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Main ideas

Integrability in N = 4 SYM appears in form of Bethe Ansatz equa-

tions: anomalous dimensions are computable in terms of Bethe roots.

In general, instead of dealing with Bethe Ansatz equations, one can

deal with nonlinear integral equations (NLIEs). A sector of N = 4 SYM

in which NLIEs are useful is the sl(2) sector.

At first glance, there are complications:

- There are s real Bethe roots: OK

- Bethe roots localise on a finite interval [−b, b]: potential problem

- There are L holes: two outside [−b, b], L − 2 in [−b, b]; L can be

arbitrary large: potential problem

However, a modification of the traditional NLIE technique allows to

comply with these points, at least in the high spin limit.

We will show how to:

- Write a NLIE for Bethe roots in a finite interval

- Properly take into account nonlinear terms arising from a large num-

ber of ’internal holes’

2



Non-linear integral equations in the sl(2) sector

Bethe Ansatz equations [Beisert-Staudacher NPB 727]:(
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We define the counting function:
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By definition Z(uk) = π(2Nk + 1); there are also L ’extra’ solutions

(holes) Z(uh) = π(2Mh + 1− L). Using the Cauchy theorem [Destri-De

Vega NPB 438; Fioravanti,Mariottini,Quattrini,Ravanini PLB 390]:
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Since Z ′(v) < 0, for ε ’small’:
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In this formula all the |eiZ(z)| < 1: this means that the ln can be replaced

by their series expansions. We integrate term by term using∫ v
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in the hypothesis of convergence. We end up with
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This procedure is effective if we have under control Z and f at the

extremes ±b. This is true in sl(2) sector at high spin s.

Coming back to:

Z(u) = Φ(u)−
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When s→∞, b = s
2

(
1 +O

(1
s

))
,

dn

dvn
φ(u, v)

∣∣∣∣
±b

= O

(
1

bn+1

)
,

dn

dvn
Z(v)

∣∣∣∣
±b

= O

(
1

bn

)
.
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Analogously for the anomalous dimension
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Working out the equation for

σ(u) = Z ′(u) ,

it is convenient to:

- pass to Fourier transform

- separate one loop (σ0(u)) from higher loops (σH(u)) contributions

- define the auxiliary density

S(k) =
sinh |k|2
π|k|

{
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|k|
2
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.

When the spin s is large, S(k) satisfies the equation
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√
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where K̂∗(t, t′) = K̂(t, t′)− K̂(t, 0),

K̂(t, t′) =
2
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[ ∞∑
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∞∑
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∞∑
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]
.

Anomalous dimension γ(g, s, L) is extracted from S(k) [Kotikov,Lipatov,

NPB 769]:

γ(g, s, L) = 2 lim
k→0

S(k) .
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Example: Minimal anomalous dimension state (Mh = h) in the limit

s→∞ , L→∞ , j =
L− 2

ln s
fixed . (3)

In this limit

S(k) =
∞∑

r=−1

(ln s)−r
∞∑
n=0

S(r,n)(k)jn +O
(
(ln s)−∞

)
and, correspondingly, the anomalous dimension:
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∞∑
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∞∑
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∞∑
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f (r)
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)
.

The equation for S(k) splits into equations for S(r,n)(k): e.g. for r+n ≥ 1:
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Now we have an infinite number of ’internal holes’ filling the interval

[−c, c]:

Z(c) =
1

2

∫ c

−c
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However, the sum over the ’internal holes’ is evaluated at the desired

order using (1), (2):
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6
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−
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.
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And, since in the limit (3) the separator c expands as

c =
∞∑
r=0

(ln s)−r
∞∑
n=1

c(r,n)jn ,

one finally gets expressions for the various f
(r)
n (g). For instance
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[σ(−1,0)]2
,

f4(g)√
2g

= −2

3
π3 S̃

(1)
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;

f
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3
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(1)
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f
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4 (g)√

2g
= 2π3σ
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where σ(r,n) appear in the expansion of the density σ(u) in u = 0:
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∞∑

r=−1

∞∑
n=0

σ(r,n) (ln s)−rjn ,

and S̃
(k)
p are solutions of the systems

S̃
(k)
2p (g) = 2p
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0
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√
2gh)

sinh h
2

− 4p
∞∑
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Z2p,m(g)(−1)mS̃(k)
m (g) ,
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(k)
2p−1(g) = (2p− 1)

∫ +∞

0

dh

2π
h2k−1J2p−1(

√
2gh)

sinh h
2

− 2(2p− 1)
∞∑
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where

Zn,m(g) =

∫ +∞

0

dt

t

Jn(
√

2gt)Jm(
√
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et − 1
.

- S(r,n) depend on S(r′,n′), with r′ ≤ r, n′ ≤ n− 1: this allows iterative

solution.

- Weak and strong coupling expansions of f
(r)
n (g) are explicitly com-

puted.
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