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o Nested Bethe ansatz (NBA) for quantum gly-symmetric models
@ Tarasov-Varchenko construction of the universal Bethe vectors (UBV)

e UBV in terms of current generators of Uq(é\[,\,) (method of
projections)

@ Universal Bethe ansatz (UBA) as the ordering problem of the current
generators (via Cartan-Weyl basis)

@ Integral formulas for the UBV and calculation of the scalar products
of the UBV
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Nested Bethe ansatz for quantum
gly-symmetric models
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NBA for quantum gly-symmetric models

P.Kulish, N.Reshetikhin J.Phys. A: Math. Gen. 16 (1983) L591
e N x N monodromy matrix T(z)

@ Yang-Baxter relation for the monodromy matrix
R(z,w) - (T(2)@1)- (1o T(w)) = (1@ T(w))- (T(z) ©1)-R(z, w)

® Quantum integrals of motion: 7(z) = tr T(z) and higher integrals

@ The problem is to find W in terms of matrix elements of T(z) such
that 7(z) -V =7(2)- ¥

e Existing reference state Q such that Tj;(u)Q2 =0 for i > j

@ NBA is an implicit procedure which relates the eigenvalue problem of
the gl model with analogous problem for gly_; model
e Two types of embedding TIN"(z2) — TWN(2) (i,j=1,...,N —1)

N— N N— N
T,E- 1)(2) = T,-J(- )(Z) or T,-S- 1)(2) = Ti(+1),j+1(z)
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R-matrix formulation of the QAA Uq(gA[N)

R-matrix for Uq(g[,\,)

R(v,v) = ) Ei®E;+
1<i<N
u—v
+ P —— Z (E;i ® Ej + E; ® Ej)
1<i<j<N
q—q*
=F W Z (UE,'J' ®E;+ vE; ® E,J)
1<i<j<N

Rio(u1, uo)Ras(ur, uz)Roz(uz, u3) = Rosz(uo, uz)Raz(u1, uz)Rio(u1, u2)
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L-operator formulation of Uq(gA[N)

Reshetikhin, N., Semenov-Tian-Shansky, M. Lett. Math. Phys. 19 (1990) 133

N
L=(z) = 332, >ij=1Ei ® Liji'[ik]zﬂ

Li[0]=L;[0]=0, 1<i<j<N, LL[JLg[0]=1 1<k<N

Commutation relations (¢ =0, p,v = %)

R(u,v) - L (v)®1)-(1®L"(v)) =1 L"(v)) (L*(v)®1)-R(u,v)

Borel subalgebras and coalgebraic structure

LE[n] € Ug(6%) € Uglaly), A (LE (1) = 0, Li(w) @ Li(w)
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Tarasov-Varchenko construction
of the Universal Bethe vectors
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Tarasov-Varchenko construction of the off-shell UBV

Tarasov, V., Varchenko, A. Algebra and Analysis 2 (1995) no.2, 275

T(a) = L (uy) - - LM (upy) - ﬁ RUD(uj, u) € (End((CN))®M @ U,y (b™)

1<i<j<M
Off-Shell UBV
_ q—lta
B = I I II °
1<a<b<N—-1 1<j<n, 1<i<n,
X treem (T(tll,...,tgl; o t[,VN }) ES" ® ~®E%7",C:11) v
v
- I 1 1.2 2. CeN—1 N—1
u—>t[,—,]:{tl,...,tnl,tl,...,tnz ........ t) ,...,th}, M=73",n
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V = Uy(b™)v, L;(t)vzo, i>j, Lf(t)v=NM(t)v

o N=2
By (t7) = L (t)Liy(13) - “sz(trlu) v

oN:3,n1:n2:1

B I _ L+ 2 L+ 1 (q - q_l)t% L+ 2 L+ 1
v(fs) = | Las(t)Lip(tr) + Te_a 13(t) Lo (tr) ) - v
11— 4
L
- (i) + = D) v
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Futher development

@ Although TV construction resolve the hierarchical relations of the
NBA, it gives the expressions for the UBV in the implicit form

o Calculation of the traces in definition of the off-shell UBV By () is
a complicated problem

@ In [Tarasov, V., Varchenko, A. math.QA/0702277] it was solved only
on the level of the evaluation representations

@ These formulas can be hardly used for the calculation of the scalar
products of the UBV, where dual UBV Cy/(75)) are defined similarly
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Universal Bethe vectors
in terms of the currents
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Uq(g?[,\,) in the current (‘new’) realization

Drinveld, V. Soviet Math. Dokl. 36 (1988), 212-216
Ding, J., Frenkel, I.B. Comm. Math. Phys. 156 (1993), 277-300

Lo, (t) =Fi,(0ki () + D Fa.()kh(DE; (1) a<b @
b<m<N
Ly (t) = + Y FL(DKE(DEL,, (1)
b<m<N
L;Eb(t):k E;fa(t Z Ft (B (t) a>b
a<m<N

L0 = k0] KS[0]k;[0] =1

:ZF;Ea[n]r—" EZ,(t) ZE Lnt"

> n>0
n<0 n<0
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Two isomorphic current realizations of Uq(gT[N

Oskin, A., Pakuliak, S., Silantyev, A. St. Petersburg Math. J. 21 (2010), 651-680

LT, (t) = B3 (k) (t Z By (DKL (OES (1) a<b
L;,(t) = + Y Fra(Okn(OER ()
1<m<a
LE(0) = BEOBE (0 + Y PE(ORE(OBE () 2> b
1<m<b

These two different Gauss decompositions leads to different isomorphic current
realizations of Ug(gly) and correspond to two different embedding

Ug(aly_1) — Ug(aly)
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Current realization of Uq(g[,\,) [DF]

Fi(t) = FLL,(t) —Fi (1) Ei(t) = Efm(t) —Ei (1)

Commutation relations

(92 — g ' w)Fi(2)Fi(w) = Fi(w)Fi(2)(q "z — qw)
(g2 — qw)Fi(2)Fisa(w) = Fina(w)Fi(2)(z — w)

RO ((0) " = T2 )
K@) (k4(2) = T Y E(w)

Z —

[Ei(2), Fi(w)] = (g = g7 1)81,0(2/w)(K (2)/ ki1 (2) = ki (w)/kiy (w))

Serre relations
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Current realization of Uq(g[,\,) as quantum double

Current Borel subalgebras

Ur = {Filn].k [m];n € Z, m > 0} C Ug(gly)
Ue = {Eiln].k [m];n € Z, m >0} C Ug(gly)

Drinfeld coproduct

ADPIF(z) = 1® Fi(2) + Fi(2) @ kT (2)ki 1 (2) 7
APKE(2) = ki (2) ® ki (2)
APE(z) = Ei(2) @ 1+ ki (2)kiz, (2) 7 @ Ei(2)
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Intersections of the different type Borel subalgebras

Intersections

Ur = UrNUqg(b™)  Uf = Upn Ug(b™)
U = UsNUqg(b™)  US = Ugn Ug(b™)

Coideal properties

A WH cUreUut  AO(US) c Ur @ Up
AP WH cUeoUsr  2AP(U7)c Uz ® Ue

A

Isomorphisms of vector spaces

m:Uf_®U,J_f—>U,: m:U:®UE—>UE

.
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Method of projections

P+:UF—>U;' P~ :Ur— Us
PH(f-f)=e(f) fy  P(f-fi)=1f e(fy)

f_e Uy fy e UF
Pt Ug — U P~ :Ug — Ug
P™*(e;-e_) =¢(ey) e Pt*(ey e ) = ey e(e)
e € Ug e; € UX

@ Enriquez, B., Rubtsov, V. Israel J. Math 112 (1999) 61-108

@ Enriquez, B., Khoroshkin, S., Pakuliak, S. Comm. Math. Phys. 276 (2007)
691-725
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Let Ur be an extension of the algebra Ur formed by infinite sums of
monomials which are ordered products aj, [n1] - - - aj, [nk] with

m < --- < ng, where a;[n] is either F;[n] or k;r[n/]

Let Ug be an extension of the algebra Ug formed by infinite sums of
monomials which are ordered products aj, [m] - - - aj, [nk] with

n > --- > ng, where aj[n/] is either E;[n] or k;[n,]

e the action of the projections P can be extended to the algebra Ur
o for any f € Ur with ALY (F) =S f/ @ f": f =3, P~(f')- P*(f))
o the action of the projections P™* can be extended to the algebra Ug
o forany e € Ug with AP)(e) =Y el @els e = >, PT*(el)- P~*(el")

1

Extension of Ding-Frenkel isomorphism

Pt (Fi(t)Fira(t) - - Fi—2(t)Fj-1(t)) = Fj’“,.(t)
P (Ej-1(t)Ej—a(t) - Eira(t)Ei(t)) = Ef(t)
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Universal Bethe Vectors and Projection Method
W(Em) = P* (Fuca(en ) Fua (B - Al A(d)

W (Fim) = P (B(d) - Ba(rh) -+ Enaa(r ) Ena(oih))

Weight singular vectors

Ei[nlv=0, n>0;

. + _ .
Right Ug(b™)-module V generated by v : { KH(t)v = Aj(t)v

Left Ug(b™)-module V'’ generated by v’ : { v’;.+

N nj N mj
oCin) = LTI WG v o o) =3 o TLTEN
j=214=1 j=21=1

Theorem [KP]

wy(fi7) =Bv(fz)  wWy(Tim) = Cve(Timy)
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UBV in terms of the matrix elements of the monodromy

wy(f) = Sym g, 3 | (g — g 1) Zer (%) H y
[[3]1 a<b a—
N—1b-1 s e+80,, -1 —1;a a+1
q—q 't sb/t
101} — i
bep ami gl LT B sb/ta Lo LT the/t
— — Sa b
. H H H L;bﬂ(t‘?) H LZ+1,b+1(tf) v
N=12b21 \1sasb \t=s,_,+1 =
o J

N—1 n,

_ _ _ _ _ -1 !,
Sym 5 G(tm) = () Sym 7y (B(T) - G(Ta1)) BEa) = [ [ Hq = qt,_,

a=1 (<0’ t

a a a N—-1 b ~b 1 b—1
0=s5<s<--<s], m=>, .58, §5=si+s"+ - +s;

S. Pakuliak (LTP, JINR) Universal BA and Scalar Products of BV June 14, 2010 20 / 42



Evaluation homomorphism of Uq(gT[N) onto Uy(gly)

Ev, (LH(u)) =L+ — % L~ v, (L (v) =L — g Lt

(g—q Y)Ep.Erp a<b 0 a<b
LY =< Eaa a=b L=< E;l a=>b
0 a>b (7' —q)E;3Epa a>b

Ec,a = Ec,bEb,a - qilEb,aEc,ba Ea,c = Ea,bEb,c - qu,cEa,ba a<b<c

Chevalley generators of U,(gly)
Ea,aEb,cE;i - q5ab763€Eb,c

—1 -1
E3’3E3+1,a+1 - Ea,a E3+173+1
-1
q9—4q

[ avi S sl = e

Egil)aEa,aIl - (q 4 qil)Ea:tl,aEa,aIlEazl:l,a 4 Ea,a—lEgil)a =0
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Off-shell UBV for the evaluation modules

Let VA(z) be an evaluation module generated by a singular vector v such that
Eaav = ¢Mv [V.Tarasov, A.Varchenko. math.QA/0702277]

= b b b
N—1 Sa—1(53—1753) _cb_cb
¥ — -1\ —1 Na q % —%a—1
wy, ) (tm) = (9 — g )= EEra Ejia, v
[1s]] N—1>b>a>1 72 “a—lid"
b <b
B —A 0+87. -1 +1 —1
N—1b—1 s, Nat1 t£+sb —q atl 5 a+1 qta —q tz+§g
x Sym G| H H tatl _ya Bt = @
b=2 a=1¢=1 €+sb £+85 /=1 o 0+8b

Ebo = EpaEbp

S. Pakuliak (LTP, JINR) Universal BA and Scalar Products of BV June 14, 2010 22 /42



UBA as the ordering problem
of the current generators
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Current generators and the Cartan-Weyl construction

It is known [Khoroshkin, S., Tolstoy, V. J. Geom. and Phys. 11 (1993) 101-108]
that current generators coincide with the Cartan-Weyl basis

Root Ordering
Ifa, 6, ye€Xysandy=a+fthena<y<Forf<v<«

ey = e, e3lq = €agp — q_(a”g)eﬁea

e, i=[e_g,e_alg=e_pe_o— q(a’ﬁ)e_ae_g

+{v; n n -
[eﬂ:a? eﬂ:ﬁ]q = Z C nj{;l}(q) e:l:l’yl e:|:2’72 U e:?:’ym «, /8 S z+
{1 Anj}

a<N<PR <=M =B Y ny=a+f
J
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Circle ordering

e® o 0’71
77N. \ ° 2
°
°
. °
.o
°
_ .\ TN
72 _’Yl. oo’

Uf ={E[nl; n>0}, Uf ={K[n}; n>0}, Uf ={F[n]; n>0}
Us ={Ei[n}; n>0}, U ={k[n; n<0}, U7 ={Fn]; n<0}

o= Us = Uy =c Uf = Uf <o Uff <o UF <¢ -
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Universal Bethe Ansatz

Universal transfer matrix for U, (é\[,\,)

T(t) =tr L*(t) = ZL (1)

i=1

Zk+(t + 3 FHAT (DEL(t) € Ug(b™)

i<j
Let J be the left ideal of Uy(b™), generated by all E;[n], n >0

An element u € Uq(b™) is normal ordered if u = uy - u - u3 and
U1€U?—, UQZUZ—, U::,:U;r

S. Pakuliak (LTP, JINR) Universal BA and Scalar Products of BV June 14, 2010 26 / 42



Universal Bethe equations

Following theorem was proved in [Frappat, L., Khoroshkin, S., Pakuliak, S.,
Ragoucy, E. Ann. Henri Poincaré 10 (2009) 513-548] due to the special
presentation of the UBV found in [Khoroshkin, S., Pakuliak, S. SIGMA 4 (2008)]

Theorem [FKPR]

N ni 1 i Mzl —14i
Sy e g t—qt gt—q ¢t
T(t) - W(tm) ~ W(tm) (E ki (t) | I t_ ¢t : H F—ti a)
i=1 a=1 a a=1 g

if the Universal Bethe equations of ABA are satisfied [ACDFR]
(math-ph/0512037, 0510018, 0503014, 0411021)

o ~ n .
kit (th) ﬁ 't} —qthqt ltblﬁ =t 1
kit () bita 9t~ gl -t by 01t — aty

a=1,...,n;, i=1...,N—1
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Integral formulas for the UBV and
calculation of the scalar products
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Integral formulas for the UBV in case of Uq(sAlz)

dy 1

PHAE) = F () = § L FO)
PH(E@) = EY(0) = § S0 E)

Projection of the same root currents

P (F(s1) - F(sp)) = F"(s1)Ft(s2;51) -+ F"(Sp;Sp_1,---,51)
P+* (E(O’b) coo E(O’l)) = E+(O'b; Op—1y--- ,0'1) coo E+(0'2; O'1)EI-+(O'1)

k—1
Sk

Ft(sk;ske1,---551) = FT(sk) = > — ©s,(5k; Sk—1,---,51)FT(s0)

M

~

1
-1

E*(ok;0k-1,...,01) = ET(0%) Z(pw(ok Ok_1,...,01)F T (0p)
=1
1

~ T

k

©s, (Ski Sk—1,-- -, 51 H
=1,

%HqSe—q 15j

e—SJ qSk—Cl
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Integral formulas for the projections

S — s
Pt (F ... F = —
(F(s1) (s)) 1<_1:[<bq*15i—q5j
<i<y<
d d
X/ﬂ...ﬂ F(y1) - F(vb)Y(Sty--ySbi Y1y -5 Yb)
Y1 Yb
P (E(os) - E() = [[ —a%
15i<jsbq 71— 4%
dv dv
2 22 E(vp) - E(1)Z(01,- - Tbi V1, - -5 V)
121 Vp
Lyeeesny X150 5 Xp _, ]._Xl/ti. 1_X’/tj
i=1 Jj=1
LoX
Zt tn; ey Xp :Yt,...ytn; 9 yn 2
(1’ , X1 X) (1 X1 X)/l;[ ti
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Factorization property of the projection

There is a simple analytical proof of the factorization of the projection
Pt (F(s1)F(s2)) = Fr(s1)F ' (s2) — P* (F(s1)F (s2))

Using
d
F~(s2) = & 2y F(y)
y 1-s/y
from the commutation of the currents F(s;) and F(y)

So X(Sl)

PT(F(s)F(s2) = Fr(s)F () + O 1~ oo

with unknown algebraic element X(s1). Setting s; = s, and using
F2(s)=0
X(s1) = (g — ¢ st (F*(s1))°
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Calculation of the scalar products for Uq(sxA‘[z) UBV

(V' PT*(E(on) -+ E(01)), P* (F(s1) -+ F(s0)) - v) = S(7.5)(V/, v)

[EW). FOI = (q— a7 1)8(w/y) (W () =~ (), ¥*(y) = ki (1)/k3 (¥)

E(r)++ E() FOn) - Flm) ~ (g =) [[ 250
i<j ! J

x Sym, (iljla (i)) ]2[11#*(%)

PH(y)v = Ay)v
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_ . (a=qV)" [dn  dya (vi = yj)?
5(3,3) = n! ?{ y1 Yn g (a7 tyi —ayj)(ayi — a7 1y))
x Sym 5 (Y(3,7)) Sym ,(2(5.7)) [ \(%)
j=1

n

svm £ (Y(E9) = [

i<j

ti —

7th
qltl_qtj ( )

Izergin's determinant for PF of XXZ model with DWBC

sy Ila it —ax)

_ 1
20X = - 500 - =)

(ti =) (q i = @) |; ;o1

det
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Korepin-lzergin formula for the scalar products

of the U,(sl,) off-shell Bethe vectors

(7,35) = Hh(s,,sj h(o;,07) Z (—1)PBB)+P(1:7)
i<j Buﬁi( ..... n;
#B=#~y=me{0,1,..., n}

X H h(O'C,Sb) H h(O’C,SC/) H h Sb/,Ub H h(Sb/,UC/)X

cey cey b ead b e
bep ery bfg C/ZE,
1 1
x det — det —
(Uc - sb)(qac —q Sb) beB,cey (Sb/ - UC’)(qsb’ -9 UC') b'eB,c'eq

X H )\(Sb) H )\(O'CI)

bep ey

h(s,0) = (q7*s — qo)
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- (7-, o — =1y
£,(5,7) = A% =4 )
Hi>j(‘7i — o)y — i)
Ay) qok —q 'y
x det +
n | (oi = y)(g7 o — qy;) (Ui—yj')(qol —qty;) H g lok — qy;

n -1
qok —q "0
7]_ b)
Ok — qo;
k=1 q k qo;

Slavnov's determinant formula for the scalar products
szzl(q_la,- - qsj)
[T (oi = 0j)(s; — si)

¢(sj) N H qox — q s
(oi=s)(atoi —qs) (o _SJ)(qUI_q 's;) g lok — gs;

AMoi)) =k

S(5,5) ~

X det

v

S. Pakuliak (LTP, JINR) Universal BA and Scalar Products of BV June 14, 2010 35 /42



Scalar products of the Uq(§[3) UBV

Khoroshkin, S., Pakuliak, S. Theor. Math. Phys. 145 (2005) n1 1373-1399

min{a,b}
PT (Fi(t1) - Fi(ta)Fa(s1) - - - Fa(sp)) = Z kl(a— k)l!(b — k)!
k=0

x Sym; ¢ (P+ (Fi(t1) - - Fa(ta—k)F3,1(tait1) - - - F3,1(ta))

x Pt (F2(5k+1) OO Fz(Sb)) Z(ta, cooyba_k41) Sky - - - ,51)>

Fs1(t) = (¢7" — q)Fa(t)Fu(t) € Ur Pt (Fsa(t)) = (g — g ")F{,(1)
P* (Fi(t1)--- Fi(ta)Fa(s1) - - - Fa(sp)) =
dyi  [dy, [dx dXa - _ _ _
7{ y_: x1 f Xa F(t,5%.7)
X F2(Y1 Fa(yb) Fi(xa) - Fi(x1)
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Kernel of the integral for Uq(g[3) UBV

min{a,b} q) s s
F(%,5;X,y) = Sym ;< Z I =X
5 =0 ) 3 | _ —1 E— .
k!(a I(b— k)! w<icj<p @ ST A5
X H _11—12(1'3, eooy bta—k415 Sk - - .,51) Y(ta, R 5 D CTRR ,Xl)
1<icj<a—k 9 ti — qtj
a—k<i<j<a
a = ayi/x
X Y(Xay s Xamkt1y SkkLy - -+ > Sbi Y1s -+ -5 Vb H H Ty
j=1i=k+1
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Example for P (Fy(t)Fy(s))

* (Fu(t)Fa(s %dy% ZF(t, s;%, y) Fay)Fi(x)

B5x0) = V(00 (50) = 2 4 (470 = 92(09)Y(62) Y (537)

dy 1 qgl'—gqy/x g 'x—gs
fo U )R - TR (s0R() = FGOR (9

(g7 — @)F5 (x)F1(x) = Fi(x)F2[0] — gF2[0] F1(x)

P (F(OF(8)) = FE,(0F3(0) + T py )

FE() =F3,(8),  F(s) =F3,(s)
Fif(t)F[0] — gR2[01F17 (1) = P* (Fsa(t)) = (9 — ¢ 1)F3,(1)
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Exchange relation in quantum double

For any a€ A and b € B from D(A) = A& B
(4@, Dy pD) . 41— 4@) . p@) (51 p(D)y

where A 4(a) = aM) ® a® and Ag(b) = bM) @ b(2).

Let
a=¢&=E(,7)=E(m)- Ei(pa) E2(vp) -~ E2(11) € Uk
b=F=F(x7)=Fn) - Fw)Fi(x) - Fi(x) € Ur
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Commutators of the products of the total currents

APe=1pe+80e” AP F=KT@F+F oF

where (&) = 0 and the elements £” contains at least one negative
Cartan current k; (7). An element K+

b

K =1]vf0a) [ ()
i=1 j=1

Exchange relations modulo ideals

<a1a2, b> = <81 ® an, AB(b)> , (a, b1b2> = <AA(3), by ® b1>

(Ei(2), Fi(w)) = (¢ — ¢~ 1)d;0(z/w)
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Conclusion

Using different algebraic realizations of the quantum affine algebra
Uq(gly) we are able to construct all objects of the Nested Bethe
Ansatz and, in principle, to calculate the scalar products of the
Nested Bethe vectors. The answer for scalar products can be written
as multiple sums of the integrals which can be calculated and we lack
the determinant representations for these integrals.
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Thank you for your
attention
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