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Aim
e Discuss the construction of time evolution equations associated to
negative even graded Lie algebraic structure.

e Modify dressing method to construct solutions.

e Construct soliton solutions by deforming vertex operators.



The mKdV Hierarchy
e Start with s/(2) Lie Algebra with generators
[ha Eﬂ:a] — :|:2Ej:0m [Eaa E—a] = h

e Affine Lie algebra T, — Tém) =\"T,, meJZ ie.,
h— h™ = mp B, — B =R,

e Grading operator () = 2)\% + %h

e Decomposition of Affine Lie Algebra into graded subspaces G =
@®;G; such that [Q, G;| = iG;,
g2m - {h(m) - )\mh}a
Gomi1 = {N"(Ea+AE_o), \" (B, — AE_,)}

m = 0,+1,42,... where [G;,G,] C Gi;.

e Choose element semi-simple E = EY = E, + AE_,, such that
K = Kernel = {z, /[z, F] =0}, and G = K+ M, where K =
Koni1 ={N"(Ey + AE_,)} has grade 2n + 1 and M is the com-
plement. We assume that E is semi-simple in the sense that this
second decomposition is such that

KK, K] C K, I, M| C M, M, M] C K.



e Define Lax operator 9, + EW 4+ Ay, where Ay = v(x)h € M € G

(Image)

e Zero Curvature Equation for Positive Hierarchy

0, + EW + Ag, 0y + DWW + DWW ... DO =,

where DU) € G; which can be decomposed and solved grade by

grade. In particular, highest grade eqn. i.e., [E, DWW )] = 0 implies
DW) ¢ KCony1 and therefore N = 2n + 1.

e [Fixamples
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Negative mKdV Hierarchy

e Zero Curvature representation for the negative hierarchy

[&B + E(l) + A(), 8t_n + D(‘”) + D(_”‘H) 4+ .-+ D(_l)] = 0.

e Lowest grade projection,
8,D + [4,, D] =0
yields a nonlocal equation for D). No condition upon n.

e The second lowest projection of grade —n + 1 leads to

9, DY L [Ay, DU 4 [EW DM = 0

determines D"+,

e The same mechanism works recursively until we reach the zero
grade equation

O Ay +[EW, DY =0

which gives the time evolution for the field in Ay according to
time t_,,.

e Simplest Example t_,, = t_1.

8, DY +[Ay, DY) = 0,
O, Ay — [EW, DY) = 0
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Solution is

DY =BV, A =B7'9,B, B =exp(G)

The time evolution is then given by the Leznov-Saveliev equation,
o, (3_1&63) — [EW, B'ECV B

which for §l(2) with principal gradation () = ZA% + %h, yields the
sinh-Gordon equation (relativistic)
00,0 = e?? — e_2¢, B = ¢,
where t_1 = z,x = z, Ag = vh = 0,¢h.
e No restriction for even Negative Hierarchy

e Next simplest example t =t
Z.Qiao and W. Strampp Physica A 313, (2002), 365 ;
JFG, G Starvaggi Franca, G R de Melo and A H Zimerman, J. of Phys. A42,(2009), 445204

8,D? +[Ay, DY) = 0,
0,DV + [4y, D7V + [EW DY) = 0,
0, Ay — [EW, DY) = 0.
Propose solution of the form

D2 = ¢ o \"'h,
DY = ¢, (A‘lEa + E_a) +b (A‘lEa — E_a) .



Get c_9 = const and

bt = 2 so—2 0 (o2 )
a1 —b_1 = —2c_o exp(Qd_lv)d_1 (eXp(—Qd_lv)) :

Equation of motion is
Or_,v + 20_26_2d_1”d_1 <62d_1”> + 26_262d_1”d_1 (e_Qd_1”> = 0.

where d1f = /% f(2')da’.
e Vacuum for ¢ = t_5 equation
1)v=0
0+ 2c_se~ 2@ / e>Y 4 2¢_,e%® / e 2 £ (),
c_9#0, oa=const=d 0.

2) v =1y

0 + 2¢_oe 2007 / e20T 4 9¢ 00T / e 20T — ()

Notice that, for c_, # 0, v = 0 is not solution of the evo-
lution equation and therefore Ay = 0 does not satisfy
the zero curvature representation for t =1¢_, .



Dressing Solutions for Negative Hierarchy

e Propose the simplest non trivial vacuum configuration

1
Ax,vac — (Eéo) + E(_%) + UOh(O) - 7t—2m5m—1,067
Vo
1 —m
At_zm,vac - (Eé_m> + E<—1a )> + h(_m)
Vo

with vy = const. # 0.

It is straightforward to verify the zero curvature equation

[ax + Ax,vac; at_gm + At_zmﬂ,ac] — O

This nontrivial vacuum leads to the following deformation, i.e.,
Ax,vac - T()_l@xTO and Atk,vac — To_latkT()a

Ty = exp {x (Eéo) + E(_l(i + Uoh(()))} :

t_om _ —m _
oxp {122 (B + E )

Observe that consistency of the zero curvature rep-
resentation with nontrivial vacuum configuration re-
quires terms with mixed gradation in constructing 7



The solution is then given by

eV = <)\0‘T0_19T0‘)\0> = Ty,
€_¢+$UO_V = < Al‘TO_lgTop\l >

1

and hence,
-
Uzvo—ﬁgcln(()), v = 0,0.
it
In order to construct explicit soliton solutions consider the de-
formed vertex operators

A direct calculation shows that
[booms F (v,00)] = =2y (v* =) F(7,00).
If we now take,
g = exp{F(7,v0)}
We find the soliton solution of the form
=14 Cop (7, v0), 7 =14 Cip(7y, )

where,
27t—2m
p(7,v0) = exp {27:13 - m} .
vo (72 — vp)



Models allowing constant vacuum solution

e Negative even

0, + E+voh”, 0, , + D2+ D2 o DG 4 DY) =
solution is
Dy = A" iz ~ 28
Vo
. . |
D{,? =x"'h" D} = B
Vo

Notice the r.h.s. of zero curvature equation requires
2m terms which combine together to form
D( 22)+D< 2i4+1) __ )\_Z(h(o)—l—*)
vac vac /UO
such that
E

0, + E+voh 9.0, + X~ + ) AR 4 —)]=0
0 0



e Positive odd (mKdV, etc)

0, + E +vh", 0y, + D2+ D 4. 4 DI+ DO =0

solution is

pen+t) = AE v 0) DEm) — ymp(0)
Vo
p _AE DO — B
vac ’UO vac

The r.h.s. of zero curvature equation requires 2m
terms which combine together to form

DRIt 4 D) _ )\i(h(o)+E)

vac vac /UO
such that
E

0; + B +voh!” 8y, + A"(hY + ) A (RO ) =0
0 0
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e Negative Odd

0, + E+vh® | 9,,  + D2V
+ pt2m) o p=2mtl) o0y p(=2) D?(chl)} —0

vac vac vac

Notice the r.h.s. of zero curvature equation has 2m-+1-
terms that they cannot combine to form combinations propor-
tional to E 4+ vyh"Y) and henceforth the negative odd hier-
archy does not allow constant vacuum solutions. E.g.

sine-Gordon
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Conclusions and Further Developments
e Introduced Negative Even Sub-Hierarchy of integrable equations.

e Proposed systematic construction of solutions in terms of deformed
vertex operators.

e Generalize to other integrable hierarchies allowing constant vac-
uum solutions.

e Adapt Dressing method to construct periodic solutions (Jacobi
Theta functions).

where

400 . .9
2minks k
o= >, e"p
k=—o0

, n = deform. parameter

c.f. soliton where

0= 14 p, T1=1—p
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