 11‘412}0 Y. (x)=17,(x).

In T,(x) =8 *In[(1+Y,(x)) /b, (x)]
uj(x)Eﬂldim i(x),

u, (x+iu, (x—i)=b,(x)+u,(x).

We construct equations for u;(x).

u, (x+0)=b,(x)/u,(x=1)+u,(x)/u,(x—i),
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u,(x)=2cosh h/T

+§ (cot—[x y—2ilb, (y+l)+cot£[x y+2ilb, (y_l)j 1 dy.

o/ U, (y) 27
f =—T"1n I/il (O) y
o 2
\ //
Case A<l
: PRPGEE\
h(u) = Slnh u, 77 — 15/2, 5 — COS—l(Slnh(JA/ 2 1 )J, —poi
sinh(J /2MT)
JA ?

a, = é tanh " (tan @ tanh

MT)'
0 =cos”' A, Mea, =iJsin@/(4T).
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.0 N ,
M ~ sinh —(x+i)sinh — (x—(1-2u,, )i
Q(X)ZHSinh%(x_x")’ plx) = : sin@ siné'%l—u )

T =T,(x)

~ ~ M

sin(é)sing(l—uM)

sinh

~

[4
2

(et (+ Di)sinh 7 (e = (j+1= 21 )i

¢

T+ (x—i) =b,(x)+ T, (x),

b (x) =

b, (x) = exp(—

~

¢

sinhz(x+ (1+2u,, )i)sinhz(x—i)

~ M

¢

~

sinhz(x+i)sinhz(x—(l—2uM )i)

27J sin @

~

a, (X)j, a,(x) =

T1(J_rc>o) =2coshh/T.

@sinb@/(2x)
cosh(6x) —cos@




T(x) = ZCosh( j+zz

j=1 n (.X 2np0

5 D»)

_§(x )b (x) dx :V b (y+i) dy
' T (x—i) 27 T(y) 2m

= (x— 2np0 —2i)

b(y+i) y ' d b (y+i) 1 dy
) & _fy

(x—2np,i 21)JT( X—y— 2npol—21T(y) 27

27tJ sin @
T6

1 dy
T(y) 27

27t) sin @
T

1 dy
u(y) 27~

:§5coth5(x—y—2i)exp{— al(y+z)}

u(x) = 2cosh( j+§ (Coth [x y— 2z]exp{ al(y+i)}

27t) sin @
T

+coth§[x—y+2i]exp{— al()’—l’)}

£ ==TInu0).
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[Summaryj

. Correlation functions of spin-% Heisenberg chain at the ground state
can be calculated analytically when there is no magnetic field.

. For A = 1 (XXX model), correlations are expressed in terms of In 2
and /(2k + 1).

. For general A, correlations are expressed as a polynomial of certain
one-dimensional integrals.

. We have calculated all the correlation functions

up to n = 7 for XXX model
up to n = 4 for XXZ model

. About the two-point function for XXX chain we calculated 6-th neigh-
bor and 7-th neighbor correlators using generating function method.



Conclusion

1) Thermodynamic Bethe ansatz equations are simplified to

an equation which has only one unknown function.

2) Gaudin Takahashi equations and Takahashi Suzuki equations
are redrived from quantum transfer matrix formulation.

3)IA|21 and IA|<1 cases are treated by a single integral equation.
4) This equation 1s useful for high temperature expansion.

Future Problems

1)Extention to other solvable models (XYZ chain, Hubbard
chain,...).

2)Analytic solution for XY case( A =0).
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