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Algebraic Bethe ansatz

The R-matrix to the spin- 1
2 representation of Uq(sl2)

R0j(λ; ξj) =







1 0 0 0
0 b0j c0j 0
0 c0j b0j 0
0 0 0 1







[0j]

b0j :=
sinh(λ−ξj)

sinh(λ−ξj+η)

c0j := sinh η
sinh(λ−ξj+η) ,
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[0j]

b0j :=
sinh(λ−ξj)

sinh(λ−ξj+η)

c0j := sinh η
sinh(λ−ξj+η) ,

satisfies the Yang-Baxter equation

R12(λ12)R13(λ13)R23(λ23)
= R13(λ13)R23(λ13)R12(λ12)

λij := λi − λj ,

λ̄ij := λi + λj .
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Algebraic Bethe ansatz

The boundary K-matrix

K(λ; ξ) =

[
sinh(λ + ξ) 0

0 sinh(ξ − λ)

]

K±(λ; ξ±) := K(λ ± η
2 ; ξ±) ,
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Algebraic Bethe ansatz

The monodromy matrices

T0(λ) := R0N (λ − ξN ) · · ·R01(λ − ξ1) =

[
A(λ) B(λ)
C(λ) D(λ)

]

[0]

T̂0(λ) := R10(λ + ξ1 − η) · · ·RN0(λ − ξN − η)

= (−1)N

[
D(−λ) −B(−λ)
−C(−λ) A(−λ)

]

[0]
X ∈ End(

N
︷ ︸︸ ︷

C
2 ⊗ · · · ⊗ C

2)
(X = A, B, C, D)
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Algebraic Bethe ansatz

The double-row monodromy matrices

U−(λ) := T (λ)K−(λ)T̂ (λ) :=

[
A−(λ) B−(λ)
C−(λ) D−(λ)

]

U+(λ) := T̂ (λ)K+(λ)T (λ) :=

[
A+(λ) B+(λ)
C+(λ) D+(λ)

]
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R12(λ12)(U−)1(λ1)R
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12 (λ̄12 − η)(U−)2(λ2)

= (U−)2(λ2)R12(λ̄12 − η)(U−)1(λ1)R
t1t2
12 (λ12)

R12(−λ12)(U+)t1
1 (λ1)R

t1t2
12 (−λ̄12 − η)(U+)t2

2 (λ2)

= (U+)t2
2 (λ2)R12(−λ̄12 − η)(U+)t1

1 (λ1)R
t1t2
12 (−λ12) .

C. M. (Univ. Tokyo) 8 / 25



Integrable higher spin XXZ models

The higher spin XXZ model is described by the following Hamiltonian

H(s) :=
d

dλ
T (s,s)(λ)

∣
∣
∣
∣
λ=sη

+ const.

T (s,s)(λ) := tr0[K
(s)
+ (λ)T (s,s)(λ)K

(s)
− (λ)T̂ (s,s)(λ)] .
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∣
∣
∣
∣
λ=sη

+ const.

T (s,s)(λ) := tr0[K
(s)
+ (λ)T (s,s)(λ)K

(s)
− (λ)T̂ (s,s)(λ)] .

K(s) ∈ End(C2s+1) and T (s,s) ∈ End(C2s+1
N
⊗ C

2s+1) are constructed by
the fusion procedure

K(1)(λ) = P+
12K1(λ + η)Rt1t2

12 (2λ + η)K2(λ)P+
12

T (s,s)(λ) := R
(s,s)
0N (λ − ξN ) · · ·R

(s,s)
01 (λ − ξ1)

R( 1
2
,1)(λ) = P+

12R02(λ + η)R01(λ)P+
12

R(1, 1
2
)(λ) = P+

12R10(λ + η)R20(λ)P+
12 (P+

12 = R12(η))
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Integrable higher spin XXZ models

There exist the boundary string solutions

λB = · · · , −ξ− − η
2 , −ξ− + η

2 , −ξ− + 3η
2 , · · ·

in the regime 0 < ξ̃− < ζ
2 and ζ < π

2s
, where







ζ := iη > 0 , ξ̃− := iξ− > 0 | cosh η| ≤ 1

ζ := −η > 0 , ξ̃− := −ξ− > 0

ξ̃− := −ξ− + πi
2 > 0 | cosh η| > 1 .
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ζ := −η > 0 , ξ̃− := −ξ− > 0

ξ̃− := −ξ− + πi
2 > 0 | cosh η| > 1 .

The boundary bound states reduce the free energy.

Strings longer than 2s do not contribute to the free energy.

⇒ Assume the boundary bound 2s-string solutions
{

λB
r = −ξ− + (−s − 1

2 + r)η for s ∈ Z≥0

λB
r = −ξ− + (−s + r)η for s ∈ Z

1
2
≥0 (r = 1, . . . , 2s)
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Integrable higher spin XXZ models

Assume the 2s-string solutions for the ground state

λ2s(j−1)+r = µj + (−s − 1
2 + r)η (r = 1, . . . , 2s) .
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Integrable higher spin XXZ models

Assume the 2s-string solutions for the ground state

λ2s(j−1)+r = µj + (−s − 1
2 + r)η (r = 1, . . . , 2s) .

Taking the logarithmic derivative of BE
In the thermodynamic limit N → ∞ by fixing n

N

⇒ 2
2s∑

r=1

K(2r−1)η(µ)

(

ρ(λj) := lim
N→∞

1
N(λj+1−λj)

)

= ρ(µ) +

∫ Λ

−Λ

[

K4sη(µ − µ′) + 2
2s−1∑

r=1

K2rη(µ − µ′)ρ(µ′)dµ′
]

Λ := ∞ (| cosh η| ≤ 1) , Λ := iπ
2 (| cosh η| > 1)

⇒ ρ(λ) =







1
η cosh πλ

iη

| cosh η| ≤ 1

1
π

∏∞
n=1

(
1−q2n

1+q2n

)2
θ3(iλ,eη)
θ4(iλ,eη) | cosh η| > 1 .
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Quantum inverse scattering method
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Quantum inverse scattering method

For the spin-1
2 case [Kitanine et al. (07)]

Eε′n,εn
n =

[
n−1∏

α=1

tr0T0(ξα)

]

tr0[T0(ξn)E
ε′n,εn

0 ]

[
n∏

α=1

tr0T0(ξα)

]−1

.
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]−1

.

Eε′s,εs
is expressed as a tensor product of two vectors

[0 · · · 1
ε′s

· · · 0]t ⊗ [0 · · · 1
εs
· · · 0]

A spin-s column (row) vector is mapped to a tensor product of spin- 1
2

vectors

F (s)[1 0 · · · 0]t 7→
2s∑

j=1

(
j−1
⊗ K ⊗ F

2s−j
⊗ K−1

) 2s
︷ ︸︸ ︷

[1 0]t ⊗ · · · ⊗ [1 0]t

[1 0 · · · 0] E(s) 7→

2s
︷ ︸︸ ︷

[1 0] ⊗ · · · ⊗ [1 0]
2s∑

j=1

(
j−1
⊗ K ⊗ E

2s−j
⊗ K−1

)

C. M. (Univ. Tokyo) 14 / 25



Quantum inverse scattering method

The elementary matrix of spin-s representation is mapped to a tensor
product of 2s elementary matrices of spin- 1

2 representations

E
ε′s,εs

11...2s
7→

[
2s
ε′s

]− 1
2

q

[
2s
εs

]− 1
2

q

P s
εs
∏

j=1

E
2,2
j

ε′s∏

j=εs+1

E
2,1
j

2s∏

j=ε′s+1

E
1,1
j P s (ε′s > εs)

E
ε′s,εs

11...2s
7→

[
2s
ε′s

]− 1
2

q

[
2s
εs

]− 1
2

q

P s
ε′s∏

j=1

E
2,2
j

εs
∏

j=ε′s+1

E
1,2
j

2s∏

j=εs+1

E
1,1
j P s (ε′s < εs)

E
ε′s,εs

11...2s
7→

[
2s
εs

]

q

P s
εs
∏

j=1

E
2,2
j

2s∏

j=εs+1

E
1,1
j P s (ε′s = εs)
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Quantum inverse scattering method

The quantum inverse scattering for the elementary matrices of spin-s
representations

E
ε′si ,εs

i

i 7→

[
2s
ε′s

]− 1
2

q

[
2s
εs

]− 1
2

q

P s

2s(i−1)
∏

j=1

(A + D)(wj)

2s(i−1)+εi∏

j=2s(i−1)+1

D(wj)

×

2s(i−1)+ε′i∏

j=2s(i−1)+εi+1

C(wj)
2si∏

j=2s(i−1)+ε′i+1

A(wj)

×





i∏

j=1

(A + D)(wj)





−1

P s (ε′si > εs
i )

w2s(j−1)+r := ξj + (−s − 1
2 + r)η (r = 1, . . . , 2s)

C. M. (Univ. Tokyo) 16 / 25



Correlation functions

The ground state of the open system

|Ψ+
g 〉 :=

∏n
j=1 B

(s)
+ (λj)|0〉
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Correlation functions

The ground state of the open system

|Ψ+
g 〉 :=

∏n
j=1 B

(s)
+ (λj)|0〉

is expressed in terms of the ground state of the closed system as

|Ψ+
g 〉 =

∑

σ1,...,σn=±

H
B+

(σ1,...,σn)(λ1, . . . , λn; ξ−)

n∏

j=1

B(s)(λσ
j )|0〉 (λσ

j := σjλj)

H
B

(s)
+

(σ1,...,σn)(λ1, . . . , λn; ξ+) :=
n∏

j=1

[

(−1)Nσj

N∏

k=1

sinh(−λσ
j − ξk − sη)

×
sinh(2λj + η)

sinh(2λj)
sinh(λσ

j + ξ+ − η
2 )

]

×
∏

1≤r<s≤n

sinh(λ̄σ
rs − η)

sinh λ̄σ
rs

. (λ̄σ
rs := σrλr + σsλs)
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Correlation functions

The m-point correlation function

F (s)
m :=

〈Ψ+
g |

∏m
j=1 E

ε′sj ,εs
j

j |Ψ+
g 〉

〈Ψ+
g |Ψ

+
g 〉
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Correlation functions

The m-point correlation function

F (s)
m :=

〈Ψ+
g |

∏m
j=1 E

ε′sj ,εs
j

j |Ψ+
g 〉

〈Ψ+
g |Ψ

+
g 〉

is obtained as a multi-integral form in the thermodynamic limit

F (s)
m =

m∏

j=1

[
2s
ε′sj

]− 1
2

q

[
2s
εs
j

]− 1
2

q

G({ξ})

×
∑

σ∈S2sm

sgn(σ)
m∏

j=1





εs
j−1
∏

r=1

∫

Cr

dλσ(2s(j−1)+r)

2s∏

r=ε′sj

∫

C̄r

dλσ(2s(j−1)+r)





× H2sm({λ}, {ξ}) det
2sm

Φ({λ}, {ξ}) (c :=
∑m

k=1(ε
s
k − 1))
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Correlation functions

The contours are set as
{

Cr = (−Λ − (s + 1
2 − r)η, Λ − (s + 1

2 − r)η) ∪ Γ({λB})

C̄r = Cr ∪ Γ({ξ}) .
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Correlation functions

The contours are set as
{

Cr = (−Λ − (s + 1
2 − r)η, Λ − (s + 1

2 − r)η) ∪ Γ({λB})

C̄r = Cr ∪ Γ({ξ}) .

The functions G, H2sm, det2sm Φ are defined as follows

G({ξ}) =
(−1)2sm−c

∏

j<i

∏2s
p,q=1 sinh(ξij + (p − q)η)

∏

i≤j sinh(ξ̄ij + (2s − p − q)η)

×
1

∏2s−1
r=1 sinhm((2s − r)η)

∏m
k=1

∏

1≤j≤r≤2s sinh(2ξk + (2s − r − j)η)
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Correlation functions

H2sm({λ}, {ξ}) =

∏2sm
j=1

∏m
k=1

∏2s
r=1 sinh(λσ(j) + ξk + (s − 1

2 − r)η)
∏

1≤i<j≤2sm sinh(λσ(i)σ(j) + η + εij) sinh(λ̄σ(i)σ(j) − η + ε̄ij)

×

∏m
k=1

∏2s
r=1 sinh(ξk + ξ− − (s + 1

2 − r)η)
∏2sm

k=1 sinh(λσ(k) + ξ− − η
2 )

×
2sm∏

j=1

m∏

k=1

2s−1∏

r=1

sinh(λσ(j) − ξk + (−s + r)η)

×
m∏

j=1

εs
j−1
∏

r=1





j−1
∏

k=1

sinh(λσ(ip(j,r)) − ξk − sη)
m∏

k=j+1

sinh(λσ(ip(j,r)) − ξk + sη)





×
m∏

j=1

2s∏

r=ε′sj





j−1
∏

k=1

sinh(λσ(ip(j,r)) − ξk + sη)
m∏

k=j+1

sinh(λσ(ip(j,r)) − ξk − sη)




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Correlation functions

det
2sm

Φ({λ}, {ξ})

=







(
1

η

)2sm 2s∏

r=1

[∏

1≤i<j≤m sinh(π
ζ
λσ(2s(i−1)+r)σ(2s(j−1)+r))

∏m
i=1

∏m
j=1 cosh(π

ζ
(λσ(2s(i−1)+r) − ξj))

×
sinh(π

ζ
λ̄σ(2s(i−1)+r)σ(2s(j−1)+r))

cosh(π
ζ
(λσ(2s(i−1)+r) + ξj))

sinh(π
ζ
ξij) sinh(π

ζ
ξ̄ij)

]

(| cosh η| ≤ 1)
(

−
1

π

)2sm 2s∏

r=1

m∏

j=1

θ1(iλσ(2s(j−1)+r))θ2(iλσ(2s(j−1)+r))θ3(iξj)θ4(iξj)

×

∏

1≤j<k≤m θ1(iλσ(2s(j−1)+r)σ(2s(k−1)+r))
∏m

j,k=1 θ1(i(λσ(2s(j−1)+r) − ξk))

×
θ1(iλ̄σ(2s(j−1)+r)σ(2s(k−1)+r))

θ1(i(λσ(2s(j−1)+r) + ξk))
θ1(iξkj)θ1(iξ̄kj)

(| cosh η| > 1)
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Concluding remarks

We obtained the correlation functions of the integrable XXZ spin-s
spin chains with boundaries in the multi-integral forms.
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Concluding remarks

We obtained the correlation functions of the integrable XXZ spin-s
spin chains with boundaries in the multi-integral forms.

The two point function 〈σz
1σ

z
m〉.

The asymptotic behavior of correlation functions.

The solutions of the boundary qKZ equations in the multi-integral
forms.

C. M. (Univ. Tokyo) 22 / 25



Thank you for your attention!
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Correlation functions

For the massless regime (| cosh η| ≤ 1)

εij =

{

iε Im(λij) > 0

−iε Im(λij) < 0
ε̄ij =

{

iε Im(λ̄ij) > 0

−iε Im(λ̄ij) < 0

and for the massive regime (| cosh η| > 1)

εij =

{

ε Re(λij) > 0

−ε Re(λij) < 0
ε̄ij =

{

ε Re(λ̄ij) > 0

−ε Re(λ̄ij) < 0
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Correlation functions

The indices ip(j,r) are defined as

{
ip(j,r); 2s − εs

j + 1 ≤ p(j, r) ≤ 2s
}

ip(j,r) > ip(j′,r′)

1 ≤ ip(j,r) < ip(j′,r′) ≤ c

p(j, r) < p(j′, r′) 1 ≤ j < j′ ≤ m

p(j, r) < p(j, r′) 1 ≤ r < r′ ≤ 2s
{
ip(j,r); 1 ≤ p(j, r) ≤ ε′sj − 1

}
ip(j,r) < ip(j′,r′)

c + 1 ≤ ip(j,r) < ip(j′,r′) ≤ 2sm

p(j, r) < p(j′, r′) 1 ≤ j < j′ ≤ m

p(j, r) < p(j, r′) 1 ≤ r < r′ ≤ 2s
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