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A matrix Z = [z;] with entries in an algebra is a Manin matrix if
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In the super case, z; are elements of a superalgebra and
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where7=0fori<mandiz=1fori>m, degz;=7+].
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Examples of Manin matrices.

» z; are elements of any (super)commutative (super)algebra.
>Z:8u—EU71, Z,yzaué,-j—e,-juq, e,-,-eE;[m,

» Z=e%u+E), zj=e% (udy; + ;).



Examples of Manin matrices.

> z; are elements of any (super)commutative (super)algebra.
» Z=0,—Eu", z,-j-:auéij—e,-ju*H ej € gl
» Z=e %(u+E), zj=e (uéij + ej).

» Z=e%T(u), T(u) is the generator matrix

for the Yangian Y (gl ).
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MacMahon’s Master Theorem

The right quantum superalgebra M, is generated by

elements z;;, subject to the Manin matrix relations:
(2, 2] = [2ig, i) (—1)TF Horall i j,k,le{1,....mtn}.

Regard the matrix Z = [ z;] as the element

m-+n
Z=> €j®z;(—1)77 € EndC"" @ M.
ij=1

Denote by Z, the matrix Z in the a-th copy of End C™" in

EndC"™"®...® End C™" @ M pp.
K
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Introduce the normalized symmetrizer and antisymmetrizer

1 1
P Z o€ C[6], P Z sgno - o € C[Sy].

oeBSy ceSk

Let Hx and A, denote the respective images in the algebra

EndC"™"®...® End C™" @ M .
K

Set

Bos = 1 +ZsterZ1 o Zk,
k=1

Ferm =1+ Z(—1)k str AZy . .. Zx,
k=1

taking supertrace with respect to all k copies of End C™".
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Theorem (MacMahon Master Theorem for M ).

Bos x Ferm = 1.

Remarks. Original proof in the even case n = 0:
» Garoufalidis, Lé and Zeilberger, 2006.
» Other proofs: Konvalinka and Pak, 2007, Foata and
Han, 2007, Hai and Lorenz, 2007.
» The proof in the super case relies on the matrix form

(1= Pip)[Z1, 2] = 0

of the defining relations of M .
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Noncommutative Berezinian

Suppose a Manin matrix Z is invertible, Z~" = [zf].

Define the Berezinian Ber Z by

BerZ = Z SEN O * Zy(1)1 - - - Zo(m)m
ceBGm
!/

/
X Z SENT * Zmit mir(1) - - Zm+nm+r(n):
T€GH

In the supercommutative specialization,

A B

Ber —detA-det(D— CA 'B)~".

cC D
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Theorem. If Z is a Manin matrix, then

Ber(1+uZ)= Z UK str AcZy ... Zk,

[Ber(1 —uZ Zu str HeZy ... Z.
k=0

Moreover, we have the noncommutative Newton identities:

[Ber (1 + uZ)]f1 OuBer(1+uZ) = Z YK str ZKH1,
k=0
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Segal-Sugawara vectors

Consider the affine Lie superalgebra gl , = glpalt, 1] & CK

with the commutation relations

lejlr]. euls]] = 8 eillr + 8] — &, exlr + s](—1)F+DE+D

00 T+k
I (1)) 1o,
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the element K is even and central, and e;[r] := e;t".



Segal-Sugawara vectors

Consider the affine Lie superalgebra gl , = glpalt, 1] & CK

with the commutation relations
ejlr], enls]] = oy eillr + 8] — 5, exlr + s](—1 )T (kD)

5"5/(/ +k
= (_1)Z+k) r(sr,fsa

+K<6kj /l( 1)1 m—n

the element K is even and central, and e;[r] := e;t".

In the case m = n the singular term is omitted.
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For any « € C the vacuum module Vj(gly,) of level k is the
quotient of U(ﬁ[m‘n) by the left ideal generated by gl ,[t] and

the element K — k.

Any element b of the gT[mm-moduIe Vi(glmn) satisfying

glmnlf] b= 0 is called a Segal-Sugawara vector.
The vacuum module V,(gl,,,) has a vertex algebra structure.

Hence, the subspace 5(5[,,”,7) spanned by the Segal-Sugawara
vectors is a commutative associative algebra which can be

identified with a commutative subalgebra of U(t~" gl ,[t~']).
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The algebra 3(§[m| ) of Segal-Sugawara vectors is nontrivial if

and only if « is the critical level, Kk = n— m.

Consider the extended Lie superalgebra §[m|n ¢ Cr, where the

element 7 is even and
(7, ej[r]] = —rej[r—1], [7,K] =0.
Lemma. The matrix

4 E[-1] = [5;7 + e[~ 1)(~1)]

~

with the entries in U(gl,,, © C7) is a Manin matrix.



Theorem. For any k > 0 all coefficients s in the expansion

k—1

StI’(T—i-E[—ﬂ)k:SkoTk-i-SmT + -+ Skk

are Segal-Sugawara vectors.



Theorem. For any k > 0 all coefficients s in the expansion

k—1

StI’(T—i-E[—ﬂ)k:SkoTk-i-SmT + -+ Skk

are Segal-Sugawara vectors.

Examples.

m+n

str(t + E[~1]) = (m—n) 7 + Z ei[—1],
i=1



Theorem. For any k > 0 all coefficients s in the expansion

k—1

StI’(T—i-E[—ﬂ)k:SkoTk-i-SmT + -+ Skk

are Segal-Sugawara vectors.

Examples.

m+n

str(t + E[~1]) = (m—n) 7 + Z ei[—1],

m+n

str(r + E[-1])2 = (m—n) 72 + 2 Z ei[-1]7

m+n m—+n

+ ) ex[-1]ewl-11(— +Ze,,[ 2].

i,k=1



CoroIIary. All the coefficients by, ok, hx) € U(t_1g[m‘n[t_1]) in

the expansions

© kK
Ber (14 u(r + E[—1])) = ZZbk, uk k=1
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the expansions

o Kk
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k=0 /=0

strAgTy... T = UkoTk + ak17-k_1
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Corollary. All the coefficients by, o/, hk; € U(t" glmn[t™]) in
the expansions

oo k
Ber (1 +u(r+ E[—1])) = ZZbk, uka—”
k=0 /=0

k—1

strHTy ... T = hkoTk + hk17'k71 + oo+ Ay,

where T=7+E [—1], are Segal-Sugawara vectors.

Moreover, bx; = ok, for all k and /.
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Sugawara operators

The application of the state-field correspondence map
Y: anm(g[mm) — End anm(g[mm)[[zazq]]a

to the Segal-Sugawara vectors produces elements of the

center of the local completion Un_m(gA[,mn)lOC at the critical level.
These central elements are called Sugawara operators.

Under the state-field correspondence, 7 — 0,

Y:ej[-1]— ej(2) = elrz .
rez
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Set E(z) = [gj(z)(~1)"] and T(z) = 9, + E(2).
Corollary. All Fourier coefficients of the fields
Ski(2), bri(z), o(z) and hy(z) defined by

. str T(Z)k D= Sko(z) 8k + Sk1 (Z) azk_-I +eee Skk(z)>

: Ber (1 +uT(z Zzbkl kazk7/7

k=0 /=0
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Set E(z) = [gj(z)(~1)"] and T(z) = 9, + E(2).

Corollary. All Fourier coefficients of the fields

Sk/(Z), bk/(Z), O'k/(Z) and hk/(Z) defined by
sstr T(2)K = sk0(2) 05 + sk1(2) 05 + -+ + s(2),

: Ber (1 +uT(z Zzbk/ "82"”,

k=0 /=0

st Ak Ti(2) ... Th(2) © = oko(2) 0K + ok (2) 051 + - + 0wk (2),
strHkT1(2) ... Te(2) © = hko(2) 0K + b1 (2) 05 + -+ + hi(2)

are Sugawara operators for gl,,,. ~Moreover, oi(z) = by(2).
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Gaudin Hamiltonians

Set  ej(z Z ejlrlz—" ",

L(z)=0.-E(z)-, E(2)-=[(-1)ej(2)-].



Gaudin Hamiltonians

Set  ej(z Z ejlrlz—" ",

Corollary. All coefficients of the series Sy (z) and By(z) in

str L(2)% = Sko(2) 8% + Sk1(2) 051 + - -+ + Si(2),

Ber (1 +ul(z Z Z By(z) ua s,

k=0 /=0

generate a commutative subalgebra of U(gl;,[t]).



Example. In the case n = 0 the Berezinian turns into the

column determinant



Example. In the case n = 0 the Berezinian turns into the

column determinant

0z —e11(2)- —epp(2)- ... —eim(2)-

—e21(2)- Oz —exn(2)- ... —exp(2)-
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Example. In the case n = 0 the Berezinian turns into the

column determinant

_82 —en(z)-  —en(z)- ... —emm(2)- |
—e1(2)-  Oz—exn(2)- ... —exp(2)-
cdet
| —emt (2)- —em(2)- ... 07— emm(z)__

This yields the commutative subalgebras of U(gl,,[{]) first

discovered by Talalaev, 2006.



Consider finite-dimensional gl,,, ,-modules M), ... M*) and

let ay, ..., ax be complex parameters.



Consider finite-dimensional gl,,, ,-modules M), ... M*) and
let ay, ..., ax be complex parameters.

The tensor product
M) g .. @ MK

becomes a gl 5[t]-module, where the images of the matrix
elements of the matrix L(z) = 0, — E(z)_ are found by
ko gln

05(2) = 607 — (—1)52L

Z—a
r=1 r

and e( ) denotes the image of e; in the glm|p-module M.
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Set £(z) = [(;(2)].

Corollary.
Higher Gaudin Hamiltonians associated with g, , are provided

by the coefficients of the Berezinian Ber (1 + u £(z))
and the supertrace

str £(2)% = Sko(2) 0F + Sk1(2) 051 + -+ + S (2).
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where the g; are assumed to be distinct,
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Example.

The quadratic Gaudin Hamiltonian H(z) = Se2(2) is given by

k H()

k A,
o -2y ey A
r r=1

r=1

where the g; are assumed to be distinct,

H(D =

s;ér
and A" denotes the eigenvalue of the Casimir element

> ejeji(—1) + 3 6 of gl , in the representation M(").



