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THEOREM

YOU CANNOT UNDERSTAND A PAPER
UNTIL YOU HAVE GENERALIZED IT

COROLLARY

NO ONE UNDERSTANDS HIS/HER
MOST RECENT PAPER

THIS TALK WILL ILLUSTRATE
THE COROLLARY
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1.INTRODUCTION
ISING MODEL INTERACTION ENERGY
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DIAGONAL CORRELATION FUNCTION
FORM FACTOR REPRESENTATION

FOR T <1
(onoon) = (1= 41+ NN}
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t = (sinh 2B /kpT sinh 2E" /kgT) 2
FOR T > T,
CIN,N) = (1= e
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AND [y IS AN n FOLD INTEGRAL.
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EXPLICIT EVALUATIONS BY MAPLE
2y = (K ~ E)K

2fY =1 - 3KE — (t — 2)K?

6 32 = 68— (612—114+2) K2— (15t —4) K E—2(t+1) E?

6/ = K — (t — 2)K3 — 3K2E
6t1/2f13) — A(K — E) — 6K2E — (2t — 3)K3 + 3K E?
1843 = 7(t + 2)K —14(t + 1VE

+ 24F3 4+ 3(2t2 — 11t 4+ 2)EK?

+36(t — 1)K E? — 3(t> — 2) K

24 iV — 4K — BYK — (2t — 3)K* — 6K3E + 3K2E?
o4 — 9 _ 30K E — 10(t — 2)K?
+ (2 —6t+6)K*+ 15K2E? +10(t — 2)K°E

WHERE
K=F(1/2,1/2;1;t) FE=F(1/2,-1/2;1;t)



THESE RESULTS WERE FOUND
SEPARATELY FOR EACH N AND n BY

1. EXPANDING THE INTEGRALS
IN A SERIES IN t;

2 HAVING MAPLE FIND AN ODE IN t;

3. PROCESSING THE ODE ON MAPLE.

OUTSTANDING OPEN QUESTIONS

1. FIND AN ANALYTIC PROOF
FOR THESE COMPUTER RESULTS

2. FOR EACH F}')y FIND A RESULT
VALID FOR ALL N



2
2. THE FORM FACTOR. V'

tN+1:CN+1/2yN_1/2 (1— y>1/2(1 _ 75y)1/2
(1 —tzy)? (1 —x)/2(1 — ta)l/?

(i dz fi dy

dxdy xN—I—l/QyN—l/Q (y — t1/2)1/2(1 _ t1/2y)1/2

e 2mi)?  (1—ay)?  (z—tV/2)1/2(1 — ¢1/24)1/2



BY USING CONTIGUOUS RELATIONS
ON HYPERGEOMETRIC FUNCTIONS WE
REWRITE THE EXPANSION IN TERMS OF
E AND K IN TERMS OF Fy AND Fy

o
N.N
C+ Co(N:t)F + CLN ) Fy Fy g + Co(N: ) Fiy g

with C = N/2
FOR N=0, Cy=0Cy=0,C; =t/4
FOR N =1

|
Co(lit) = = (t+1) 287+t +2)
32,
Ci(1:t) = 25t(4t + 5t + 4)

34
Co(lit) = == t? (t+1)

27
FOR N=2
1 4 3 y
Co(2it) = =56 (t+1) (64" +161° + 997 + 16t + 64)

52
Cr(2t) = o5t (64t + 83 1% + 1051% + 88¢ + 64)

5 o Y
Col2it) = =7 5 t° (t+ 1) 207+t +2)
THE POLYNOMIALS ARE PALINDROMIC!




Result
N 2N +1
Co(N;t) = =5 z+0 en(N + 1)t
n:

_ N(N + 1)<N+2)2t—202(N+ "

(N +3/2)4
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CL(N: 1) = (‘7<V . i/f; £ d (V)
(Nt =~ NV 0Nt

— t
QN(N + 1)2 n=0
where for 0 <n < N —1

aN-1-n(N) = ea(N) = % ay(N)an_p(N)

k=0
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aN(N —+ 1) N—1
d — N N
N(V) N1 T, ap(N)an—_1_;(N)

where for 0 < k< N —1

_ (1/2)(1/2 = N)
(V) = (1k— N) k! :




Sketch of proof
1. INTEGRATE BY PARTS
2. DIFFERENTIATE USING

1/2

(y — /) (1 — /%)
x —t1/2)(1 — t1/22)

(y — t1/2)(1 — t1/2y)
x — t1/2) (1 — t1/22)
y (zy — 1)(x —y)(t — 1)

(y — t1/2)(1 — t1/2y)(z — t1/2)(1 — t1/22)
to find

NN (=N [RNFOI(N43/2)
dt  Arx D(N+1)(N+2) ~ VN
2N—-1)['(N+1/2)['(N+5/2)

- F
D(N+1)(N+2) NGN+

d
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1
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where

Gy=F(3/2,N+3/2; N+ 1;1)



3. EQUATE THE RESULT OF STEP 2
WITH THE DERIVATIVE OF THE

ASSUMED FORM TO OBTAIN
3 COUPLED FIRST ORDER EQUATIONS.

4. CONVERT THE COUPLED SYSTEM
TO 3 THIRD ORDER LINEAR
INHOMOGENEOUS EQUATIONS

5. SOLVE THE HOMOGENEOUS ODE
FOR C5(N:t) THE SOLUTION OF THE

HOMOGENEOUS PART IS THE
SYMMETRIC SQUARE OF

1+ N — Nt 444N —t — 2Nt
Oy = Dt? — il Dt + il 5
H1 —¢) 4201 — 1)
WHICH HAS SOLUTIONS

up =tF(1/2,1/2 = N;1;1 — 1) =
Not (1/2)n(1/2= Ny | v (=D (/24 N)

0 =Nl LTt RNr/2= N
L (1/2)N<1/2+N>n[kn_lnt]tn

n=>0 n!(n+N)

knzw(n+1)+¢(n+1+N)—¢(%+n)—¢(%+n+N)



6. SOLVE THE INHOMOGENEOUS ODE
USING THE HOMOGENEOUS SOLUTION

EXPONENTS OF THE HOMOGENEOUS
C5(N:t) EQUATION AT ¢ =0 ARE
2. N +2,2N +2

THE INHOMOGENEOUS TERM IS
Ag(NYENT2(1 — 1)

THE INHOMOGENEOUS EQUATION IS
INVARIANT UNDER

Co(N;t) — 2V FOCH(N; 1/t)

THE SOLUTION IS BUILT OUT OF THE
SQUARE OF THE POLYNOMIAL PART OF

U2



3. THE FORM FACTOR. f\y
THE K-E RESULTS IN THE
Fy — Fy., BASIS ARE

3
[y 5

1 1 1
5 = cFo— ¢ (14+1) By + ZtFO?F1

Ay _1p
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1. THE FORM OF THE RESULT IS

3)
Iy 3 3—k ok
tN’/Q = C(N)Fy + kiock(N;t)FN Fnaiq
2. OUR STARTING POINT IS NOT
THE INTEGRAL BUT INSTEAD THE
OPERATOR WHICH ANNTHILATES f\y

Ly(N) - Ly(N) - f{y = 0
WHERE

o — 1 1 1 N2
Lo(N) = Dt* + Dt — — + —~

(t(t —1) At 4t —1) 442
Ly(N) - A(N) = B(N) - SY M3(Ly(N))

A(N) = (t — 1)tDt> + g(zt —1)Dt?

A2 — A1t + 6 2o — 1
+ Dt+9( )

At — 1) 8(t — 1)t
9(t — 1)N? 9(2t — 1)N?

Dt —
* 4t 82




3. THE PROCEDURE USED FOR f\7,
GIVES 4 COUPLED SECOND ORDER
EQUATIONS THAT LEADS TO
STH ORDER INHOMOGENEOUS ODE’S.

4.Cy(N;t) ODE HAS EXPONENTS AT ¢ =0
N, 0,1, N+1, N+2 2N+2 2N +3. 3N +3

THE SOLUTION IS THE DIRECT SUM OF
Vs = t72SYM?(O9(N + 1))

Ys =

t=NT[(t — D)tdt — 22N + 3)t + 4)SYM*H(Oy(N + 1))

THE PALINDROMIC PROPERTY HOLDS
Co(t) = V1o (1/1)

THE INHOMOGENEOUS TERM BEGINS
WITH ¢V

THE RELEVANT SOLUTION OF Y; IS CON-
STRUCTED OUT OF u; (N +1;t) AND ug(N +
1;t) AS

ys = ¢t V70t — 1)tDt — 2(2N + 3)t + 4]
x ul(N + 1; )ug(N + 1;t)°



5. THE POLYNOMIAL SOLUTIONS ARE

2N+1
Ys = Zdn =

n=0

]zvgzz(N+ +1) -
— n arQj_1Qy_ 1by—
n=0m=0 [=0 k=0 kE—1%m—"n—m
N—1 n [ 1
Y Y Y Yy BN+ 1—n)arar_1an byt
nOmOlOkO( )kllmlnm
2N+1

+ X dpt"
n=N-+1
WITH
doN11—p = dn
(24N +3/2)
N + Z)k/ﬁ'
AND
2N+1
y= % o)
n=>0
n
CON+1—n — Cn = kEO AL0n—k
WHERE




6. SOME FINAL RESULTS

USING THE NORMALIZING CONDITION
ON /iy WE FIND

O (BN +1)(1/2)y
) 6N]{f1 2 1/2



4. THETA FUNCTION ¢ - £ DUALITY

IN 2001 ORRICK, NICKEL, GUTTMANN
AND PERK PRESENTED CONJECTURES
FOR f}{] and /'] FOR ALL n IN TERMS OF

S ny _ n? /4
CI)()(nEO n= ) nEO nd
—n (n) (17 k_l/Q) Zn<1 - ZQ)
2 (1 o k2)1/4f0,0 _ (I)()((l _|_Z2)n_|_1)

03
and
(] — k2)1/4f1(ﬁ) _
2n+ 1)(1, k=2 2l — 22
6963 oy 2z

where k = ¢1/2

(1, k_l/Q) = 1 for T <T. (n even)
k12 for T >T. (n odd)



WE HAVE DEFINED

i(u,q) = 2 5 (=1)" ¢ Y2 ginl(2n + 1)u]

2
Oo(u,q) = 2 2 g t1/2) cos|(2n + 1)u|
2
O3(u,q) = 1 42 O§O q" cos2nu
00 2

Oy(u,q) = 1 +2 Zl( )" q" cos2nu

FOR u =0 WE USE

by = 62(0, q), 03 = 65(0,q), 0y = 04(0,q)
q= e where 7 = iK(K)/K(k)

4

1+ q2” «9%
k=4 1/2 i = =
1 111+ q2” 1 «9%
02
VRN
) dq e q
- 3 Al dk 2 kk2K?2
d d
dq 2 dk
We will also use
dK  E—-k*K dE  E-K

dk — kE? dk — k



EXAMPLE OF 7"

(2n) 1 2271227@(1 . 2,2)
f0,0 — (94(1)0( (1_|_Z2)2n_|_1 )

(_1>n4n 00 . 2n—=1_9

= 2 > (1) ¢/ —m?

f0,0 (94(271)' j:O( ) q mllo[] m}
(—1)”4” 00 n—1_ d 2

— 2 > (—1)] — —m?
04(2n)! j:()( ) mH:o[q dq m]

B (—1)”4” n—1. d 9 d

B 04(2n)! mnzl[qdq -]




CONVERSION FROM ¢q TO k

2
7 = “K'K
7i8
AND THUS
d d
— 0] = —kk’2K2 ( kK)
Tigt = 2 dk
WHICH REDUCES TO
d 52
—0i= KK {E-K
15,017 12 t }
AND
20,0 L0, = 292K{E — K}
19 4T 2
SO
1 d 1
0y = LK{E-K
94 dq TR { J
TO EVALUATE f}) SET n =1 TO OBTAIN
9 2
fo(,c? ~ SK{K - E}

GIVES TWO FACTORS OF K AND E



EXAMPLE f7 "

(2n+1) fs 22n—|—122n—|—1(1 _ Z2)

—
fOO 9294 ol (1+ Z2)2n+2 )
USING
22n—|—122n—|—1(1 . 22) (_1)7@ 2t
1+ 22T (n 4 1)1 4= £, +1)(=1Y=
X HO[(Qj +1)% = 2m+1)4
WE FIND

(2n+1) _ 03 2(=1)" o (2§+1)%/4
fos = 00 (20 + 1)!].20(21 +1)(=1)’g
"I (2] +1)% = (2m + 1))
03 2 (—1)" n—-1 d

_ bes — 2m+1
0o (2n + 1) o H9gq — B F )’

< (25 + 1)(—1)] g2/
J

THUS USING
2 z (25 + 1) (=1) g2

WE FIND THE RESULT

on+1) O3 (=1)" n=1. d
4g— — (2 1)°16-050
foo 9294<2n+1)!mﬂo[ da (2m + 1)7]020304

o,
55,01 @)lu=0 = 02030




REDUCTION FROM ¢q TO k.
FOR n= 0
L _ 2 _ 2 g
fo0 37

FOR n > 3 WE USE
030307 = kK (2K /n)°

AND THUS

d 9,39 d
— 050307 = 2050-20,0—
dq 50301 203 4qd

—~ —k K K2 d Al K (2 K/m)°)

7T

q 020304

— —2k k’(ZK/w)gK{( —2)K +3E}

-

2
=5 030307 K{(k* — 2)K + 3E}

THEREFORE
d 1
g 020304 = —5000304 - K {(k* —2) K +3E} (1)
dq 7
AND THUS

1 = S {@/mK — /P K%K ~ 2K + 35}



WE FINALLY NOTE THAT FOR ALL N

N2
iy =" x!/Q)NFu/z, N +1/2 N +1:1)

_ V! 2 qd 05 b 52
i=0 [(25 +1)8363 dq 63 (2 + 1)6263| °




FUTURE DIRECTIONS

1. EXTEND THE RESULTS TO ALL N
AND ALL n.

2. UNDERSTAND THE RESULTS IN
TERMS OF MODULAR PROPERTIES OF
ELLIPTIC FUNCTIONS

3. FIND AN ANALYTIC DERIVATION OF
ALL RESULTS WHICH STARTS FROM
THE INTEGRAL.

IN THIS RESPECT THERE IS AN
ANALOGUE BETWEEN KOREPIN’S
FACTORIZATION OF XXX CORRELATIONS
STARTING FROM THE INTEGRALS
AND THE JIMBO, MIWA, SMIRNOV
DERIVATION STARTING FROM
THE FUNCTIONAL EQUATIONS FOR
THE INHOMOGENEOUS PROBLEM.



