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@ The “Bootstrap Program”
@ Construct a quantum field theory explicitly
@ Integrability
© S-matrix
e SU(N) S-matrix
e O(N) S-matrix
© Form factors
@ Form factors equations

@ 2-particle form factors
@ Examples: SU(N) and O(N)

° ’General form factor formula‘

@ “Bethe ansatz” state
@ The p-function

@ Examples:
@ The chiral SU(N)-Gross-Neveu model
@ The O(3) o- model

@ References
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Construct a quantum field theory explicitly in 3 steps
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Construct a quantum field theory explicitly in 3 steps

© [S-matrix|

using @ general Properties: unitarity, crossing etc
@ "Yang-Baxter Equation”
© "bound state bootstrap”
@ ‘maximal analyticity’

Q ’ “Form factors” ‘
(0] O(X) | p1,...

using @ the S-matrix
@ LSZ-assumptions
@ ‘maximal analyticity’

- on >in — e—ix(p1++pn) fO (01,...,0n)
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The “Bootstrap Program”

Construct a quantum field theory explicitly in 3 steps

© [S-matrix|

using @ general Properties: unitarity, crossing etc
@ "Yang-Baxter Equation”
© "bound state bootstrap”
@ ‘maximal analyticity’

Q ’ “Form factors” ‘

(01OKx) | p, ...

- on >in — e—ix(p1++pn) fO (01,...,0n)

using @ the S-matrix
@ LSZ-assumptions
@ ‘maximal analyticity’

(5] ’ “Wightman functions” ‘

(0]0(x)O(y)[0) =1L, [(0]p(x)[n)™™(n]¢p(y)|0)
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The “Bootstrap Program”

The bootstrap program classifies
integrable quantum field theories
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Integrability

“Yang-Baxter equation” S$12513S23 = S23513S12
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Integrability

“Yang-Baxter equation” S$12513S23 = S23513S12

“bound state bootstrap equation”  Sjj3 I_(1122) = I'glzz) S13S23

(12) (12)
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SU(N) S-matrix

Particles a, B,v,0 =1,..., N < vector representation of SU(N)

OHOES >9§ = 81410p5 b(8) + 0us0p, c(6).
o 1 U2
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SU(N) S-matrix

Particles a, B,v,0 =1,..., N < vector representation of SU(N)
0 Y

OHOES >9§ = 81410p5 b(8) + 0us0p, c(6).
o 1 U2

p

Yang-Baxter + crossing + unitarity
[Berg Karowski Kurak Weisz 1978
Koberle Kurak Swieca 1979; Abdalla Berg Weisz 1979 |
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O(N) S-matrix

Particles a, B,7,6 = 1,..., N <> vector representation of O(N)
9 gt
55;(9) = >< = 005 b(0) 4 050y €(0) + Oapdns d(8) .
i 01 92/3
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O(N) S-matrix

Particles a, B,7,6 = 1,..., N <> vector representation of O(N)

o
55;(9) = >9-9< = Ouy0ps b(0) + 6a50p, c(0) + 8updys d(6) .
o 1 2ﬁ

Yang-Baxter + crossing + unitarity
[A.B. Zamolodchikov and Al. B. Zamolodchikov, 1978]

T(1- 2T (3+ 72— )T (3425 )T (s + o)
9:b6 9:_ 27Ti 2 ' N-2 2mi 2 " 2mi N-2 ' 2mi
3(0) = b(0) + <(0) = — T E T (T yy o )T (= T (st
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O(N) S-matrix

Particles a, B,7,6 = 1,..., N <> vector representation of O(N)
9 gt
55;(9) = >< = 005 b(0) 4 050y €(0) + Oapdns d(8) .
i 01 92/3

Yang-Baxter + crossing + unitarity
[A.B. Zamolodchikov and Al. B. Zamolodchikov, 1978]

P12 )T (3 gy — o )T (2 )T (gt o)
9 — b 6 9 [ 27Ti 2 ' N-2 2mi 2 " 2mi N-2 ' 2mi
2(0) = b0) + €0) = ~ R (hr e ) ) (e )

For O(3)
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Form factors

Let O(x) be a local operator

(O] OX) [pr-v P )il o =FS 4 (01,...,0,) e *EP

Ff (0) = form factor  (co-vector valued function)
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Form factors

Let O(x) be a local operator

(O] OX) [pr-v P )il o =FS 4 (01,...,0,) e *EP

Ff (0) = form factor  (co-vector valued function)

LSZ-assumptions _. | Properties of form factors'
+ 'maximal analyticity’ P
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Form factors equations

(i) Watson's equation

FO  (..,01,6;,...)=F9% (....0;,6;,...)S;(6; —6))

&1<p1|0(0>’ .”vpn>mconn —

CugOFO (01 +im, ..., 00) =FC , (... 0,61 —im)CH™

(i) Crossing
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Form factors equations

(iii) Annihilation recursion relation

1
— Res Fl(?.n<911 . ) = C12 F?E,.)..n(93v . ) (1 —(72052,,...523>

I O1p=im

! O

(iv) Bound state form factors

1
—= Res Fi53 ,(0) = F82)3...n(9(12)'gl)r12

\/5 912:i17

i Res =
\/5912:,',]

(v) Lorentz invariance

FO (B +u,...,00+u)=eFC (61,...,6,)
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2-particle form factor

(01O(0) | p1, p2) ™t = F ((p1 + p2)? £ ie) = F (&612)

where p1po = m? cosh 615.

’ "Watson's equations” ‘

“maximal analyticity” = unique solution
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The highest weight SU(N) minimal 2-particle form factor

o]

F(6) = exp/dt

0

en sinht (1 — %

P ) (1—cosht(1—6/(ir)))
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The highest weight SU(N) minimal 2-particle form factor

T emsinht(1—1
F (0) :exp/dte s':sizézt v) (1—cosht(1—8/(in)))
0

The highest weight O(N) minimal 2-particle form factor

o df 1 — e 2t/(N-2)

F(6) :exp/

. fenht  1ge  (—cosht(1-0/(im)))
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The highest weight SU(N) minimal 2-particle form factor

o]

F(6) = exp/dt

0

en sinht (1— %)
tsinh? t

(1—cosht(1—6/(ir)))

The highest weight O(N) minimal 2-particle form factor

0 _ a—2t/(N=-2)
F(O):exp/ dt_1-—e

. fenht  1ge  (—cosht(1-0/(im)))

O(3) minimal 2-particle form factor

F(0) = (6 — im) tanh 36
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General form factor formula

ocl zx,,(eli""en): al & 1_[ F U

1<l<_/<n
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General form factor formula

ocl zx,,(eli""en): al & 1_[ F U

1<l<_/<n

’” Nested off-shell Bethe Ansatz” ‘

0)= [ dzn-- [ dzwmh(0.2)p%(0.2) LG, p, (2)¥E7 (6.2)
0 (A
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General form factor formula

ocl zx,,(eli""en): al & 1_[ F U

1<l<_/<n

’” Nested off-shell Bethe Ansatz” ‘

KD (@) = [ dexoe [ domh(0.2) pO(.2) 15, () ¥ELET (0.2

depend only on F(0) i.e. on the S-matrix (see below),
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General form factor formula

ocl zx,,(eli""en): al & 1_[ F U

1<l<_/<n

’” Nested off-shell Bethe Ansatz” ‘

KD (@) = [ dexoe [ domh(0.2) pO(.2) 15, () ¥ELET (0.2

depend only on F(0) i.e. on the S-matrix (see below),

p? (8, z) = simple function of e, depends on the operator O
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Equations for ¢(z) = a(z)¢(z2)

Example:
(if)
(i) :

SU(N)
(z) =

N-2

“:l ‘Sz

—b(z+27i)$(z + 271i) ,
N-1

(—z—kin) [ F(z+kin) =1,
k=0

b(z) =

b(z)/a(z)
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Equations for ¢(z) = a(z)¢(z2)

Example: SU(N)

(i) : ¢(z) = —b(z + 2mi)P(z + 27i) , b(z) = b(z)/a(z)
N—-2 N—1 27T
(iii):l_[ —z—kin) [[ F(z+kin) =1, ="
k=0 k=0

Solution:

Babujian, Foerster, Karowski (FU-Berlin)
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Equations for ¢(z) = a(z)¢(z2)

Example: O(N)

(i) : §(z) = b(z + 2mi)P(z + 27ti)
(iii) : p(—2)p(—z — i+ in)F(z)F(im+z) =1, =53
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Equations for ¢(z) = a(z)¢(z2)

Example: O(N)

(i) : §(z) = b(z + 2mi)P(z + 27ti)
(iii) : p(—2)p(—z — i+ in)F(z)F(im+z) =1, =53

Solution for O(3)
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“Bethe ansatz” state

Example: SU(N)

(9, 2) = (Qcﬂm (0, zm) ... CP1(8, 21)>

,31 ﬁm 1 1
M g Zm 1
= o :1
6, - 0,
151 Xn

2<Bi<N
1<a; <N
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“Bethe ansatz” state

Example: SU(N)

(9, 2) = (Qcﬂm (0, zm) ... CP1(8, 21)>

B1 Bm 1 1
- U Zm 1 2< B <N
N z1 : 1<wa; <N

0, -+ 10,
151 Xn

Ny...p

Nesting means:

write for Léo(;) an integral representation as for K{ (0)
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“Bethe ansatz” state

Example: SU(N)
¥e(8.2) = (OCH (0, 2) ... CP1(0,21) )
B1 Bm 1 1
- U Zm 1 2< B <N
B 7 : 1<a; <N

0, -+ 10,
151 Xn

Ny...p

Nesting means:

write for Léo(;) an integral representation as for KE(Q)

rank(SU(N)) =N —1
rank(O(N)) = [N/2]

= Bethe Ansatz of level 1,2, ..., {
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“Bethe ansatz” state

Example: O(N)
ﬁl ,Bm

Zm 1 3§,Bi§N
1<ua; <N
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“Bethe ansatz” state

Example: O(N)
ﬁl ,Bm

Zm 1 3§,Bi§N
1<ua; <N

The matrix M maps
M : C"g---9C’" - CN?2g...0CN?

such that
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The p-function

In general the function p© (Q,é) depends on the rapidities 6 and all
integration variables z(/)

If the p-function pO(Q, g) satisfies some simple equations, the form factor
FO () satisfies the form factor equations (i) - (iii)
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The p-function

In general the function p© (Q,é) depends on the rapidities 6 and all
integration variables z(/)

If the p-function pO(Q, g) satisfies some simple equations, the form factor
FO () satisfies the form factor equations (i) - (iii)

pP(8,z) = p© (01 +27i,0,,..., 2)

p
pOO,.... 2" +2mi,...)

(for SU(N) there are some additional phase factors)
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Example: SU(N)

The chiral SU(N)-Gross-Neveu model

[H. Babujian, A. Fring, M. Karowski, A. Zapletal,1996]
N

N 2 N 2
L= le_]a "'Yal/)a‘f'%gz <lealpa> - (Zl/}a')’51/)a>
a=1 a=1 a=1

Babujian, Foerster, Karowski (FU-Berlin)
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Example: SU(N)

The chiral SU(N)-Gross-Neveu model
[H. Babujian A. Fring, M. Karowski, A. Zapletal, 1996]

N 2 N 2
L= lea")’al/)a 1 2 <Z;11/_Jvcl/)a> _(le/}a'YSV)a)

a=

[H. Babujian, A. Foerster, M. Karowski, 2010]
The p-function for the field ¢ (x) is

0, 2) = exp = (Zz, (1—1>i_i19,~>.
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Example: SU(N)

The chiral SU(N)-Gross-Neveu model
[H. Babujian A. Fring, M. Karowski, A. Zapletal, 1996]

N 2 N 2
L= lea")’al/)a 1 2 <Z;11/_Jvcl/)a> _(le/}a'YSV)a)

a=

[H. Babujian, A. Foerster, M. Karowski, 2010]
The p-function for the field ¢ (x) is

0, 2) = exp = (Zz, (1—1>i_i19,~>.

The 1-particle form factor is

(0] 9 (0)]0)q = 841 72 (1740

Babujian, Foerster, Karowski (FU-Berlin)

The form factor program




The field ¢(x)

The 3-particle form factor
[H. Babujian, A. Foerster, M. Karowski, 2010]

V(01,05 05) = KY (61, 05, 05) F (612) G (613) G (0
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The field ¢(x)

The 3-particle form factor
[H. Babujian, A. Foerster, M. Karowski, 2010]

V(01,05 05) = KY (61, 05, 05) F (612) G (613) G (0

Klp(i)

1(1-1)vg; dz 1,
2B — NYeF2(1-n)E /Cg F(])(Gl—z)¢(92—z)L(93—z)ei2

x Co5SEL (01 — 2) S, (62 — 2) 851 (65 — 2)
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The field ¢(x)

The 3-particle form factor
[H. Babujian, A. Foerster, M. Karowski, 2010]

V(01,05 05) = KY (61, 05, 05) F (612) G (613) G (0

s
Kaﬁv

. 5
X CogSiie (01— 2) S5 (62 — 2) S5 (65— 2)
can be expressed in term of Meijer's G-functions

. 02 03
G?? (eiln 27‘[1 +1, 27i +1, 27i )

6 1 972_f 1
27i N 2mi +1 +2

! 27'(1
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The field ¢(x)

The 3-particle form factor
[H. Babujian, A. Foerster, M. Karowski, 2010]

V(01,05 05) = KY (61, 05, 05) F (612) G (613) G (0

Kll’

1(1-1)vg; dz 1,
b = neTi()x /CGR(])(Gl—z)¢(92—z)L(93—z)ei2

y 5
x Co5SEL (01 — 2) S, (62 — 2) 851 (65 — 2)

can be expressed in term of Meijer's G-functions

. 02 03

G33 [ eFim 2m tlag+ 1 27i
33 61 1 6 1 + 1 + 1
27i N 2mi ! 27'(1 2

We have checked the exact result in 1/N expansion.
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Example: O(N)

The O(N) o-model
Lagrangian and constraint

1 N
LS — > Y (By(p“)2 with g) ¢i=1
a=1 a=1

The field ¢, (x) transforms as the vector representation of O(N).

Babujian, Foerster, Karowski (FU-Berlin)

The form factor program Annecy, June 2010
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Example: O(N)

The O(N) o-model
Lagrangian and constraint

1N N
LS — > Y (By(pa)2 with g) ¢i=1

a=1 a=1

The field ¢, (x) transforms as the vector representation of O(N).

The p-function for the field ¢1(x) is

p?(8.z) =1
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Example: O(N)

The O(N) o-model
Lagrangian and constraint

1N N
LS — > Y (By(pa)2 with g) ¢i=1

a=1 a=1

The field ¢, (x) transforms as the vector representation of O(N).

The p-function for the field ¢1(x) is

p?(8.z) =1

The 1-particle form factor is

(0l(0)|0)s = F{'(6) =4,

Babujian, Foerster, Karowski (FU-Berlin) The form factor program

Annecy, June 2010
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The 3-particle form factor of ¢(x) for O(3)

(61,02,03) = “,37(91 02,63)F(012) F (613) F (623)

kL) = [ dn [ dzaB(0.2)p7(6.2) Lizia) ¥a (6. 2)

aﬁv

,(0.2) = (Q[C02)00.2)]") . Lz) =2 rann 4z

« z(z —2mi)
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The 3-particle form factor of ¢(x) for O(3)

(61,02,03) = “,37(91 02,63)F(012) F (613) F (623)

kL) = [ dn [ dzaB(0.2)p7(6.2) Lizia) ¥a (6. 2)

aﬁv

Fu(.2) = (Q[CO.2)C0.2)]") . L(z) = (22710 onn 1z

® z(z —2mi)

result Ffm(Q) = gfm(ﬁ)G(912)G(913)G(923)

G(Q) . tanh %9

_6(9—2i7r)F(9) =i tanh? 29

0(6—27i)

g/, (8) = 02361C, — (B3 — 2717) 65C,y + 01261 Cp

this result agrees with |/ .Balog, M.Niedermeyer|
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