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Correlation functions in multi-integral forms
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Algebraic Bethe ansatz

The R-matrix to the spin-3 representation of U,(sl2)

1 0
0 bo;
0 C0y
0 O

Roj(\; &) =
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Algebraic Bethe ansatz

The R-matrix to the spin-3 representation of U,(sl2)

Roj(\; &) =

satisfies the Yang-Baxter equation

1

0 bo;
0 Coj

0

0

0

0

C0 J

bo,
0

_ O O O

[07]

Ri12(A12)R13(A13) Ro3(A23)

= Ri13(A13) R23(A13) R12(A12)
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. sinh(A=¢,)
b0j = Gnh(A=E, 1)
. sinhn
€0j -= Sinh(A=¢,+n) °
)\z’j =\ + )\j



Algebraic Bethe ansatz

The boundary K-matrix

KX\ €)= [Sinh(?)\ o) sinh(g— )\)]

Ki(Nér) =K(A£4;64),

C. M. (Univ. Tokyo) 6/ 25




Algebraic Bethe ansatz

The boundary K-matrix

KX\ €)= [Sinh(?)\ o) sinh(g— )\)]

Ki(Aés) =KA£3:64),
satisfies the reflection relation

R12(A12)K1(M1)Riy? (A12) K2(X2)
= K2(A2) R12(A12) K1 (A1) Ry % (A12)
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Algebraic Bethe ansatz

The monodromy matrices

To(A) := Ron(A —&n) -+ Ror(A — &1) = [égi; gg;] [0]

To(A) :== Rio(A+ & — 1) -~ Rvo(A — Ev — 1)
N
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=7 e@n Ay
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[0] (X = A,B,C, D)
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The monodromy matrices

To(A) := Ron(A —&n) -+ Ror(A — &1) = [égi; gg;] [0]

To(A) :== Rio(A+ & — 1) -~ Rvo(A — Ev — 1)
N

_ D(—=A) —B(=}) g A )
= (-1)" _O(=A) A(_)\)][O] X €End(C?*® ---®C?)

(X = A, B,C, D)
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Algebraic Bethe ansatz

The monodromy matrices

c(\) D(N)
To(A) :== Rio(A+ & — 1) -~ Rvo(A — Ev — 1)

To(N) = Ron(A —&n) -~ Ror(A — &1) = [A(A) B(A)] .
0

N
_ (_1)N D(_)‘) _B(_)‘)] B 3
[0]

X € End((?® - @ C?
LO(-A) A(-N) (XZQSBO@@D)@ )

satisfy the following relation

Rip(A)Ti(M)D(e)  _ ° [t(A), t(w)] =0 (t(A) == tr;T;(N))
= To(A2)T1 (A1) R12(A12) @ comm. rel. among A, B,C, D




Algebraic Bethe ansatz

The double-row monodromy matrices
U_(N) :==TNEK_(MNT(N) :=

U (A) = TNKL(AT(N) =

A_(\) B_()\)
Cc.(\) D).

AL(A) Bi(A)

C+(A) Dy(N)




Algebraic Bethe ansatz

The double-row monodromy matrices

U_(N) =T\ EK_(NT(N) :=

Up(A) = TA)E L (N)T(X) =

satisfy the following relations

A_(\)

C_(\)

:A+(>\)
| C(A)

B ())
D (\)
Bi(N)]
Di(A).

Ria(A12)(U-)1 (A1) Ry (A2 — n)(U-)2(X2)

= (U-)2(A2) Ria(A12 — ) (U-)1(AM1) Ry?(M12)
Ria(=A12)(U)T (M) R (= A1z — n)(Us )2 (A2)
= (U)2(M2)Riz(—A12 — 0)(U4)F (A1) R (—A12) -
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Integrable higher spin XXZ models

The higher spin XXZ model is described by the following Hamiltonian

d
HE) = T (55)()) + const.
dA A=sn

T () = tro[K (\)TES (W KW ()T ()]
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Integrable higher spin XXZ models

The higher spin XXZ model is described by the following Hamiltonian

d
H(s) — _T(S,s)()\)
d\ s

T () = tro[K (\)TES (W KW ()T ()]

-+ const.

N
K() € End(C?*t1) and T(%) € End(C?**1 @ C?*t1) are constructed by
the fusion procedure

KW(\) = PR (A + 1) RIE2(2) + ) Ka(\) Py

TEIO) = RED(A - én) - RS (A - &)

RGD(A) = Pl Roa(A + n)Ror(A) Py

RU2(\) = PERio(A+ n)Rao(N P (P = Ria(n))
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Integrable higher spin XXZ models

Due to the following commutativity

TUA(N), 76 ()] = 0,
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Integrable higher spin XXZ models

Due to the following commutativity
[T\, T®S) ()] =0,
the eigenstates of 7(5%)(\) are constructed by
W) =17, B (A))0)

N N
0) :=®|s,s) (B € End(®C2511))
with {\} as the solutions of the Bethe equations
Sinh()\j + sn) sinh(—)\j — s1) N
sinh(—X\; 4 sn) sinh(\; — sn)
sinh(—Xj + &4 — ) sinh(=X; + & — 7
sinh(\j + &4 — 4)sinh(\j + &= — 2
T sinh(—Xj; — n)sinh(—=X\j, —n)  sinh(2\; — 1)
"=l sinh(\jp —n)sinh(\jr —n)  sinh(=2X; — )
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Integrable higher spin XXZ models

Due to the following commutativity
(70 (N), T®=) ()] =0,
the eigenstates of 7(5*)(\) are constructed by
W) =17, B (A)[0)

N N
0) :=®|s,s) (B € End(C2*1))
with {\} as the solutions of the Bethe equations

sinh(A; 4+ sn) sinh(—=X\; — sn) "

sinh(—\; + sn) sinh(\; — sn)

Csinh(=; + & — ) sinh(=X; + & — §)
sinh(\j + & — D) sinh(\; + £ — 1)

sinh(—Xj, — 1) sinh(=X\;r, —7n)  sinh(2\; — )

< 1" _ T
Hk_l Sinh()\jk — 77) Sinh()\jk — 77) Slnh(—2)\j - 77)
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Integrable higher spin XXZ models

There exist the boundary string solutions
3
= e -3, e +d, Y

in the regime 0 < &_ < % and ¢ < 5, where

(C:=in>0, & :=i_>0 |coshn| <1
{Ci=—-n>0, & :=—-¢ >0
\ . =—¢ +3 >0 |coshpy|>1.
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Integrable higher spin XXZ models

There exist the boundary string solutions
3
= e -3, e +d, Y

in the regime 0 < &_ < % and ¢ < 5, where

(C:=in>0, & :=i_>0 |coshn| <1
{Ci=—-n>0, & :=—-¢ >0
\ . =—¢ +3 >0 |coshpy|>1.

@ The boundary bound states reduce the free energy.
@ Strings longer than 2s do not contribute to the free energy.
= Assume the boundary bound 2s-string solutions

AB=—¢_ +(—s—3+r)y fors€Zxg
1
A =—€6 4+ (—s+71)n forse€Zi, (r=1,...,2s)
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Integrable higher spin XXZ models

Assume the 2s-string solutions for the ground state

)\23(j—1)—|—7° = pj + (—s— % +7)n (r=1,...,2s).
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Integrable higher spin XXZ models

Assume the 2s-string solutions for the ground state

)\23(j—1)—|—7“ = pj + (—s— % +7)n (r=1,...,2s).

@ Taking the logarithmic derivative of BE
@ In the thermodynamic limit N — oo by fixing +

2s
R 1
= 22;[((2"“—1)77(“) (p()\j) o ]\fllnoo N(Aj+1—>\j)>
A 2s5—1
— p(p) + / A [K4sn(u — 1)+ 2 Koy — u’)p(u’)du’}
N r=1
AN:=00 (|coshn| <1), A:=2Z (|coshn| > 1)
(1
Y coshn| <1
= p(A) =4 . L 1 2n\ 2 g3(ixen)
E | wel) o > wery coshn| > 1.




Quantum inverse scattering method
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Quantum inverse scattering method

For the spin—% case [Kitanine et al. (07)]
—1

n—1 n
Epmen = {H troTo(£a) trO[TO(gn)Eggwen] [H troTo(&a)
a=1 a=1
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Quantum inverse scattering method

For the spin-2 case [Kitanine et al. (07)]

n—1 n —1
Epmen = {H troTo(£a) trO[TO(gn)Eggwsn] [H troTo(&a)
a=1 a=1

/s ~Ss .
@ E* * s expressed as a tensor product of two vectors

[0--- L...O]t®[0...18...0]

S
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Quantum inverse scattering method

For the spin-2 case [Kitanine et al. (07)]

n—1 n —1
B = {HtroTo(fa) tro[Zo(&n) E" "] [HtroTo(fa)
a=1 a=1
o F°”=" is expressed as a tensor product of two vectors
0---1---0'®[0---1---0]
6/8 cs
@ A spin-s column (row) vector is mapped to a tensor product of spin—%
vectors
2s
t N~ 2570\ Tt t
FGN10---0] HZ<®K®F ® K~ ) [10]'®---®[10]

j=1
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Quantum inverse scattering method

The elementary matrix of spin-s representation is mapped to a tensor

product of 2s elementary matrices of spin—% representations

1
/s s N 5
E€ ,E s [2S] [28] Ps H E2 2 H E2 1 H El 1Ps (5/8 > 88)

N[+

11, .25 /s

3
q j=e5+1 Jj=¢e’5+1
- _1 _1
&5 s 2s| 2 |2s| % 2,2 1,2 1,1 ps /s s
Gt ol I PHE 1 2 I &2 @ <o)
L ] 5/5—|—1 ] —e5+41
/s s I S
Bi, ] PSHE” 1z (" =)
J=e5+1
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Quantum inverse scattering method

The quantum inverse scattering for the elementary matrices of spin-s
representations

% 9 _% 2s(i—1) 2s(i—1)+e;
2 I @enw) TI - D)
q J=1 j=2s(i—1)+1
2S(i—1)-|—€é 25i
X H C(w;) H A(wj;)
j=2s(i—1)+e;+1 j=2s(i—1)+€;+1
- 1 -1

X H(A + D)(w;) P? (€77 > €7)
j=1

7 /s

EEZ;S?ef . [28]
E
q

Wos(j—1)+r ‘= & + (—s — % +7)n (r=1,...,2s)
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Correlation functions

The ground state of the open system

Wi =10, BY(4)[0)
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Correlation functions

The ground state of the open system

W) =TT, BY(4)]0)

Is expressed in terms of the ground state of the closed system as

wi =" > H(Jl, M(Al,...,An;ﬁ_)HB(S)(A§)|0> (A = ;)

01y..y0n—
B(S) o
Hoto (M Ani€y) :_H[( 1)N0]Hsmh( T — & — )
71=1
Slnh(2>\j—|—77) _
h()\® _n
. sinh(2),) Sinh(A7 + &+ 2)}
inh(\7, — _
% H >IN ( rs 77). (A, = 0pAr + TsAs)
sinh \¢
1<r<s<n rs
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Correlation functions

The m-point correlation function

m g's g8
WIITTZ £ 77 vy
(Vg |vy)

Fr(,f) =
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Correlation functions

The m-point correlation function

m 6/-8,83'
(Wl TI;5 B 7 vg)
(Vg [Vg)

Fr(,f) =

is obtained as a multi-integral form in the thermodynamic limit

-5
q

N|—=
N+

H G({c})

j=1 J gj
m 5?——1 2s
<y sen() [T 11 / dAs(25(j-1)+1) /_d%(zs(j—l)m
TEG2sm j=1 \ r=17C mets /
X Hasm({A},{€}) det ®({A},{¢}) (c:=2"koa(er — 1))
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Correlation functions

The contours are set as

{Cr = (A= (s 3= A= (s+5 =) UT(®))
Cr=CrUT({£}).
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Correlation functions

The contours are set as

{Cr = (A= (s 3= A= (s+5 =) UT(®))
Cr=CrUT({£}).

The functions G, Hyg,,,, detog,,, ® are defined as follows

- (_1)28m—c
D) = T T, sinh(@ + 00— ) Tliey s + 25— p— o)

1
X
[1257  sinh™((2s — 7)) TTiey [Ti<j<peas Sinh(28, + (25 — 7 — j)n)

C. M. (Univ. Tokyo)



Correlation functions

ton (O 161) — — L T T sinhagy) 66+ (5= 5 = 1))
25m ’ H1<z'<j§2sm Slnh()\a(i)g(j) + 1+ €5) Sinh()‘a(i)a(j) =1+ &)

Hk CTI22 sinh (€, + 6 — (s + 2 — 7))
[T sinh( Ay + & — 3

m 2s—1
H H smh()\a(]) — &+ (—s+71)n)

gul!
I

H mh()\a(zp(j ) — &k — sn) H sinh()\o(ip(j’r)) — &+ 377))

i

m  2s —1
X H H H smh()\a(% o) T £ + sn) H sinh(\ U(Z o)) &k — sM)
j:]. r:g}s k=1 k—]‘l‘l
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Correlation functions

det O({)\}, {¢})

K

X

3K

CUTTTNOM, (Univ. Tokyo) o/ 25

1) 2sm 12_SI L11<i<j<m Sinh(%>‘0(2s(7j—1)—|—7")a(23(j—1)—|—r))
i H;n 1 Hm 1 COSh(E(Aa(ZS(i—l)—H“) - g]))
Sinh(F A g (25(i—1)+r)o(25(j— 1)—|—r))

cosh( ¢ (Ao(2s(i-1)+r) +&5))

r=1

( g’l/]) Slnh( gZ]):|

(|coshn| < 1)
1 2sm 28 m
—;> H H 01(t Ao (25(i—1)+7))02(E A0 (25(i—1)+r) ) 03(2€; ) 0a (7€)
r=17=1
H1§j<k§m 01 (i)‘a(2s(j—1)—|—7“)0(25(k—1)—|—7“))
115 k=1 616 Ao(2s(—1) ) — &k))
01(i1 Ao (25(j—1)+7)o(25(k—1)+7)) » . -
. 01(%8k;)01(26k;5)
01(t(Ao(25(j—1)+r) + Ek)) (k)01 (i8ks
(| coshn| > 1)



Concluding remarks

@ We obtained the correlation functions of the integrable XXZ spin-s
spin chains with boundaries in the multi-integral forms.

C. M. (Univ. Tokyo) 22 / 25




Concluding remarks

@ We obtained the correlation functions of the integrable XXZ spin-s
spin chains with boundaries in the multi-integral forms.

@ The two point function (cjo’,).

C. M. (Univ. Tokyo) 22 / 25




Concluding remarks

@ We obtained the correlation functions of the integrable XXZ spin-s
spin chains with boundaries in the multi-integral forms.

@ The two point function (cjo’,).

@ The asymptotic behavior of correlation functions.

C. M. (Univ. Tokyo) 22 / 25




Concluding remarks

@ We obtained the correlation functions of the integrable XXZ spin-s
spin chains with boundaries in the multi-integral forms.

@ The two point function (cjo’,).
@ The asymptotic behavior of correlation functions.

@ The solutions of the boundary qKZ equations in the multi-integral
forms.
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Thank you for your attention!
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Correlation functions

For the massless regime (| coshn| < 1)

1€ Im()\ij) >0 _ 1€ Im(j\ij) >0
€5 — €5 — -
7 1 —ie Im()ij) <0 —ie  Im(Xy) <0

and for the massive regime (| coshn| > 1)

€ Re()\ij) >0 _ € Re(sz-j) >0
€7 — €3 — —
g —€ Re()\ij) <0 g —€ Re()\q;j) <0
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Correlation functions

The indices 7, are defined as

{ip(jﬂ“); 2s —g; +1< p(J,r) < 23} Up(j,r) > p(i )
1 < ip(j,?“) < ip(j’,?“’) <c
p(j,r) <p(i,r'") 1<j<ji <m
p(j,r) <p(,r) 1<r<r <2s
Vip(oyt L < p(J,7) <€ — 1} Up(jr) < bp(j' )
et LS ip(ipy <ipyr) < 25m
p(5,7) <p(i',r") 1<j<ji <m
p(7,7) <p(j,r") 1<r<r <2s

C. M. (Univ. Tokyo)
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