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The model : the asymmetric exclusion process

@ ring geometry of L sites,
o fixed number N of particles,

@ jump rates p to the right, g to

the left.
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Quantity of interest : the current Q;

‘ Q@; = #jumps of particle to the right — #jumps of particle to the left

Generating function:
<eth> o epl(s)t
t—o0
where 111(s) is the eigenvalue with largest real part of the modfied
transition matrix:
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Similar to the Hamiltonian of the asymmetric XXZ spin chain
but. ..
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Bethe equations & hydrodynamical scalings
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Hydrodynamical scalings:

L — o0 A = p+q
N/L — »p 2./pq
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Why these scalings 7

From probability theory, existence of a nice hydrodynamical limit as
p—qg=v/L:

! v X)—p)—Vvo X 2 / X 2
Lua(y/L) = sup (’YJ_/O | T + 2] dx)
g7 7v

Research of an optimal profile g(x), with an optimal velocity v
Q z(x) : real density profile g(x)
@ v : macroscopic velocity

© J: current

Q o(g) = g(1 — g) : conductivity

D. Simon (PMA, UPMC) Weakly asymmetric exclusion process June 2010, Annecy 5/ 10



Why these scalings 7

From probability theory, existence of a nice hydrodynamical limit as

p—qg=v/L:

Lpa(v/L) —

1
sup [~ — / (J+v(g()—p)-vo(g(x))?
iy (’7 0 [ 20(8(x))

g'(x)?
+ 5oy dx)

Research of an optimal profile g(x), with an optimal velocity v

g(x)
P

v > e, flat
f1(y) = p(1 = p)(v* +v)

g(x)

N

v < e, traveling wave
f1(y) = elliptic int.

Phase transition and classical integrability for the macroscopic limit
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Bethe Ansatz approach (microscopic)
T — Q approach (after change of variable z, = f(uy)):

L L
Tun(Z)Qu(Z) = ep" (z\ﬁ + 1) Qw (ﬂz> +qt (z\ﬁ + 1) Qn (Ez>
q p p q
As usual, resolvent:

N
. l 1 hydro. lim. p(u)du .
W(Z)_ng_Uk /rz_u—w(Z)

satisfying for the ground state:

(1)

_ gl vz
t(z)—cosh<2+p1/+1+z 2VZW(Z))

Not a quadratic equation in w(Z)
but use of the Riemann surface of cosh™* |
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Properties of the cut of the resolvent

t(2) = cosh®(2) 7 +conditions :
v v
®(2) = 5 +pv+ 117z wZw(Z) @ (2) holomorphic on C — {—1}
p = ZIim Zw(Z) @ ¢(Z) has the same cuts as w(Z)
— 00
0 = ~vp+2pv+2vw(-1)
Along a cut I':
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e—0,ell

and necessarily :

ANS =2irm, meZ o  AD® =2irn, nez*
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Choice of A®), phase transition

© Gaussian phase: one cut with A(F) =0
~semi-circle/Marchenko-Pastor density on I" and one recovers

~gauss

A2 (7) = p(1 = p)(¥* + ) (2)
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Choice of A®), phase transition

© Gaussian phase: one cut with A(F) =0
~semi-circle/Marchenko-Pastor density on I" and one recovers

~gauss

A2 (7) = p(1 = p)(¥* + ) (2)

@ transition : one cut with A(t) = 0 and one point with A() = 2jr

© travelling wave phase: one cut T =T Ul U3

rh: AMe =0
M AGe =2ir 15V (y) = same elliptic integrals ~ (3)
r;: Ao =0
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Bethe roots profile
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Conclusion

@ ASEP in hydro. regime (nice theory), XXZ with non-standard scaling
couplings

Open questions :
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Conclusion

@ ASEP in hydro. regime (nice theory), XXZ with non-standard scaling
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@ non-quadratic equation for the resolvent: other Riemann surfaces and
other types of cuts (piecewise structure)

© relation with classical hydrodynamical integrable theory

Open questions :

@ relation between Bethe root density on the cut and the real traveling
wave profile (spatial correlations?)

@ other models/generality ?

© finite size effects at the transition 7
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