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1 Introduction

(Z/nZ)-symmetric model: n-state version of the eight-vertex model.
R =0 unless i +j = k + 1 (mod n) i.e., n>-vertex model. (8V for n = 2)
R}ii’;{ig = R}?l i.e., n? different weights. (a, b, ¢, d for n = 2)
Difficulty of elliptic vertex models
The difficulty results from the violation of spin sum conservation.

On correlation functions

e Lashkevich-Pugai’s construction for 8V model.
e Kojima-Konno-Weston’s construction for higher spin analogue of 8V model.

e Quano’s construction for higher rank version of 8V model.

On form factors

e Lashkevich’s construction for 8V model.

e Quano’s construction for higher rank version of 8V model. (present talk)



2 Basic definitions

2.1 Vertex-face correspondence between Belavin’s vertex model and dual face model

Let V =C" = (ggy+++ y€n_1)c- Then the R-matrix R(v) actson V Q V.
The dual face model: Afllll—model. Let

n—1 p—1 1 71
' =P Cwp  wui=) & Eu=eu——) e (2.1)
§=0 v=0 =0

Then (a,b) € h*? is called admissible if b = a + 3&,,.
c d

b a
vanishes unless (a, b), (a,d), (b,c) and (d, c) are admissible.

Intertwining vectors from regime III of A,lell-model to the principal regime
of (Z/nZ)-symmetric model:

R(v12)te(v1) @ t5(va) = Y tp(v1) @ th(v2) W [
b

C d
’02% = Z Vo < -
a b b
(%1

For (a,b,c,d) € h**, the Boltzmann weight W [

v] of the Aq(llll-model

c d
b a

v12] . (2.2)

- Fig 1. Vertex-face correspondence.




Dual intertwining vectors:

n—1 n—1
S b ()0 = S S () () = L 23)
pn=0 ) v=0
n-1q. @ !
Z Ho = 52’,”, Z a fﬁ a = 55'. Fig 2. Dual intertwining vectors.
n=0 a ; a/ a’ v
v
t*(v1)? ® t*(v2)fR(v1z) = Y W [ . v12] t*(v1)% ® t*(v2)“ (2.4)
d
C c. ,_d
’01«% = Z vl«u%f»— Fig 3. Dual vertex-face correspondence.
b~——a d b—a
V2 V2

For fixed r > 1, let

— % b . px b y | C d _ cd
S(0) = =Rty @)= @l Wy 0 = =W | 50|
Then we have
%k %k a d k a LS
t, (’Ul)lc) ® t, (’Uz)bS(’Ulz) = Z W, [ ;): a ’012] t, (vl)d ® t, ('UZ)Z' (25)
d
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3 Vertex operator algebra

3.1 Vertex operators for (Z/nZ)-symmetric model

Introduce the type I vertex operator by the half-infinte transfer matrix

Pl (v; — 1) = v (3.1)
B

Vg2 V2 V2 V2
Op (3.1) is an intertwiner from H® to H*Y, and satisfies

B (v1) B (v2) = Y R(v1 — v2)"), @ (v2) " (vy). (3.2)

! 4,/
%

Type II vertex operators:

‘I’z(vz)‘I’Z(’Uﬂ = Z ‘I’Z/(Ul)‘I’;f(Uz)S(Ul — ’02)%,'/, (3.3)
w! v
P (v1) ¥y (v2) = x(v1 — v2) ¥ (v2) PH(v1), (3.4)
where z = 22’ and
a1 (—QZZ; wZn)oo(_wZn—lz—l; wZn)oo
X(’U) = Z n

(—a:z—l; w2n)oo(_w2n—lz; wzn)oo'
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3.2 Vertex operatos for the A( ) ;-model

Introduce the type I vertex operator by the half-infinte transfer matrix

a—|—§w l l
— | | |
St (o —va) = vy ||

| | |
a

V2 ’02 V2

1 :
Op (3.5) is an intertwiner from ’H ) to ’Hl( ,j +;ﬂ, and satisfies

B = S W | o

’012] B (v2) 3@ (v1)5-

Bosonization of ®(v2)? was given by Asai-Jimbo-Miwa-Pugai.
The type II vertex operators:

B (02) £ 0 (0y) Z\IJ*(U )Ew* ()8 W [ -y

MWW%%=wmwmﬁmw

Bosonization of \I!*(v)gl was given by Furutsu-Kojima-Quano.

012] ’

(3.5)

(3.6)

(3.7)

(3.8)



3.3 Tail operators and commutation relations

The intertwining operators between H () and ’Hl(f,l (k =1+ w; (mod Q)):

T(u)é®0 = H tﬂj(_u)g;_i_l cHO Hl(”?z:’
oy (3.9)
T(u)an — Ht (—u )aJ+1 H(Z) — H(i),

which satisfy
(2) 2r 2r
i p a TT5X™ )oo
PV = 3 T(ae K T(w)™, b= (( s

2r—2. p21r—2
k=l+w; € » &L )00
(mod @)

(n—1)(n—2)/2
) G, (3.10)

where
) nH® 2 n
p =22 Y ) — G2 Bl (k= a+ p,0 = £+ p).
Tail operator A is defined by

AW)EY = T(u) T (u)eq : HY) — Hops (3.11)
where k =a+p,l =€+ p, k' =a'+ p,and I’ = ¢ + p. Let
n—1
a6 a?l *—_ * (0 ajpp( Cl,6
L [ “ a u] = Z%t“( u)gith(—u) . (3.12)
Ij,:
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Then we have

ag a;  ay ay & e fws o
E’a a a
Aw):® =T[L 1 || =
()¢ oo = H [a] o ] ( ( ( ( (
do_iu a, as as; £ co€twy ERwy €

Fig 4. Tail op A(u)gls(i’. The upper/lower half stands for T'(u)¢ % /T ()¢ q,-

From the intertwining relations we have
d

A(w)§E®(v)? -
Wi =21 b

Consider the algebra

u— 'v] ®(v)A (u)fd. (3.13)

T (o)A ()ES =D L [§ § u —v] AEST (),  (3.14)
& b Sa
where v/ = u + Au, and
£C Sd €c sd
[sb £ ] L [sb £ ] o (315

We should find a free field representation of A(u)gg, and fix the constant Au
that solve (3.13) and (3.14).



4 Free filed realization

4.1 Bosons

Let B! (1 < j < n—1,m € Z\{0}) be the bosons introduced by Feigin-
Frenkel and Awata-Kubo-Odake-Shiraishi, and let P,, Qs (o, 8 € h*) be the
zero-modes. They satisfy appropriate commutation relations.

Bosonic Fock spaces F; generated by B’ _(m > 0) over the vacuum |, k):

—1
k) = exp (VI(Bi1Qk + B:Q0)) 10,0),  Br=—/——, Ba=/——.
T r—1

4.2 Type I vertex operators

Free field rep. of the type I vertex operator for 0 < u<n —1

124 d . pn—1 n—1
Bulwn) = § 1P &zjvwl(vo>v_al<vl>---U-aﬂ(vu>jr:[(]f<vj+1—vj,Km [T,

JF#p
(4.1)

satisfies (3.6). Here U,, and U_., are some basic operators, z; = x2vi,

ot _w _
Fosw) = U0 Kulm, = (e, — €0, k), and C : @lzjoa] < |zl < @7zjl.



In our previous work, we obtained the free field rep. of A(u)gzl satisfying
(3.13) for & = € and p < v:

v dz: v—1
fa— _
Au)ga = GK]{ 11 L U_a, (pg1) - - U, (0) | [ 01 — vj, Kjp) G
277\/_ z; -
j=p+ J=n
(4.2)
where G = H [K .-
ou<rn—1
4.3 Type 1I vertex operators
1 : : :
Via;(v) = e PO oxp | = 37 (A7, — AT (@) |
m=#0 m
(4.3)
J
Vw.(v) — 652(\/—_1ij—|-ij log z) . exp Z i Z :B(j_2k+1)mAk 5 —m : (4'4)
J m m
m#0 k=1
where ]
M|, .
Al = (—1)™ B . (4.5)

[(r —1)m],
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Free field rep. of the type II vertex operator for 0 < p, n—1

i —de

Pi(vo) = ]{ H V_a,(vu) «++ Vog, (v1) Vi, (v0) H ff(vj —vjt1,1 =L
H C’ i=1 271'\/ —1Zj # =0
(4.6)
1 /
satisfies (3.7) and (3.8). Here f*(v,w) = %, L7, = (eu — €vs1), and

C’ for z;-integration encircles the poles at z; = 172Nz, | (k € Z-,), but
not the poles at z; = '~ 2¢(—Vz. | (k € Z>).
We also introduce another type of basic operators:

() (1Y 1 | .
W—aj(’U) — e Bo(vV=1Qa;+Pa, log(—1) ):exp _ Z E(O?Jn_ogr;l—l)(m]z) m | .

m=#0
(4.7)
where Gy = ﬁ, (—1)" implies exp(w+/—17) and
O} = B’ . (4.8)
[(r = 1)m],
Note that
W (045 = 55) Vi, (v) = 0= Voo, (0)W_q, (v — 5 — ¥5I7) (19)

W_a, (v + 35— ‘/__17T> V. (v)

2¢ J

0= Vi, (0)Woq, (v— 5 —¥51) . (410)
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4.4 Free field realization of tail operators

Consider (3.14) for (&,,&4,&c) = (£,€, €+ &,—1), and (a,a’) — (an_2,ap_1) =
(CL + é_:71,—29 a + 6_7n—1):

n—1
T (o) T Aw)gan Ty = YL [ PN v] A e (o)
p=0 H
(4.11)
This equation can be rewritten as follows:
3*2<v>,§+€”—1A<u>§Zz:,; - A(u)éiZ-z:i%z:;w*<v>§+€"-l
_ Z [u — v+ f,un—l] H [én—lj + 1] A(v)€+€:'n,—1 a"—lq;*(v)€+§“. (4-12)
p=0 [u" — o) J#m i + 1) “Eutn-2 ¢

Since the tail operators on LHS of (4.12) are diagonal components with re-
spect to the ground state sectors, we have

LHS of (4.12) = G 7{ dz 7{ ﬁ —dz
() . =
* o 2ny/=12 Jor 15 2w /=12
X [V_an—l (vn—1)7 U_an—l (’U’)]V_an_2 (v’n—2) Tt V—a1 (’Ul)le (’U) (4-13)

n—2
X f(v'—u, Ky 2n-1) H f*(vj —vj11,1 — Ljn_1) Gy,
j=0
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2% and z’ = %Y. By using the commutation relation

(22) ~0(5)

(x7 ! —x)zz’

where Zj =

[Voa;(v), U—q, (v')] =

Voo, (V)U_q, (V') 1, (4.14)

the integral for z, ;1 of (4.13) can be evaluated by the residues at z,_; =
x*12’. Then the result is

n n—2
— _ ( 1) 7{ j’{ dz’ ]{ T dz;
Fetp,aten_otp wrc) 27N/ —12" Jor Ge1 27/ —1z;

X F(0)W_a, (V) Vo y(vn2) -+ Voay (v1) Vi (0) [ | £7(vj — vjs1, 1 = €01) G

(4.15)

where

[vn—Z - 'U, + % - 71'\2/6_ én 2n— 1] [’UI —Uu — 'r—é—l — Qp—2 n—l]

[’Un—z—v"F%—T]' [V —u — "]

F(v') = (4.16)
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The z’-integral of (4.15) can be evaluated by the residues at 2z’ = —x"z, o,
x~"t1+2u The former residue vanishes because of (4.9). Thus, we have

(115) = ¢ ,H S W (1= 5 Ve (0 ) - Vg ()

[an—Zn—l] Ga—l—é -1

X Vw (’U) f*(v'—’l]‘+1 1_€'n—1) = .

1 ;;1;[0 T ! (! — ) (@ 2%")3 Gate, ,
(4.17)

On (4.17), we should read as v,,_; = u + 7“/_.

Equating (4.17) and the RHS of (4.12), we find Au = —2% + 7“2/6__1, and
the free filed representation of the tail operator

renraténs (1) Hlan_2p-1] [En—1p+ 1] .
A(U)€+€‘ua+§n—2 o (w—l _ w)(wZT;w2r)3 [1]/ G GSZ

<4, H gz, W (4= ) Ve an2) - Ve ) (119

H (v — ”j+1aLuj)GI_{1G;:°

J=p+1

We omit detail but we can construct free field reps of any A(v)g;a,.
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5 Form factors

Form factors of (Z/nZ)-symmetric model are defined as matrix elements of
some local operators. Consider the local operator

o=, ... (5.1)

A BN

where El(th, is the matrix unit on the j-th site. The free field representation
]

of O is given by

O = <I>I*“(u1) coe CPZN(uN)CP"N(uN) c o s PP (uy). (5.2)
The corresponding form factors with m ‘charged’ particles are given by
. 1 a g
Fr(rf)(o; Uiy 7vm)V1“'Vm — WTI.H(Z') (‘I’; (vl) te \I’;im(’vm)(’)p(z)) ’ (5'?))
where

(mZn; m277,)00

(225 22) 00
and m = 0 (mod n). Note that the local operator (5.1) commute with the
type II vertex operators because of (5.2) and (3.4).

(5.4)

XY = Trym p") =
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By using (3.10), we can rewrite (5.3) as follows:
FO>O5v1,+ 3 Um)ugewm

1 ’ 1 V1) ¢ ’ 1 V=T ém
— x(’) Z t'* (vl—u—i—” — ™ )51...tum(vm—u—l—"2 — T >£m_1

X Z Z tr, (ur —w)g -+ (un — wGNHN (uy — )N -t (un — )

k=l+w; al anN
(mod Q) al afv

* Em— * a * an _ a Cl,
X TFH(z (‘I’ (v1)E, - T (V) 7 @* ()8 -+ B (un) 2N 'R (un) e B(u)

(2)
X A(u )Emalpl k)

by

(5.5)
where £k = a + p, Il = £ + p. The expression (5.5) implies that the form
factors of (Z/nZ)-symmetric model can be expressed in terms of the type I
and the type II vertex operators of Aq(zlll—model with an insertion of a non-
local operator A. Free filed representations of the tail operators A’s have been
constructed in the present talk, besides all other operators ®’s, *’s and ¥*’s
on (5.5) were given by Asai-Jimbo-Miwa-Pugai, and Furutsu-Kojima-Quano,
respectively. Integral formulae can be therefore obtained for form factors of
Belavin’s (Z/nZ)-symmetric model, in principle.
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