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Nested Bethe ansatz for quantum
glN-symmetric models
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NBA for quantum glN-symmetric models

P.Kulish, N.Reshetikhin J.Phys. A: Math. Gen. 16 (1983) L591

N × N monodromy matrix T (z)

Yang-Baxter relation for the monodromy matrix

R(z ,w) · (T (z)⊗ 1) · (1⊗T (w)) = (1⊗T (w)) · (T (z)⊗ 1) ·R(z ,w)

Quantum integrals of motion: T (z) = tr T (z) and higher integrals

The problem is to find Ψ in terms of matrix elements of T (z) such
that T (z) ·Ψ = τ(z) ·Ψ
Existing reference state Ω such that Tij(u)Ω = 0 for i > j

NBA is an implicit procedure which relates the eigenvalue problem of
the glN model with analogous problem for glN−1 model

Two types of embedding T (N−1)(z) ↪→ T (N)(z) (i , j = 1, . . . ,N − 1)

T
(N−1)
ij (z) = T

(N)
ij (z) or T

(N−1)
ij (z) = T

(N)
i+1,j+1(z)
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R-matrix formulation of the QAA Uq(ĝlN)

R-matrix for Uq(ĝlN)

R(u, v) =
∑

1≤i≤N

Eii ⊗ Eii+

+
u − v

qu − q−1v

∑
1≤i<j≤N

(Eii ⊗ Ejj + Ejj ⊗ Eii )

+
q − q−1

qu − q−1v

∑
1≤i<j≤N

(uEij ⊗ Eji + vEji ⊗ Eij)

R12(u1, u2)R13(u1, u3)R23(u2, u3) = R23(u2, u3)R13(u1, u3)R12(u1, u2)
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L-operator formulation of Uq(ĝlN)

Reshetikhin, N., Semenov-Tian-Shansky, M. Lett. Math. Phys. 19 (1990) 133

L-operators

L±(z) =
∑∞

k=0

∑N
i,j=1Eij ⊗ L±ij [±k]z∓k

L+
ji [0] = L−ij [0] = 0, 1 ≤ i < j ≤ N, L+

kk [0]L−kk [0] = 1, 1 ≤ k ≤ N

Commutation relations (c = 0, µ, ν = ±)

R(u, v) · (Lµ(u)⊗ 1) · (1⊗ Lν(v)) = (1⊗ Lν(v)) · (Lµ(u)⊗ 1) · R(u, v)

Borel subalgebras and coalgebraic structure

L±[n] ∈ Uq(b±) ⊂ Uq(ĝlN) , ∆
(
L±ij (u)

)
=
∑N

k=1 L±kj(u)⊗ L±ik (u)
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Tarasov-Varchenko construction
of the Universal Bethe vectors
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Tarasov-Varchenko construction of the off-shell UBV

Tarasov, V., Varchenko, A. Algebra and Analysis 2 (1995) no.2, 275

T(ū) = L(1)(u1) · · ·L(M)(uM) ·
←−∏

1≤i<j≤M

R(ji)(uj , ui ) ∈
(
End(CN)

)⊗M ⊗ Uq(b+)

Off-Shell UBV

BV (t̄[n̄]) =
∏

1≤a<b≤N−1

∏
1≤j≤nb

∏
1≤i≤na

qtb
j − q−1ta

i

tb
j − ta

i

× trC⊗M

(
T(t1

1 , . . . , t
1
n1

; . . . ; tN−1
1 , . . . , tN−1

nN−1
) E⊗n1

21 ⊗ · · · ⊗ E⊗nN−1

N,N−1

)
v

ū → t̄[n̄] =
{

t1
1 , . . . , t

1
n1

; t2
1 , . . . , t

2
n2

; . . . . . . ; tN−1
1 , . . . , tN−1

nN−1

}
, M =

∑
knk

L+
ij (t)v = 0, i > j , L+

kk(t)v = Λk(t)v
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Examples

V = Uq(b+)v , L+
ij (t)v = 0, i > j , L+

kk(t)v = Λk(t)v

N = 2
BV (t̄[n̄]) = L+

12(t1
1 )L+

12(t1
2 ) · · ·L+

12(t1
n1

) · v

N = 3, n1 = n2 = 1

BV (t̄[n̄]) =

(
L+

23(t2
1 )L+

12(t1
1 ) +

(q − q−1)t1
1

t2
1 − t1

1

L+
13(t2

1 )L+
22(t1

1 )

)
· v

=

(
L+

12(t1
1 )L+

23(t2
1 ) +

(q−1 − q)t2
1

t1
1 − t2

1

L+
13(t1

1 )L+
22(t2

1 )

)
· v
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Futher development

Although TV construction resolve the hierarchical relations of the
NBA, it gives the expressions for the UBV in the implicit form

Calculation of the traces in definition of the off-shell UBV BV (t̄[n̄]) is
a complicated problem

In [Tarasov, V., Varchenko, A. math.QA/0702277] it was solved only
on the level of the evaluation representations

These formulas can be hardly used for the calculation of the scalar
products of the UBV, where dual UBV CV (τ̄[n̄]) are defined similarly

S. Pakuliak (LTP, JINR) Universal BA and Scalar Products of BV June 14, 2010 10 / 42



Universal Bethe vectors
in terms of the currents
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Uq(ĝlN) in the current (‘new’) realization

Drinveld, V. Soviet Math. Dokl. 36 (1988), 212–216

Ding, J., Frenkel, I.B. Comm. Math. Phys. 156 (1993), 277–300

L±a,b(t) = F±b,a(t)k+
b (t) +

∑
b<m≤N

F±m,a(t)k+
m(t)E±b,m(t) a < b

L±b,b(t) = k±b (t) +
∑

b<m≤N

F±m,b(t)k±m(t)E±b,m(t)

L±a,b(t) = k±a (t)E±b,a(t) +
∑

a<m≤N

F±m,a(t)k±m(t)E±b,m(t) a > b

L±a,a[0] = k±a [0] k+
a [0] k−a [0] = 1

F±b,a(t) =
∑
n≥0
n<0

F±b,a[n]t−n E±a,b(t) =
∑
n>0
n≤0

E±a,b[n]t−n
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Two isomorphic current realizations of Uq(ĝlN)

Oskin, A., Pakuliak, S., Silantyev, A. St. Petersburg Math. J. 21 (2010), 651–680

L±a,b(t) = F̂±b,a(t)k̂+
a (t) +

∑
1≤m<a

F̂±b,m(t)k̂+
m(t)Ê±m,a(t) a < b

L±a,a(t) = k̂±a (t) +
∑

1≤m<a

F̂±a,m(t)k̂±m(t)Ê±m,a(t)

L±a,b(t) = k̂±b (t)Ê±b,a(t) +
∑

1≤m<b

F̂±b,m(t)k̂±m(t)Ê±m,i (t) a > b

These two different Gauss decompositions leads to different isomorphic current
realizations of Uq(ĝlN) and correspond to two different embedding

Uq(ĝlN−1) ↪→ Uq(ĝlN)
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Current realization of Uq(ĝlN) [DF]

Fi (t) = F+
i+1,i (t)− F−i+1,i (t) Ei (t) = E+

i ,i+1(t)− E−i ,i+1(t)

Commutation relations

· · · · · ·

(qz − q−1w)Fi (z)Fi (w) = Fi (w)Fi (z)(q−1z − qw)

(q−1z − qw)Fi (z)Fi+1(w) = Fi+1(w)Fi (z)(z − w)

k±i (z)Fi (w)
(
k±i (z)

)−1
=

q−1z − qw

z − w
Fi (w)

k±i+1(z)Fi (w)
(
k±i+1(z)

)−1
=

qz − q−1w

z − w
Fi (w)

[Ei (z),Fj(w)] = (q − q−1)δi,jδ(z/w)(k+
i (z)/k+

i+1(z)− k−i (w)/k−i+1(w))

· · · · · ·

Serre relations
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Current realization of Uq(ĝlN) as quantum double

Current Borel subalgebras

UF = {Fi [n],k+
j [m]; n ∈ Z, m ≥ 0} ⊂ Uq(ĝlN)

UE = {Ei [n],k−j [m]; n ∈ Z, m ≥ 0} ⊂ Uq(ĝlN)

Drinfeld coproduct

∆(D)Fi (z) = 1⊗ Fi (z) + Fi (z)⊗ k+
i (z)k+

i+1(z)−1

∆(D)k±i (z) = k±i (z)⊗ k±i (z)

∆(D)Ei (z) = Ei (z)⊗ 1 + k−i (z)k−i+1(z)−1 ⊗ Ei (z)
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Intersections of the different type Borel subalgebras

Intersections

U−f = UF ∩ Uq(b−) U+
F = UF ∩ Uq(b+)

U−E = UE ∩ Uq(b−) U+
e = UE ∩ Uq(b+)

Coideal properties

∆(D)(U+
F ) ⊂ UF ⊗ U+

F ∆(D)(U−f ) ⊂ U−f ⊗ UF

∆(D)(U+
e ) ⊂ UE ⊗ U+

e ∆(D)(U−E ) ⊂ U−E ⊗ UE

Isomorphisms of vector spaces

m : U−f ⊗ U+
F → UF m : U+

e ⊗ U−E → UE
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Method of projections

Projections

P+ : UF → U+
F P− : UF → U−f

P+(f− · f+) = ε(f−) f+ P−(f− · f+) = f− ε(f+)

f− ∈ U−f f+ ∈ U+
F

P+∗ : UE → U+
e P−∗ : UE → U−E

P−∗(e+ · e−) = ε(e+) e− P+∗(e+ · e−) = e+ ε(e−)

e− ∈ U−E e+ ∈ U+
e

Enriquez, B., Rubtsov, V. Israel J. Math 112 (1999) 61–108

Enriquez, B., Khoroshkin, S., Pakuliak, S. Comm. Math. Phys. 276 (2007)
691–725
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Let UF be an extension of the algebra UF formed by infinite sums of
monomials which are ordered products ai1 [n1] · · · aik [nk ] with
n1 ≤ · · · ≤ nk , where ail [nl ] is either Fil [nl ] or k+

il
[nl ]

Let UE be an extension of the algebra UE formed by infinite sums of
monomials which are ordered products ai1 [n1] · · · aik [nk ] with
n1 ≥ · · · ≥ nk , where ail [nl ] is either Eil [nl ] or k−il [nl ]

the action of the projections P± can be extended to the algebra UF

for any f ∈ UF with ∆(D)(f ) =
∑

i f ′i ⊗ f ′′i : f =
∑

i P−(f ′′i ) · P+(f ′i )

the action of the projections P±∗ can be extended to the algebra UE

for any e ∈ UE with ∆(D)(e) =
∑

i e ′i ⊗ e ′′i : e =
∑

i P+∗(e ′i ) ·P−∗(e ′′i )

Extension of Ding-Frenkel isomorphism

P+ (Fi (t)Fi+1(t) · · ·Fj−2(t)Fj−1(t)) = F+
j ,i (t)

P+∗ (Ej−1(t)Ej−2(t) · · ·Ei+1(t)Ei (t)) = E+
i ,j(t)
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Universal Bethe Vectors and Projection Method

W(t̄[n̄]) = P+
(

FN−1(tN−1
nN−1

) · · ·FN−1(tN−1
1 ) · · · F1(t1

n1
) · · ·F1(t1

1 )
)

W ′(τ̄[m̄]) = P+∗
(

E1(t1
1 ) · · ·E1(τ 1

m1
) · · · EN−1(τN−1

1 ) · · ·EN−1(τN−1
mN−1

)
)

Weight singular vectors

Right Uq(b+)-module V generated by v :

{
Ei [n]v = 0, n > 0;
k+
j (t)v = Λj(t)v

Left Uq(b+)-module V ′ generated by v ′ :

{
0 = v ′Fi [n], n ≥ 0;
v ′k+

j (t) = Λ′j(t)v

wV (t̄[n̄]) =
N∏

j=2

nj∏
`=1

Λj(t j
`)W(t̄[n̄]) v w′V ′(τ̄[m̄]) = v ′W ′(τ̄[m̄])

N∏
j=2

mj∏
`=1

Λ′j(t j
`)

Theorem [KP]

wV (t̄[n̄]) = BV (t̄[n̄]) w′V ′(τ̄[m̄]) = CV ′(τ̄[m̄])
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UBV in terms of the matrix elements of the monodromy

wV (t̄[n̄]) = Sym t̄[n̄]

∑
[[s̄]]

(q − q−1)
∑N−1

b=1 (nb−sb
b )

N−1∏
a≤b

1

[sb
a − sb

a−1]q!
×

×
N−1∏
b=2

b−1∏
a=1

sb
a∏

`=1

1

1− ta
`+s̃b

a
/ta+1
`+s̃b

a+1

`+s̃b
a+1−1∏
`′=1

q − q−1ta
`+s̃b

a
/ta+1
`′

1− ta
`+s̃b

a
/ta+1
`′

×
←−∏

N−1≥b≥1

 −→∏
1≤a≤b

 sb
a∏

`=sb
a−1+1

L+
a,b+1(tb

` )

 nb∏
`=sb

b +1

L+
b+1,b+1(tb

` )

 v

Sym t̄[n̄]
G(t̄[n̄]) = β(t̄[n̄])

−1Sym t̄[n̄]

(
β(t̄[n̄]) · G(t̄[n̄])

)
β(t̄[n̄]) =

N−1∏
a=1

na∏
`<`′

q−1ta
` − qta

`′

ta
` − ta

`′

0 = sa
0 ≤ sa

1 ≤ · · · ≤ sa
a , na =

∑N−1
b=a sb

a , s̃b
a = sa

a + sa+1
a + · · ·+ sb−1

a
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Evaluation homomorphism of Uq(ĝlN) onto Uq(glN)

Evz

(
L+(u)

)
= L+ − z

u
L− Evz

(
L−(u)

)
= L− − u

z
L+

L+
ab =

 (q − q−1)Eb,aEb,b a < b
Ea,a a = b
0 a > b

L−ab =


0 a < b
E−1

a,a a = b
(q−1 − q)E−1

a,aEb,a a > b

Ec,a = Ec,bEb,a − q−1Eb,aEc,b , Ea,c = Ea,bEb,c − qEb,cEa,b , a < b < c

Chevalley generators of Uq(glN)

Ea,aEb,cE−1
a,a = qδab−δac Eb,c

[Ea,a+1,Eb+1,b] = δab
Ea,aE−1

a+1,a+1 − E−1
a,aEa+1,a+1

q − q−1

E2
a±1,aEa,a∓1 − (q + q−1)Ea±1,aEa,a∓1Ea±1,a + Ea,a−1E2

a±1,a = 0
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Off-shell UBV for the evaluation modules

Let VΛ(z) be an evaluation module generated by a singular vector v such that
Ea,av = qΛa v [V.Tarasov, A.Varchenko. math.QA/0702277]

wVΛ(z)(t̄[n̄]) = (q − q−1)
∑N−1

a=1 na
∑
[[s̄]]

 ←−∏
N−1≥b>a≥1

qsb
a−1(sb

a−1−sb
a )

[sb
a − sb

a−1]q!
Ě

sb
a−sb

a−1

b+1,a

 v

× Sym t̄[n̄]

N−1∏
b=2

b−1∏
a=1

sb
a∏

`=1

qΛa+1ta
`+s̃ba

− q−Λa+1z

ta+1

`+s̃ba+1

− ta
`+s̃ba

`+s̃ba+1−1∏
`′=1

qta+1
`′ − q−1ta

`+s̃ba

ta+1
`′ − ta

`+s̃ba



Ěb,a = Eb,aEb,b

S. Pakuliak (LTP, JINR) Universal BA and Scalar Products of BV June 14, 2010 22 / 42



UBA as the ordering problem
of the current generators

S. Pakuliak (LTP, JINR) Universal BA and Scalar Products of BV June 14, 2010 23 / 42



Current generators and the Cartan-Weyl construction

It is known [Khoroshkin, S., Tolstoy, V. J. Geom. and Phys. 11 (1993) 101–108]

that current generators coincide with the Cartan-Weyl basis

Root Ordering

If α, β, γ ∈ Σ+ and γ = α + β then α ≺ γ ≺ β or β ≺ γ ≺ α

eγ := [eα, eβ]q = eαeβ − q−(α,β)eβeα

e−γ := [e−β, e−α]q = e−βe−α − q(α,β)e−αe−β

[e±α, e±β]q =
∑

{γj},{nj}

C
±{γj}
{nj} (q) en1

±γ1
en2
±γ2
· · · enm

±γm
α, β ∈ Σ+

α ≺ γ1 ≺ γ2 ≺ · · · ≺ γm ≺ β
∑

j

njγj = α + β
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Circle ordering

•

•••

•

•

•

•

••
•

•

γ1

γ2

−γ1

−γ2
γN

−γN

••

•

•

• •

U+
e

U+
k

U+
fU−f

U−k

U−e

1

2•• •

•• •

••

• •

••
• •@

@R

@
@I

���
���

���
���

��:

C
C
C
C
C
C
C
C
C
C
C
CO

U+
e = {Ei [n]; n > 0}, U+

k = {k+
i [n]; n ≥ 0}, U+

f = {Fi [n]; n ≥ 0}
U−e = {Ei [n]; n ≥ 0}, U−k = {k−i [n]; n ≤ 0}, U−f = {Fi [n]; n < 0}

· · · ≺c U−e ≺c U−k ≺c U−f ≺c U+
f ≺c U+

k ≺c U+
e ≺c · · ·

S. Pakuliak (LTP, JINR) Universal BA and Scalar Products of BV June 14, 2010 25 / 42



Universal Bethe Ansatz

Universal transfer matrix for Uq(ĝlN)

T (t) = tr L+(t) =
N∑

i=1

L+
ii (t)

T (t) =
N∑

i=1

k+
i (t) +

∑
i<j

F+
ji (t)k+

j (t)E+
ij (t) ∈ Uq(b+)

Let J be the left ideal of Uq(b+), generated by all Ei [n], n > 0

An element u ∈ Uq(b+) is normal ordered if u = u1 · u2 · u3 and
u1 ∈ U+

f , u2 = U+
k , u3 = U+

e
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Universal Bethe equations

Following theorem was proved in [Frappat, L., Khoroshkin, S., Pakuliak, S.,

Ragoucy, É. Ann. Henri Poincaré 10 (2009) 513–548] due to the special

presentation of the UBV found in [Khoroshkin, S., Pakuliak, S. SIGMA 4 (2008)]

Theorem [FKPR]

T (t) · W(t̄[n̄])
J∼ W(t̄[n̄])

(
N∑

i=1

k+
i (t)

ni∏
a=1

q−1t − qt i
a

t − t i
a

ni−1∏
a=1

qt − q−1t i
a

t − t i
a

)

if the Universal Bethe equations of ABA are satisfied [ACDFR]
(math-ph/0512037, 0510018, 0503014, 0411021)

k+
i (t i

a)

k+
i+1(t i

a)

ni∏
b 6=a

q−1t i
a − qt i

b

qt i
a − q−1t i

b

ni−1∏
b=1

qt i
a − q−1t i−1

b

t i
a − t i−1

b

ni+1∏
b=1

t i
a − t i+1

b

q−1t i
a − qt i+1

b

= 1

a = 1, . . . , ni , i = 1, . . . ,N − 1
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Integral formulas for the UBV and
calculation of the scalar products
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Integral formulas for the UBV in case of Uq(ŝl2)

P+(F (s)) = F +(s) =

∮
dy

y

1

1− y/s
F (y)

P+∗(E (σ)) = E +(σ) =

∮
dν

ν

ν/σ

1− ν/σ
E (ν)

Projection of the same root currents

P+ (F (s1) · · ·F (sb)) = F +(s1)F +(s2; s1) · · ·F +(sb; sb−1, . . . , s1)

P+∗ (E (σb) · · ·E (σ1)) = E +(σb;σb−1, . . . , σ1) · · ·E +(σ2;σ1)E +
i (σ1)

F +(sk ; sk−1, . . . , s1) = F +(sk)−
k−1∑
`=1

sk

s`
ϕs`(sk ; sk−1, . . . , s1)F +(s`)

E +(σk ;σk−1, . . . , σ1) = E +(σk)−
k−1∑
`=1

ϕσ`(σk ;σk−1, . . . , σ1)F +(σ`)

ϕs`(sk ; sk−1, . . . , s1) =
k−1∏

j=1, j 6=`

sk − sj

s` − sj

k−1∏
j=1

qs` − q−1sj

qsk − q−1sj
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Integral formulas for the projections

P+ (F (s1) · · ·F (sb)) =
∏

1≤i<j≤b

si − sj

q−1si − qsj

×
∫

dy1

y1
· · · dyb

yb
F (y1) · · ·F (yb)Y (s1, . . . , sb; y1, . . . , yb)

P+∗ (E (σb) · · ·E (σ1)) =
∏

1≤i<j≤b

σi − σj

q−1σi − qσj

×
∫

dν1

ν1
· · · dνb

νb
E (νb) · · ·E (ν1)Z (σ1, . . . , σb; ν1, . . . , νb)

Y (t1, . . . , tn; x1, . . . , xn) =
n∏

i=1

1

1− xi/ti

i−1∏
j=1

q−1 − qxi/tj
1− xi/tj

Z (t1, . . . , tn; x1, . . . , xn) = Y (t1, . . . , tn; x1, . . . , xn)
n∏

i=1

xi

ti
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Factorization property of the projection

There is a simple analytical proof of the factorization of the projection

P+ (F (s1)F (s2)) = F +(s1)F +(s2)− P+
(
F (s1)F−(s2)

)
Using

F−(s2) = −
∫

dy

y

s2/y

1− s2/y
F (y)

from the commutation of the currents F (s1) and F (y)

P+ (F (s1)F (s2)) = F +(s1)F +(s2) +
s2

s1

X (s1)

q−1s1 − qs2

with unknown algebraic element X (s1). Setting s1 = s2 and using
F 2(s) = 0

X (s1) = (q − q−1)s1

(
F +(s1)

)2
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Calculation of the scalar products for Uq(ŝl2) UBV

〈v ′ · P+∗ (E (σn) · · ·E (σ1)) ,P+ (F (s1) · · ·F (sn)) · v〉 = S(σ̄, s̄)〈v ′, v〉

[E (ν),F (y)] = (q − q−1)δ(ν/y)(ψ+(y)− ψ−(ν)) , ψ±(y) = k±1 (y)/k±2 (y)

E (νn) · · ·E (ν1) · F (y1) · F (yn) ∼ (q − q−1)n
∏
i<j

q−1yi − qyj

qyi − q−1yj

× Sym ȳ

(
n∏

i=1

δ

(
yi

νi

)) n∏
j=1

ψ+(yi )

ψ+(y)v = λ(y)v
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S(σ̄, s̄) =
(q − q−1)n

n!

∮
dy1

y1
· · · dyn

yn

∏
i<j

(yi − yj)
2

(q−1yi − qyj)(qyi − q−1yj)

× Sym s̄ (Y (s̄, ȳ)) Sym σ̄ (Z (σ̄, ȳ))
n∏

j=1

λ(yi )

Sym t̄ (Y (t̄, x̄)) =
n∏

i<j

ti − tj
q−1ti − qtj

Z(t̄, x̄)

Izergin’s determinant for PF of XXZ model with DWBC

Z(t̄, x̄) =

∏
i ,j(q−1ti − qxj)∏

i<j(ti − tj)(xj − xi )
det

∣∣∣∣ 1

(ti − xj)(q−1ti − qxj)

∣∣∣∣
i ,j=1,...,n
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Korepin-Izergin formula for the scalar products

of the Uq(ŝl2) off-shell Bethe vectors

S(σ̄, s̄) =
∏
i<j

h(si , sj)
−1h(σi , σj)

−1
∑

β∪β̄=(1,...,n)
γ∪γ̄=(1,...,n)

#β=#γ=m∈{0,1,...,n}

(−1)p(β,β̄)+p(γ,γ̄)×

×
∏
c∈γ
b∈β

h(σc , sb)
∏
c∈γ
c′∈γ̄

h(σc , sc′)
∏
b′∈β̄
b∈β

h(sb′ , σb)
∏
b′∈β̄
c′∈γ̄

h(sb′ , σc′)×

× det

∣∣∣∣ 1

(σc − sb)(qσc − q−1sb)

∣∣∣∣
b∈β,c∈γ

det

∣∣∣∣ 1

(sb′ − σc′)(qsb′ − q−1σc′)

∣∣∣∣
b′∈β̄,c′∈γ̄

×
∏
b∈β

λ(sb)
∏
c′∈γ̄

λ(σc′)

h(s, σ) = (q−1s − qσ)
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S(σ̄, s̄) ∼
∮ n∏

i>j

(yi − yj)(yj − yi )

(qyi − yjq−1)(qyj − yiq−1)
· Zn(s̄, ȳ)Z̃n(σ̄, ȳ) dy1 . . . dyn,

Z̃n(σ̄, ȳ) =

∏n
i,j=1(qσi − q−1yj)∏n

i>j(σi − σj)(yj − yi )

× det
n

∣∣∣∣∣ λ(yj)

(σi − yj)(q−1σi − qyj)
+

κ

(σi − yj)(qσi − q−1yj)

n∏
k=1

qσk − q−1yj

q−1σk − qyj

∣∣∣∣∣
λ(σi ) = κ

n∏
k=1

qσk − q−1σi

q−1σk − qσi
,

Slavnov’s determinant formula for the scalar products

S(s̄, σ̄) ∼
∏n

i,j=1(q−1σi − qsj)∏n
i>j(σi − σj)(sj − si )

× det
n

∣∣∣∣∣ ψ(sj)

(σi − sj)(q−1σi − qsj)
+

κ

(σi − sj)(qσi − q−1sj)

n∏
k=1

qσk − q−1sj

q−1σk − qsj

∣∣∣∣∣
S. Pakuliak (LTP, JINR) Universal BA and Scalar Products of BV June 14, 2010 35 / 42



Scalar products of the Uq(ĝl3) UBV

Khoroshkin, S., Pakuliak, S. Theor. Math. Phys. 145 (2005) n1 1373–1399

P+ (F1(t1) · · ·F1(ta)F2(s1) · · ·F2(sb)) =

min{a,b}∑
k=0

1

k!(a− k)!(b − k)!

× Symt̄,s̄

(
P+ (F1(t1) · · ·F1(ta−k)F3,1(ta−k+1) · · ·F3,1(ta))

× P+ (F2(sk+1) · · ·F2(sb)) Z (ta, . . . , ta−k+1; sk , . . . , s1)
)

F3,1(t) = (q−1 − q)F2(t)F1(t) ∈ UF P+ (F3,1(t)) = (q − q−1)F+
3,1(t)

P+ (F1(t1) · · ·F1(ta)F2(s1) · · ·F2(sb)) =

=

∮
dy1

y1
· · ·
∮

dyb

yb

∮
dx1

x1
· · ·
∮

dxa

xa
F(t̄, s̄; x̄ , ȳ)

× F2(y1) · · ·F2(yb) F1(xa) · · ·F1(x1)
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Kernel of the integral for Uq(ĝl3) UBV

F(t̄, s̄; x̄ , ȳ) = Sym t̄,s̄

min{a,b}∑
k=0

(q−1 − q)k

k!(a− k)!(b − k)!

∏
k<i<j≤b

si − sj

q−1si − qsj

×
∏

1≤i<j≤a−k
a−k<i<j≤a

ti − tj
q−1ti − qtj

Z (ta, . . . , ta−k+1; sk , . . . , s1) Y (ta, . . . , t1; xa, . . . , x1)

× Y (xa, . . . , xa−k+1, sk+1, . . . , sb; y1, . . . , yb)
a−k∏
j=1

b∏
i=k+1

q−1 − qyi/xj

1− yi/xj
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Example for P+ (F1(t)F2(s))

P+ (F1(t)F2(s)) =

∮
dy

y

∮
dx

x
F(t, s; x , y) F2(y)F1(x)

F(t, s; x , y) = Y (t; x)Y (s; y)
q−1 − qy/x

1− y/x
+ (q−1 − q)Z (t, s)Y (t; x)Y (x ; y)

∮
dy

y

1

1− y/s

q−1 − qy/x

1− y/x
F2(y)F1(x) =

q−1x − qs

x − s
F +

2 (s; x)F1(x) = F1(x)F +
2 (s)

(q−1 − q)F +
2 (x)F1(x) = F1(x)F2[0]− qF2[0]F1(x)

P+ (F1(t)F2(s)) = F+
2,1(t)F+

3,2(s) +
(q − q−1)s

t − s
F+

3,1(t)

F +
1 (t) = F+

2,1(t), F +
2 (s) = F+

3,2(s)

F +
1 (t)F2[0]− qF2[0]F +

1 (t) = P+ (F3,1(t)) = (q − q−1)F+
3,1(t)
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Exchange relation in quantum double

For any a ∈ A and b ∈ B from D(A) = A⊕ B

〈a(2), b(2)〉 b(1) · a(1) = a(2) · b(2) 〈a(1), b(1)〉

where ∆A(a) = a(1) ⊗ a(2) and ∆B(b) = b(1) ⊗ b(2).

Let

a = E = E(µ̄, ν̄) = E1(µ1) · · ·E1(µa) E2(νb) · · ·E2(ν1) ∈ UE

b = F = F(x̄ , ȳ) = F2(y1) · · ·F2(yb)F1(xa) · · ·F1(x1) ∈ UF
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Commutators of the products of the total currents

∆(D)E = 1⊗ E + E ′ ⊗ E ′′ ∆(D)F = K+ ⊗F + F ′ ⊗F ′′

where ε(E ′) = 0 and the elements E ′′ contains at least one negative
Cartan current k−i (τ). An element K+

K+ =
a∏

i=1

ψ+
1 (xi )

b∏
j=1

ψ+
2 (yj)

Exchange relations modulo ideals

E · F ∼ 〈E ,F〉 · K+

〈a1a2, b〉 = 〈a1 ⊗ a2,∆B(b)〉 , 〈a, b1b2〉 = 〈∆A(a), b2 ⊗ b1〉

〈Ei (z),Fj(w)〉 = (q − q−1)δijδ(z/w)
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Conclusion

Using different algebraic realizations of the quantum affine algebra
Uq(ĝlN) we are able to construct all objects of the Nested Bethe
Ansatz and, in principle, to calculate the scalar products of the
Nested Bethe vectors. The answer for scalar products can be written
as multiple sums of the integrals which can be calculated and we lack
the determinant representations for these integrals.
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Thank you for your
attention
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