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Hermiticity is good to have for two reasons, but

Why is Hermiticity a good property to have?

@ Hermiticity ensures real energies
Schrédinger equation Hiy = Ev

(| H ) = E (4| ¥)

(| H 1) = E* (3| U>} = 0=(E-E"){¥|¥)

@ Hermiticity ensures conservation of probability densities

(1)) = e M [y(0))
(0] ¥(t)) = (»(0)| €' te=H [1(0)) = (¥(0)] ¥(0))

- Thus when H # H' one usually thinks of dissipation.
- However, these systems are open and do not possess a
self-consistent description.
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Hermiticity is only sufficient and not necessary for a consistent quantum theory

Hermiticity is not essential

@ Operators O which are left invariant under an antilinear
involution Z and whose eigenfunctions ¢ also respect this
symmetry,

[0,7]=0 A Io=0

have a real eigenvalue spectrum.
[E. Wigner, J. Math. Phys. 1 (1960) 409]
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Hermiticity is only sufficient and not necessary for a consistent quantum theory

Hermiticity is not essential

@ Operators O which are left invariant under an antilinear
involution Z and whose eigenfunctions ¢ also respect this
symmetry,

[0,Z7] =0 A ZIo=0

have a real eigenvalue spectrum.
[E. Wigner, J. Math. Phys. 1 (1960) 409]

@ By defining a new metric also a consistent quantum
mechanical framework has been developed for theories
involving such operators.

[F. Scholtz, H. Geyer, F. Hahne, Ann. Phys. 213 (1992) 74,
C. Bender, S. Boettcher, Phys. Rev. Lett. 80 (1998) 5243,
A. Mostafazadeh, J. Math. Phys. 43 (2002) 2814]

In particular this also holds for O being non-Hermitian.
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There are plenty of well studied examples of non-Hermitian systems in the literature

"Recent"” classical example

H = %pz + x3(ix)¥  fore >0
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[C.M. Bender, S. Boettcher, Phys. Rev. Lett. 80 (1998) 5243]
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Ubiquitous non-Hermitian Hamiltonians (examples from the literature)

A more classical example
@ Lattice Reggeon field theory:

H= Z; [Aa;'r'af—’— iga;r'(a7+ a;‘)ai‘"i_ QZj(a;f*+j— a})(a;ﬁ— a;)

- ;, ar are creation and annihilation operators, A,g,9 € R
[J.L. Cardy, R. Sugar, Phys. Rev. D12 (1975) 2514]
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Ubiquitous non-Hermitian Hamiltonians (examples from the literature)

A more classical example
@ Lattice Reggeon field theory:

H= Z; [Aa;'r'af—’— iga;r'(a7+ a;[)a;_’_ sz(a;ﬁ— a})(a;ﬁ— a;)

- ;, ar are creation and annihilation operators, A, g,g € R
[J.L. Cardy, R. Sugar, Phys. Rev. D12 (1975) 2514]
- for one site this is almost ix3
H = Aa'a+iga' (a+ aT) a
1 g

- E(b2+)?2—1>+iﬁ()“(3+,62)“(—2$(+ib)

with a = (wX + ip)/V2w, a' = (WX — ip)/V2w
[P. Assis and A.F., J. Phys. A41 (2008) 244001]
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Ubiquitous non-Hermitian Hamiltonians (examples from the literature)
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Ubiquitous non-Hermitian Hamiltonians (examples from the literature)

@ quantum spin chains: (c=-22/5 CFT)
1 N X zZ_Z H z
Hzézi:10i+)\0/0i+1+/h0i A,hER

[G. von Gehlen, J. Phys. A24 (1991) 5371]

@ strings on AdSs x S°-background
[A. Das, A. Melikyan, V. Rivelles, JHEP 09 (2007) 104]

@ affineToda field theory:

1
L=5 M<z>8“¢+ Z My exp(Ba - ¢)

a = 0 = massive field theory (Kac-Moody algebras)
B € R = no backscattering
6 € iR = backscattering (Yang-Baxter, quantum groups)
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Ubiquitous non-Hermitian Hamiltonians (examples from the literature)

@ deformed space-time structure
- deformed Heisenberg canonical commutation relations

aa' — g?afa= g9V, with N = afa

X:OéaT‘{‘ﬁa, P:I'YaT_I(Saa Oé,ﬁ,")’,(SER

[X, Pl = ihg9™(as + B7)

in(q* - 1)

2 2 . o
e (5’yX +af P2+ iadXP /mPX)

~limit: 8 — a, § — 7, g(N) — 0, g — €2, 4 — 0
X, Pl =i (1+7P?)

- representation: X = (1 +7p2)xo, P = po, [Xo, Po] = i
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Ubiquitous non-Hermitian Hamiltonians (examples from the literature)

- with the standard inner product X is not Hermitian
X' =X+2rihP  and P =P

- = H(X, P) is in general not Hermitian
- example harmonic oscillator:

P2 mw2 2
N + -
2m 2 ’
Pz muw?

Hho =

p2 mw? ,
_ 537 + [(1 + 7P8)2xE + 2ihTpo(1 + Tpg)xo} :

[B. Bagchi and A.F,, Phys. Lett. A373 (2009) 4307]
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Ubiquitous non-Hermitian Hamiltonians (examples from the literature)

@ dynamical noncommutative space-time

Replace
[X07y0] =10, [X0>pX0] = Ih, [yOnD}/o] = ih,
[pXoapyo] = 07 [X07py0] = 07 [y07pXo] — 07
with 6 € R, by

[X,Y]=i0(1 +7Y2) [X,P=ih(1+7Y?)
[Y,P,] = ih(1 +7Y2) [X,P,] =2irY(0P, + 1X)
[Px,P,] =0 [Y.P,] =0

= Non-Hermitian representation
Xt =X+2iroy Y=Y P} =P, -2irhY P}=Ps

[A.F.,, L. Gouba and F. Scholtz, arXiv:1003.3025 ]
[A.F., L. Gouba and B. Bagchi, arXiv:1006.2065 ]
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Unbroken P7-symmetry guarantees real eigenvalues (QM)

@ PT-symmetry: P7T: X— —X p—p i— —i
P:x——x,p——p; T:Xx—Xx,p— —p,i — —I)
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Spectral analysis

Unbroken P7-symmetry guarantees real eigenvalues (QM)

@ PT-symmetry: P7T: X— —X p—p i— —i
P:x——x,p——p; T:Xx—Xx,p— —p,i — —I)
@ PT is an anti-linear operator:

PT (AP + pV) = N*PTO + p*PTV ApeC
@ Real eigenvalues from unbroken P7-symmetry:
[H,PT]=0 A PITd=0 =c=c" forH®=¢d

@ Proof:
ed=HO=HPTO=PTHS=PTecd=c"PTd=c*0

PT-symmetry is only an example of an antilinear involution
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Spectral analysis

Pseudo/Quasi-Hermiticity

h=nHy'=h' =@ ")Hy < Hp=pH p=nln ()

P
positivity of p v v X
p Hermitian v v v
p invertible v X v
terminology ) quasi-Herm. | pseudo-Herm.
spectrum of H real could be real real
definite metric | guaranteed | guaranteed | not conclusive

e quasi-Hermiticity: [J. Dieudonné, Proc. Int. Symp. (1961) 115]
[F. Scholtz, H. Geyer, F. Hahne, Ann. Phys. 213 (1992) 74]

e pseudo-Hermiticity: [M. Froissart, Nuovo Cim. 14 (1959) 197]
[A. Mostafazadeh, J. Math. Phys. 43 (2002) 2814]
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= H is Hermitian with respect to the new metric
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quantum mechanical framework (definition of a new metric)

H is Hermitian with respect to a new metric

e Assume pseudo-Hermiticity:
h=nHn™' = ht = (") H'" & Higly =nTnH

d=nTp gl=gp

= H is Hermitian with respect to the new metric
Proof:

(W[H®), = (WP H®) = (n~ p|n?Hn~'¢) = (¥ [nHn~¢) =
(6 [ho) = (hp|6) = (M~ vlg) = (HY|ne) = (HV|r2®)
= (HV|9),
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quantum mechanical framework (definition of a new metric)

H is Hermitian with respect to a new metric
e Assume pseudo-Hermiticity:

h=nHy ' =h' = ") Hy' < Hiplp=nnH

d=nTo gl=1

= H is Hermitian with respect to the new metric
Proof:

(WIH®), = (V[P H®) = (n~"lnHn " ¢) = (¥ [nHn~"¢) =
(6 [ho) = (hp|6) = (M~ vlg) = (HY|ne) = (HV|r2®)
= (HV|®),

- eigenvalues of H are real, eigenstates are orthogonal
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quantum mechanical framework (a more algebraic construction of the new metric)

CPT-metric

[Bender, Brody, Jones, Phys. Rev. Lett. 89 (2002) 270401]

(W[ ®)opr = (CPT V)" - [0)

@ In position space: C(x,y) = >, ®n(X)Pn(y)
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@ Relation C and metric (same as pseudo-Hermiticity)

C=p P
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CPT-metric

[Bender, Brody, Jones, Phys. Rev. Lett. 89 (2002) 270401]

(W[ ®)opr = (CPT V)" - [0)

@ In position space: C(x,y) = >, ®n(X)Pn(y)
Very formal as normally one does not know ®,(x) ¥n

@ Algebraic approach: Solve
C?=1 [H,C] =0 [C,PT]=0 [H,P7]=0

@ Relation C and metric (same as pseudo-Hermiticity)
C=p P

Proof:
pH = PCH = PHC
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CPT-metric

[Bender, Brody, Jones, Phys. Rev. Lett. 89 (2002) 270401]

(W[ ®)opr = (CPT V)" - [0)

@ In position space: C(x,y) = >, ®n(X)Pn(y)
Very formal as normally one does not know ®,(x) ¥n

@ Algebraic approach: Solve
C?=1 [H,C] =0 [C,PT]=0 [H,P7] =0

@ Relation C and metric (same as pseudo-Hermiticity)
C=p P

Proof:
pH =PCH =PHC =PPTHPIC
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CPT-metric

[Bender, Brody, Jones, Phys. Rev. Lett. 89 (2002) 270401]

(W[ ®)opr = (CPT V)" - [0)

@ In position space: C(x,y) = >, ®n(X)Pn(y)
Very formal as normally one does not know ®,(x) ¥n

@ Algebraic approach: Solve
c2=1 [H,C]=0 [C,PT]=0 [H,PT]=0

@ Relation C and metric (same as pseudo-Hermiticity)
C=p P

Proof: P2 =1
pH =PCH =PHC =PPTHPIC=THTPC
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quantum mechanical framework (a more algebraic construction of the new metric)

CPT-metric

[Bender, Brody, Jones, Phys. Rev. Lett. 89 (2002) 270401]

(W[ ®)opr = (CPT V)" - [0)

@ In position space: C(x,y) = >, ®n(X)Pn(y)
Very formal as normally one does not know ®,(x) ¥n

@ Algebraic approach: Solve
c2=1 [H,C]=0 [C,PT]=0 [H,PT]=0

@ Relation C and metric (same as pseudo-Hermiticity)
C=p P
Proof: HI = THT
pH = PCH = PHC = PPTHPTC = THTPC = HIPC
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quantum mechanical framework (a more algebraic construction of the new metric)

CPT-metric

[Bender, Brody, Jones, Phys. Rev. Lett. 89 (2002) 270401]

(W[ ®)opr = (CPT V)" - [0)

@ In position space: C(x,y) = >, ®n(X)Pn(y)
Very formal as normally one does not know ®,(x) ¥n

@ Algebraic approach: Solve
c2=1 [H,C]=0 [C,PT]=0 [H,PT]=0

@ Relation C and metric (same as pseudo-Hermiticity)
C=p'P

Proof:
pH = PCH = PHC = PPTHPTC = THTPC = HIPC = H'p
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quantum mechanical framework (a more algebraic construction of the new metric)

CPT-metric

[Bender, Brody, Jones, Phys. Rev. Lett. 89 (2002) 270401]

(W[ ®)opr = (CPT V)" - [0)

@ In position space: C(x,y) = >, ®n(X)Pn(y)
Very formal as normally one does not know ®,(x) ¥n

@ Algebraic approach: Solve
c2=1 [H,C]=0 [C,PT]=0 [H,PT]=0

@ Relation C and metric (same as pseudo-Hermiticity)
C=p P

Proof:
pH = PCH = PHC = PPTHPTIC = THTPC = HIPC = Hip
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Observables and ambiguities

@ Observables are Hermitian with respect to the new metric

<q)n ‘O¢m>n = <O¢n |q)m>77
O=n"op & ot = pop~!

- 0 is an observable in the Hermitian system
- O is an observable in the non-Hermitian system
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Observables and ambiguities

@ Observables are Hermitian with respect to the new metric

<q)n ‘O¢m>n = <O¢n |q)m>77
O=n"op & ot = pop~!

- 0 is an observable in the Hermitian system
- O is an observable in the non-Hermitian system

@ Ambiguities:
Given H the metric is not uniquely defined for unknown h.
= Given only H the observables are not uniquely defined.
This is different in the Hermitian case.
- Fixing one more observable achieves uniqueness.
[Scholtz, Geyer, Hahne, Ann. Phys. 213 (1992) 74]
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quantum mechanical framework (oberservables and ambiguties)

General technique:

either solvenHn='=h for n = p=1n'y
or solve H' = pHp™' for p =n=/p
@ involves complicated commutation relations
@ often this can only be solved perturbatively )
(Note: |
@ Thus, this is not re-inventing or disputing the validity of
quantum mechanics.

@ Given H{

@ We only give up the restrictive requirement that
Hamiltonians have to be Hermitian.

[C. Bender, Rep. Prog. Phys. 70 (2007) 947]
[A. Mostafazadeh, arXiv:0810.5643 Int. J. Geom. Meth. Phys.]
[P. Assis, PhD thesis City University London (2010)]

A




Deformation of Calogero models
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Deformed Calogero models (extended)

Calogero-Moser-Sutherland models (extended)

BK =5t 5 2,915 i#k (qi — Q)2 9 i#k(q;—qk)p'

with g,g € R, g, p € R+!
[B. Basu-Mallick, A. Kundu, Phys. Rev. B62 (2000) 9927]
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Deformed Calogero models (extended)

Calogero-Moser-Sutherland models (extended)

BK =5t 5 2,915 i#k (qi — Q)2 9 i#k(q;—qk)p'

with g,g € R, g, p € R+!
[B. Basu-Mallick, A. Kundu, Phys. Rev. B62 (2000) 9927]

@ Representation independent formulation?

© Other potentials apart from the rational one?

© Other algebras apart from Ay, B, or Coxeter groups?
Q Is it possible to include more coupling constants?

©@ Are the extensions still integrable?
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Deformed Calogero models (extended)

- Generalize Hamiltonian to:
1 2
HH_Z 2Z€Agﬂzv(a q)+llu p

- Now A is any root system

p=1/2% ca dafla-qla, f(x) =1/x V(x) = 3(x)
[A. F, Mod. Phys. Lett. A21 (2006) 691, Acta P. 47 (2007) 44]
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Deformed Calogero models (extended)

- Generalize Hamiltonian to:
1 2
HH_Z 2Z€Agav(a q)+llu p

- Now A is any root system
1=1/2% ca Gafla-qa, f(x) =1/x V(x) = f3(x)
[A. F., Mod. Phys. Lett. A21 (2006) 691, Acta P. 47 (2007) 44]
- Not so obvious that one can re-write
Hy 2(P+’M 2ZeAga V(a-q), Qa—{ P+ 023 acl,

= H,=n"hcan  with n=e 9"
- integrability follows trivially in L = [L, M]: L(p) — L(p + in)
- computing backwards for any CMS-potential

1 1 . . 1
Hy = épz + 52(;,6Aggv(a Q) +ip-p— §/l2

-2 =0a282 Y V(a-q)+a2g? > V(a-q)only for V rational
a€ls aEl



Deformation of Calogero models
@00

Deformed KdV-systems/Calogero models (Particle-field duality)

@ From real fields to complex particle systems

i)
e.g. Benjamin-Ono equation
U+ Uly + AHuy, =0 M
H = Hilbert transform, i.e. Hu(x) = £ [ “X) gz

Then

A o i i
2;( X — Zg xz,f) €R
satisfies (*) iff zx obeys the A,-Calogero equ. of motion
Z = X > (z-2z)°
k=7 2.(5-2)
ki

[H. Chen, N. Pereira, Phys. Fluids 22 (1979) 187]
[talk by J. Feinberg, PHHQP workshop VI, 2007, London ]
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Deformed KdV-systems/Calogero models (Particle-field duality)

i) restrict to submanifold
Theorem: [Airault, McKean, Moser, CPAM, (1977) 95 ]
Given a Hamiltonian H(x, ..., Xn, X1, ..., Xn) With flow
Xj = OH/0x; and X = —0H/0x; i=1,....n
and conserved charges /; in involution with H.i.e.
{l;, H} = 0. Then the locus of grad / = 0 is invariant.
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Deformed KdV-systems/Calogero models (Particle-field duality)

i) restrict to submanifold
Theorem: [Airault, McKean, Moser, CPAM (1977) 95 ]
Given a Hamiltonian H(x, ..., Xn, X1, ..., Xn) With flow

Xj = OH/0x; and X = —0H/0x; i=1,....n

and conserved charges /; in involution with H.i.e.
{l;, H} = 0. Then the locus of grad / = 0 is invariant.
Example: Boussinesq equation

v = a( Vz)xx + BViyxx + Vx ")

Xt—CZ (x —z¢)~

satisfies (**) iff b=1/12, c=-a/2 and Zy obeys

Then

. . OH
_ ) -3 _
Zy = 2 E #k(z/ — Zx) &z = _82,-

Z = 1—Zj¢k(zj—zk)*2 & grad(h—h)=0
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Deformed KdV-systems/Calogero models (Particle-field duality)

e T T T T T T T on T T T T T T T
o A (1]
oo — A ] = 5
| 11
| | |
\|
\ | |l |l
0 ) q amr N | B
Re (v)
.02 -4 0o B
| =] '
3 4 amt l 4
w @ e @ e R e R TR T T
oo T T T T T T T om T T T T T T T
AN AY AN
AN - \ A
o g ‘I f 0 —-/‘ ! — \‘ —
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I 1 |
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Ra (v) H Il
002 |- - 002 4
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003 | ‘ 4 aml E
o @ @ @ 2w wm w e w % w8 w @ w o
X X

[P. Assis and A.F., J. Phys. A42 (2009) 425206]



Deformation of Calogero models
L]

Calogero-Moser-Sutherland models (deformed)
Calogero-Moser-Sutherland models (deformed)

2 m2 1
Hems = %+ﬁ (a‘q)2+§ > gaV(a-q)  mga€R

aEAg aEA

- invariance with respect to Coxter group W

oip-oip M
Hems = ,p2 ,p+ﬁ (- 0i9) Zgoc a-0iq)
aclg aGA
p? P —1 2 1 1
= 5736 Z(U/ a-q) -i-éZgaV(U, a-q)
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Calogero-Moser-Sutherland models (deformed)
Calogero-Moser-Sutherland models (deformed)

2 nﬁ 1
Hems = %+ﬁ (a‘q)2+§ > gaV(a-q)  mga€R

aEAg aEA

- invariance with respect to Coxter group W

oip-oip  mP
Hews = ,p2 ,p+ﬁ (o~ 0iq)? Zga a-oiq)
aclg aGA
2 P
= ?—FﬁZ(UIOKC’ 2Zga 0' Oéq
aEAs acEA

- aim: construct new models which are invariant under W¥7
2 P

« 1 «
Mprows = 5+0 3. 4 (@aq)f+5 Y, ; 0aV(@q), mgs € R

[ ISPANS

Az, Go: [A. F., M. Znajil, J. Phys. A41 (2008) 194010]
all Coxeter groups: [A. F., Monique Smith, arXiv:1004.0916]
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Deformation of Calogero models
[ ]
General strategy

Construction of antilinear deformations

@ Involution € W = Coxeter group = deform in antilinear way
@ Find a linear deformation map:

§: A — Ae) a— & =0.a

aje ACR", &i(e) e Ale) cR"@®R", eeR
@ A(e) remains invariant under an antilinear transformation w
() w:é& = pyoq + poop — pjway + pdwap for py, py, € C

(i) w2 =1
(i) w: A — A.




Deformation of Calogero models
[ ]
General strategy

Construction of antilinear deformations

@ Involution € W = Coxeter group = deform in antilinear way
@ Find a linear deformation map:

§: A — Ae) a— & =0.a

aje ACR", &i(e) e Ale) cR"@®R", eeR
@ A(e) remains invariant under an antilinear transformation w

() w:é& = pyoq + poop — pjway + pdwap for py, py, € C

(i) w? =1
(i) w: A — A.
Candidates:

- Weyl reflections: o; € W
- factors of Coxeter element: o+ ¢ W
- longest element: wy € W
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e simple Weyl reflections:
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2
Q;

oi(x) =x—-2 aj, with 1< i</ =rankW,
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PT-symmetrically deformed Coxeter factors

e simple Weyl reflections:

X - . .
oi(x) == x — 275'04,-, with 1 <Jj</=rankW,
lo'n
1
e general Coxeter transformations:

L
()’:ll oij,
i=1



Deformation of Calogero models
@®0000000

PT-symmetrically deformed Coxeter factors

e simple Weyl reflections:

X - o . .
oi(x) == x — 275'04,-, with 1 <ij</{=rankW,
lo'n
1
e general Coxeter transformations:
Y

=1L,
=1 "

e special Coxeter transformations:

oI=0_04, O4:= H o, [op,0]=0 for i,je V.
ieVy

+ + +
Al: e—eo—e -0 —0
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@®0000000

PT-symmetrically deformed Coxeter factors

e simple Weyl reflections:

X - o . .
oi(x) == x — 275'04,-, with 1 <ij</{=rankW,
lo'n
1
e general Coxeter transformations:
Y

|
=1 "

¢ special Coxeter transformations:

oc=0_04, O4+:= H oi, [oi,0]=0 for i,je V.

ieVy
+ + +
Al: o—o—o --0—0

e deformed Coxeter element factors:
0% =0.0.0-" =101 Ae) — A(e),

7 = complex conjugation



Deformation of Calogero
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PT-symmetrically deformed Coxeter factors

e deformed Coxeter element:
0 i =0.00-" = oo = 0_op=0: Ale) — Ae),

=
[0,0:] =0
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PT-symmetrically deformed Coxeter factors

e deformed Coxeter element:

0c =000 =00 =71%0_0y =0 A) — Ae),
=
[0,0:] =0
o deformed Coxeter orbits:
Q5 = {51,051, 025, o0} = 0.9

with 4; = ¢i&j, ¢ = £ fori e Vi
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PT-symmetrically deformed Coxeter factors

e deformed Coxeter element:

0c =000 =00 =71%0_0y =0 A) — Ae),

=
[0,0:] =0

e deformed Coxeter orbits:
Q(;: = {&i? O-E;}'/ia Ugs’ia s 7Jg_1f7i} = HEQI'
with 4; = ¢i&j, ¢ = £ fori e Vi
e deformed root space:

Ae)=J o5 =0.00)

i=1
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PT-symmetrically deformed Coxeter factors

e deformed Coxeter element:

0c =000 =00 =71%0_0y =0 A) — Ae),

=
[0,0:] =0

e deformed Coxeter orbits:
Q(;: = {&i? O-E;}'/ia Ugs’ia s 7Jg_1f7i} = HEQI'
with 4; = ¢i&j, ¢ = £ fori e Vi
e deformed root space:

¢
A(e) = s QF = 0.A(e)
e invariance:
0%t A(e) = 0.0.0-TA(e) = 0.0 A(e) = 0.A(c) = A(e)
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PT-symmetrically deformed Coxeter factors

e deformed Coxeter element:

0c =000 =00 =71%0_0y =0 A) — Ae),

=
[0,0:] =0

e deformed Coxeter orbits:
Q(;: = {&i? O-E;}'/ia 05’7/3 s 7Jg_1f7i} = HEQI'
with 4; = ¢i&j, ¢ = £ fori e Vi
e deformed root space:
V4
A(e) = s QF = 0.A(e)
e invariance:
0%t A(e) = 0.0.0-TA(e) = 0.0 A(e) = 0. A(c) = A(e)
e limit lim._q:
lim 5{,’(8) = «j lim A(S) =A

e—0 e—0
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e take 0. to be an isometry:

0 =0-" and  detfh. = +1



Deformation of Calogero models

00@00000

PT-symmetrically deformed Coxeter factors
e take 0. to be an isometry:

aj-aj = Q- Q.

0 =0-" and  detfh. = +1

3 £

(i) 0Z0+ =040,
(i) [0,6:]=0
@iy o =01
(iv) detf. = +1
(v) lim._g0:. =1




Deformation of Calogero models

00@00000

PT-symmetrically deformed Coxeter factors
e take 0. to be an isometry:

aj-aj = Q- Q.

0 =0-" and  detfh. = +1

3 £

(i) 0Z0+ =040,
(i) [0,6:]=0
@iy o =01
(iv) detf. = +1
(v) lim._g0:. =1

Solutions?
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PT-symmetrically deformed Coxeter factors

" [o,0:] = 0, make Ansatz:

h=1 . 1 k=0
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PT-symmetrically deformed Coxeter factors

" [o,0:] = 0, make Ansatz:

h=1 . 1 k=0

= into 0oL =010, (Co = ro, Cnj2 = In2, Ck = @k Otherwise)
(h—1)/2
rE)+2 S r(e)(ok —ok) h odd,

0. = k=1 b
/2—1
ro(e)l + rh/z(zs)ah/z +1 3 r(e)(oX —o7%)  heven.
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PT-symmetrically deformed Coxeter factors

" [o,0:] = 0, make Ansatz:

h=1 . 1 k=0

= into 0oL =010, (Co = ro, Cnj2 = In2, Ck = @k Otherwise)
(h—1)/2
rE)+2 S r(e)(ok —ok) h odd,

0. = k=1 b
/2—1
ro(e)l + rh/z(zs)ah/z +1 3 r(e)(oX —o7%)  heven.

= into detd, = +1

¢ (h—1)/2

=1 o) -2 % rk(g)sin(%ksn)] h odd
nj h/2—1

+1 =TI |r(e) + (1)) —2 rk(e)sin(z’,;"sn)] h even
n=1 k=1

sp are the exponents of a particular W
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PT-symmetrically deformed Coxeter factors

Now case-by-case
A(e) for As

0. =l + ro? + 11 (U — 03)

with explicit representation

-1 00 1 10
o1 = 1 1 O , 00 = O —1 0 )
0 0 1 o 1 1
10 O -1 -1 0
o3 = (01 1= 1 1 1],
00 —1 0 -1 —1
0O_ =0103,04 = 02,0 =0_04
I — iR —2ur - — I
0. = 2u1 o — e + 211 2uh

- — I —2uly rn — iR



Deformation of Calogero models

[e]e]e]e]e] lele)

PT-symmetrically deformed Coxeter factors

all constraints require

(ro+r2) [(ro+f2)2—4"12} = 1
rh—rh+2rn = (fo—f2—|-2f1)(ro+r2)
(h+n) = (fo—r)?—4r

these are solved by

ro(e) = coshe, ri(e) = +1/cosh?s —coshe, ra(c) = 1—coshe
= simple deformed roots

&1 =cosheaq + (coshe — 1)az—1v/2V/cosh e sinh (%) (1 +2a2+ag3)

3

dp=(2coshe — 1)ap + 21v/2V/cosh e sinh (2) (1 + g + a3),

&z=cosheag + (coshe — 1)ay —1v/2V/coshe sinh (%) (a1 +2a2+ag3)

remaining positive roots
Q4 = Q1 + Go, G5 := Gp + O3, O 1= Oy + G + G3.
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PT-symmetrically deformed Coxeter factors

A(e) for Ay,_1-subseries
closed solution

0. = gl + ropo® + ary (U” — O'_n) ,

-With iy =1 =19, Iy = /18 — 1y

- useful choice ry = coshe
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PT-symmetrically deformed Coxeter factors

A(e) for Ay,_1-subseries
closed solution

0. = gl + ropo® + ary (U” — O'_n) ,

-With iy =1 =19, Iy = /18 — 1y

- useful choice ry = coshe

A(e) for Eg
i) —2ih 0 —2ih —21h
21 Iy +b 2urp 2 2ur
0. — 0 21 ro + 212 4diro 3urp
£ —2Zf2 —22/'2 —47,f2 n — 52f2 —4zr2
2ur 2ur 3ur i1y ro + 2
—he —2ih —2ih —2ih 0

rp,=+1/V3\/r2 =1, ry = coshe

—h
2
210
—21h
0
lo
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PT-symmetrically deformed Coxeter factors

A(e) for Ay,_1-subseries
closed solution

0. =gl + fopo®™ + ity (U” — O'_n) ,

-withrpp=1—ry, 1y = i\/rgj

- useful choice ry = coshe

A(e) for Eg
i) —2ih 0 —2ih —21h
21 Iy +b 2urp 2 2ur
9. — 0 21 ro + 212 4diro 3urp
< —2ir  —2ih —dary n — 5ury —dary
2ur 2ur 3ur i1y ro + 2
—he —2ih —2ih —2ih 0

rp,=+1/V3\/r2 =1, ry = coshe

A(e) for By, 1-subseries
no solution

—h
2
210
—21h
0
lo



Deformation of Calogero models
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PT-symmetrically deformed Coxeter factors

Solutions from folding

for instance: B, — A,
-deformed Ag-roots:

a1 =
Qp =
a3 =
Qg4 =
as =

g =

cosheaq — z/\ﬁsinh e(aq1 + 200 + 2a3 + 2a4 — 20)
cosheas + z/\ﬁ sinhe(2a + 3az + 4ag + 2a4)

cosheas — z/\ﬁsinh e(2aq + 4ag + 3ag + 2a4 + 2a5 + 2a)
cosheay +1/V7sinhe(204 + 20 + 2a3 4 3ay + 4as + 204)
cosheas — 1/v7 sinhe(2a3 + 4ay4 + 3as + 2ag),

cosheag — z/ﬁsinh e(2ay — 23 — 204 — 2005 — i)

= deformed simple Bs-roots as (o := a; — o)

B4 = d4 + &g = coshe(aq + ag)—/V7 sinhe[3(aq — ag) + 2(az — as)]
Bz = & + &5 = cosh 6(0{2 + a5)—|—l/\ﬁ8inh 6[2((116 + Oz34) + 0625]
(3 = éi3 + dq = coshe(aq + ag)—/V7sinhe[2(ap — as) + az — a4



Deformation of Calogero models
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CT-symmetrically deformed longest element

e longest element:

. 2
wo: Ai — A:F, Wy = I, aj— —a;= (Woa)i

e representation in terms of Coxeter transformations

e — o2 for h even,
07\ oyolh-1/2 for h odd.

e action

Ar: o= aupq-,
o =a; for1 <i<y, when ¢ even
{ a;=oqa; for1<i<{-2,a;=o0a4_1, when/odd,
Ee: a7 =ag,03 = as,a3 = ap, 05 = a4,
B),Co: a7 =q;
E7,E8,F4Z a7 = O



Deformation of Calogero models
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CT-symmetrically deformed longest element

ar ap az Qpq Qp Qpq4  az Qa2 o

—W,
Al:o—eo—o - o—@ =3 o—eo -0 —0—0
Q2p41 a2y
(0% (6% (0%} —Wy Qq (6%} (07}
Doyy1 : 0—0—@ - @021 — &——@ - &2 1
(6 %Y/ Q2041
ao a2
° °
QA a3 iom Qs Qg —Wy (675 a5 icm a3 (04 ]
Eg : —eo o—o — e—e *—o
e fwo cases:
no solution for h even
[0,0:]=0= . .
previous solutions  for h odd

[0,0.] #0, O'wp=wb., 6 =6-1 detf. ==+1 |irr3J 6. =1
E—



Deformation of Calogero models
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CT-symmetrically deformed longest element

Solutions:
A(e) for Ag
coshe 0 18inhe
- = | (—sinh®5 + Lsinhe) 1 (—sinh®§ — Lsinhe)
—18inhe 0 coshe

A(e) for Eg

10 0 0
g _| 01 00
7100 6% 0|’

00 0 1



Deformation of Calogero models
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PT-symmetrically deformed Weyl reflections

Deformed Weyl reflections

This construction only works for groups of rank 2.



Deformation of Calogero models
[ ]
Construction of new models

For any model based on roots, these deformed roots can be
used to define new invariant models simply by

a — (.

For instance Calogero models:



Deformation of Calogero models
[ ele}

Generalization of Calogero’s solution, undeformed case

e generalized Calogero Hamiltionian (undeformed)

He(p, q) = f+f Y (a-9P+ Z )2’

aeAt ozeAJr



Deformation of Calogero models
[ ele}

Generalization of Calogero’s solution, undeformed case

e generalized Calogero Hamiltionian (undeformed)

He(p, q) = f+fZaq +Z

)2’
aEAT €A+
e define the variables
1
z:=[[(a-q) and rPi=— (o q)2,
acAt

h = dual Coxeter number, t, = ¢-th symmetrizer of /



Deformation of Calogero models
[ ele}

Generalization of Calogero’s solution, undeformed case

e generalized Calogero Hamiltionian (undeformed)

He(p, Q) —+—Zaq +Z

)2 ’
aEAT €A+
e define the variables
1
z:=[[(a-q) and rPi=— (o q)2,
acAt

h = dual Coxeter number, t, = ¢-th symmetrizer of /
e Ansatz:

W(q) = ¥(z,r) = 27 2p(r)
= solution for k = 1/2,/1 + 4g.

0n(r) = Crexp (\/ /7212; 2) L2 ( hztéwr2> .

L3(x) = Laguerre polynomial, a = (2 +h+hy/1+ 4g) 1/4 —1



Deformation of Calogero models

(o] o}

Generalization of Calogero’s solution, undeformed case

e eigenenergies

1 ht
En:—{(2+h+h\/1+4g>l+8n] oy
4 2
e anyonic exchange factors

W(q1,---, G, Q) - - Gn) = €7%(G1, ..., G}, Qi ... Qn), For1 <ij<n,

with ’ ’
—_+_-/1+4
S 515 + 49

" r is symmetric and z antisymmetric



Deformation of Calogero models
ooe

Generalization of Calogero’s solution, undeformed case

The construction is based on the identities:

a-f B a?
2 (a-q)B-q) 2 (a-q)?’

a,BeAT aEAT
(a-q) hhe
. = —1,
2 G T 7t
Y. (@ Bf-qs-q = bty (a7
a,BEAT a€EAT
Z Ct2 = gi’ltg.
acAt

Strong evidence on a case-by-case level, but no rigorous proof.
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Antilinearly deformed Calogero Hamiltionian

e antilinearly deformed Calogero Hamiltionian

w ~ «
Hadc(paQ):%‘i‘T do(@-9P+ > a2



Deformation of Calogero models
00000

Antilinearly deformed Calogero Hamiltionian

e antilinearly deformed Calogero Hamiltionian

Hadc(p, q) = % + % Z (&- Q)2 + Z (&95’



Deformation of Calogero models
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Antilinearly deformed Calogero Hamiltionian

e antilinearly deformed Calogero Hamiltionian

w . 2
Hadc(p, Q) = >t (a-q+ Z Q



Deformation of Calogero models
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Antilinearly deformed Calogero Hamiltionian

e antilinearly deformed Calogero Hamiltionian

1 PP WP N N2 9a
adC(paq)_?—i_i ((yQ) + Z (aq)z

aeAt

e define the variables

e Ansatz

¥(q) = ¥(2,F) = 2°¢(F)

when identies still hold =

with same eigenenergies



Deformation of Calogero models

0@000

Antilinearly deformed Calogero Hamiltionian

Deformed As-models

e potential from deformed Coxeter group factors
a; ={1,-1,0,0}, ap ={0,1,-1,0}, a3 = {0,0,1, -1}

&1-9 = Qaz+coshe(gia+ gas) —1V/2coshesinh %(Chs + Qo4)
Go-q = Qua(2coshe —1)+12v2coshesinh %qm

d3-q = Qo1 +coshe(giz + gaa) — 1v/2coshesinh E(‘1713 + Qos)
G4-q = Qa2+coshe(qiz+ Qog) + 1w/2coshesinh = (C712 + Q34)
d5-q = Qa1 +CoShe(Qrs + Goa) + 1v/2cOSh e sinh — 5(G12 + Gad)
G6-q = qua(2coshe—1)—1v/2coshesinh = 5023

notation g; = q; — @,



Deformation of Calogero models

0@000

Antilinearly deformed Calogero Hamiltionian

Deformed As-models

e potential from deformed Coxeter group factors
a; ={1,-1,0,0}, ap ={0,1,-1,0}, a3 = {0,0,1, -1}

&1-9 = Qaz+coshe(gia+ gas) —1V/2coshesinh %(Chs + Qo4)
Go-q = Qua(2coshe —1)+12v2coshesinh %qm

d3-q = Qo1 +coshe(giz + gaa) — 1v/2coshesinh E(‘1713 + Qos)
G4-q = Qa2+coshe(qiz+ Qog) + 1w/2coshesinh = (C712 + Q34)
d5-q = Qa1 +CoShe(Qrs + Goa) + 1v/2cOSh e sinh — 5(G12 + Gad)
G6-q = qua(2coshe—1)—1v/2coshesinh = 5023

notation q; = g; — q;, No longer singular for g; = 0



Deformation of Calogero models
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Antilinearly deformed Calogero Hamiltionian

e PT-symmetry for &

O-i: &1 _)_&15&2_)6‘6a6‘3_>_&3,&4_>&55 &5_)6‘4a 6‘6_>&1

0% 1 84 — Oy, Gp — —0p, 3 — G5, G4 — G4, G5 — O3, G — (g



Deformation of Calogero models
00e00

Antilinearly deformed Calogero Hamiltionian

e PT-symmetry for &

oc &1 _)_&15&2_)6‘6a6‘3_>_&3,&4_>&55 &5_)6‘4a 6‘6_>&1

0% 1 Gy — Gy, g — —0Gg, G3 — &5, g — G4, G5 — &3, G — Gp
e PT-symmetry in dual space

0% Q1 — G2, G2 — Q1,93 — Qa, Q4 — Q3,1 — —1
01— Q1,2 — G3, g3 — Qo, Qs — G4, 1t — —1



Deformation of Calogero models
00e00

Antilinearly deformed Calogero Hamiltionian

e PT-symmetry for &

0-6— : &1 - _&15 &2 _)&Ga &3 - _&3, 6‘4 _>&55 &5 _)6‘4a 6‘6 - &I
0% 1 84 — Oy, Gp — —0p, 3 — G5, G4 — G4, G5 — O3, G — (g

e PT-symmetry in dual space

oS Q1 — Q2,2 — 1, Q3 — Qa, Qs — Q3,0 — —1

01— Q1,2 — G3, g3 — Qo, Qs — G4, 1t — —1

0°2(q1,92,03,94) = Z°(Q2,Q1,94,93) = Z(q1, Q2. Q3, Qa)
052(91,92,93,94) = Z°(q1,93,92,Q4) = —2(q1, G2, G3, Ga)

¥(q1, 92, G3, qs) = €7°Y(q2, G4, G1, G3).
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Antilinearly deformed Calogero Hamiltionian

Anyonic exchange factors in the 4-particle scattering process

— e’lﬂ's
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Antilinearly deformed Calogero Hamiltionian

Anyonic exchange factors in the 4-particle scattering process

w X y z w X z
° ° ° = s ° ° °

a1 gz a3 Qa qz Qa a1 aqs
X y z X z
° P — ems P ._

Qs a3
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Antilinearly deformed Calogero Hamiltionian

Anyonic exchange factors in the 4-particle scattering process

w X y z w X z
° ° ° = s ° ° °

a1 gz a3 Qa qz Qa a1 aqs
X y z X z
° « ° e'rs ° ®

a1 g2 =Qqs3 Q4 Q2 g1 = Q4 a3
X y X y
( . — e’lﬂ's ._ .

G =Q g3 = Qs g1 = Qs Q> = Q4



Deformation of Calogero models
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Antilinearly deformed Calogero Hamiltionian

Anyonic exchange factors in the 4-particle scattering process

w X y z w X z
° ° ° = s ° ° °
a1 gz a3 Qa qz Qa a1 aqs
X y z z
° « ° = g8 ° ®
a1 g2 =Qqs3 Q4 Q2 g1 = Q4 a3
y X y
¢ ™ = 78 ® °
a1 =Qqe gz = Q4 g1 =Qqs Q> = Qs
X X y
- ° = ° -
i =Qq2=0Qqs Q4 Qs g1 =02=0Q3



Deformation of Calogero models
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Antilinearly deformed Calogero Hamiltionian

¢ Physical properties of the A, Go-models:

@ The deformed model can be solved by separation of
variables as the undeformed case.

@ Some restrictions cease to exist, as the wavefunctions are
now regularized.

@ = modified energy spectrum:

E=2w/(2n+A+1)

becomes

EZ =2|w| [2n+ 6(kE + ki + ) + 1] for n, ¢ € Ny,

with w3, = (1 £ /T + 49s/1)/4



Deformed quantum spin chains
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Deformed quantum spin chains

Ising quantum spin chain of length N

N
’
H=—3> (" Aofof, ) AER
i=1

N
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Deformed quantum spin chains

Ising quantum spin chain of length N

N
1
'H:—E Z(a,z%—/\afafﬂ ) AeR
i=1

in a magnetic field in the z-direction
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Deformed quantum spin chains

Ising quantum spin chain of length N

N
1 .
H:_E E (07 + Mooty +iko}) k,AER
i=1

in a magnetic field in the z-direction and in a longitudinal
imaginary field in the x-direction
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Deformed quantum spin chains

Ising quantum spin chain of length N

N
1 ;
'H:—E g (07 + Aofofy +ikoT)  k,AER
i=1

in a magnetic field in the z-direction and in a longitudinal
imaginary field in the x-direction

@ H acts on the Hilbert space of the form (C2)®N
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Deformed quantum spin chains

Ising quantum spin chain of length N

N
1 ;
'H:—E g (07 + Aofofy +ikoT)  k,AER
i=1

in a magnetic field in the z-direction and in a longitudinal
imaginary field in the x-direction

@ H acts on the Hilbert space of the form (C2)®N
0 0V =1IQI®..R0"*®...01x1

« (01 , (0 —i . (1 0
“‘(10)’ 7=\i o) 77 0 -
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Deformed quantum spin chains

Ising quantum spin chain of length N

N
1 ;
H:—E E (07 + Aofofy +ikoT)  k,AER
i=1

in a magnetic field in the z-direction and in a longitudinal
imaginary field in the x-direction

@ H acts on the Hilbert space of the form (C2)®N
0 0V =1IQI®..R0"*®...01x1

« (01 , (0 —i . (1 0
“‘(10)’ 7=\i o) 77 0 -

@ 'H is a perturbation of the M5 >-model (c=-22/5)
in the M), 5-series of minimal conformal field theories
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Deformed quantum spin chains

Ising quantum spin chain of length N

N
1 ;
H:—E E (07 + Aofofy +ikoT)  k,AER
i=1

in a magnetic field in the z-direction and in a longitudinal
imaginary field in the x-direction

@ H acts on the Hilbert space of the form (C2)®N
0 0V =1IQI®..R0"*®...01x1

« (01 , (0 —i . (1 0
“‘(10)’ 7=\i o) 77 0 -

@ 'H is a perturbation of the M5 >-model (c=-22/5)
in the M), 5-series of minimal conformal field theories
@ non-unitary for p — g > 1 = non-Hermitian Hamiltonians
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Deformed quantum spin chains

Ising quantum spin chain of length N

N
1 ;
'H:—E g (07 + Aofofy +ikoT)  k,AER
i=1

in a magnetic field in the z-direction and in a longitudinal
imaginary field in the x-direction

@ H acts on the Hilbert space of the form (C2)®N
0 0V =1IQI®..R0"*®...01x1

« (01 , (0 —i . (1 0
“‘(10)’ 7=\i o) 77 0 -

@ 'H is a perturbation of the M5 >-model (c=-22/5)
in the M), 5-series of minimal conformal field theories
@ non-unitary for p — g > 1 = non-Hermitian Hamiltonians

[G. von Gehlen, J. Phys. A24 (1991) 5371]



Deformed quantum spin chains
L]

Deformed quantum spin chains (Pre-P7 spectral analysis)
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Deformed quantum spin chains (Pre-P7 spectral analysis)

Pre-P7 spectral analysis

@ spin rotation operator:

, N

_ =Sy i N _ z

R=e4+% with §&; —210,-
1=
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Deformed quantum spin chains (Pre-P7 spectral analysis)

Pre-P7 spectral analysis

@ spin rotation operator:
i N
R=e%% with SN=3 o7
i=1

R : (O‘;(,O'{,O'I-z) — (—cr;y,a;(,o*,-z)
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Deformed quantum spin chains (Pre-P7 spectral analysis)

Pre-P7 spectral analysis

@ spin rotation operator:

, N

_ =Sy i N _ z

R=e4+% with §&; —210,-
1=

R : (O‘;(,O'{,O'I-z) — (—cr;y,a;(,o*,-z)

@ = real matrix

H\ k) = RH\, )R = ]

N

N
Z(J,-z + )\U{O’%/_H = ina{).
i=1
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Deformed quantum spin chains (Pre-P7 spectral analysis)

Pre-P7 spectral analysis

@ spin rotation operator:
_ N
_ SESY g N _ z
R=e4> with §) =3 o7
i=1
. x Y _z Yy X -z
R :(o},07,07) = (=07, 07,07)

@ = real matrix

H\ k) = RH\, )R = ]

N

N
Z(J,-z + )\U{O’%/_H = ina{).
i=1

@ = eigenvalues are real or complex conjugate pairs
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Deformed quantum spin chains (Pre-P7 spectral analysis)

Pre-P7 spectral analysis

@ spin rotation operator:
_ N
_ SESY g N _ z
R=e4> with §) =3 o7
i=1
. x Y _z Yy X -z
R :(o},07,07) = (=07, 07,07)

@ = real matrix

H\ k) = RH\, )R = ]

N

N
Z(J,-z + )\U{O’%/_H = ina{).
i=1

@ = eigenvalues are real or complex conjugate pairs

PT-symmetry?
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Deformed quantum spin chains (Different realizations for 77 -symmetry)

ymmetry for spin chains
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Deformed quantum spin chains (Different realizations for 77 -symmetry)

‘PT-symmetry for spin chains

@ "macro-reflections": [Korff, Weston, J. Phys. A40 (2007)]
7)/ . 0').(7y7z N szyvz .
S N+1—ij
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Deformed quantum spin chains (Different realizations for 77 -symmetry)

‘PT-symmetry for spin chains

@ "macro-reflections": [Korff, Weston, J. Phys. A40 (2007)]
7)/ . 0').(7y7z N szyvz .
S N+1—ij

P:/r——2——-Nsg——...——In2——Tn-1— =N
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Deformed quantum spin chains (Different realizations for 77 -symmetry)

‘PT-symmetry for spin chains

@ "macro-reflections": [Korff, Weston, J. Phys. A40 (2007)]
7)/ . 0').(7y7z N szyvz .
S N+1—ij

P:/r——2——-Nsg——...——In2——Tn-1— =N
- J1——Te——lg——... = \N-2——N-1—— N
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Deformed quantum spin chains (Different realizations for 77 -symmetry)

‘PT-symmetry for spin chains

@ "macro-reflections": [Korff, Weston, J. Phys. A40 (2007)]

/. X,y,z X,y,z
Prioi ™ = onNGY
P:/r——2——-Nsg——...——In2——Tn-1— =N
- J1——Te——lg——... = \N-2——N-1—— N

@ butwith7 : i — —i [P'T,H] #0
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Deformed quantum spin chains (Different realizations for 77 -symmetry)

‘PT-symmetry for spin chains

@ "macro-reflections": [Korff, Weston, J. Phys. A40 (2007)]
7)/ . 0').(7y7z N szyvz .

C N-+1—j
P:/r——2——-Nsg——...——In2——Tn-1— =N
- J1——Te——lg——... = \N-2——N-1—— N

@ butwith7 :i — —i  [P'T,H]#0
@ "site-by-site reflections":
[Castro-Alvaredo, A.F., J.Phys. A42 (2009) 465211]

i (Qz N 0
P=-iRP=ez" V=]  of, with P?=1°N

i=1
P: (va U{: JIZ) - (_J;(a _0{70—/2)

P:/1——e2——"8——...——In-2——In-1— =N
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Deformed quantum spin chains (Different realizations for 77 -symmetry)

‘PT-symmetry for spin chains
@ "macro-reflections": [Korff, Weston, J. Phys. A40 (2007)]

/. XYz X,y,z
Priop™ = oNLT

P:/r——2——-Nsg——...——In2——Tn-1— =N
- J1——Te——lg——... = \N-2——N-1—— N
@ butwith7 : i — —i [P'T,H] #0
@ "site-by-site reflections":
[Castro-Alvaredo, A.F., J.Phys. A42 (2009) 465211]

g Im(gz_ N .
P=—iR2=e2(5 1):Hi:1a,-z, with P2 =1®N
P: (U;(,U{,J,-Z) - (_J;(a _0{70—/2)
P:/1——e2——"8——...——In-2——In-1— =N
- /J1——"e2—-"Ns——...——In2——INn-1— =N
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Deformed quantum spin chains (Different realizations for 77 -symmetry)

‘PT-symmetry for spin chains

@ "macro-reflections": [Korff, Weston, J. Phys. A40 (2007)]
7)/ . 0').(7y7z N szyvz .

C N-+1—j
P:/r——2——-Nsg——...——In2——Tn-1— =N
- J1——Te——lg——... = \N-2——N-1—— N

@ butwith7 :i — —i  [P'T,H]#0
@ "site-by-site reflections":
[Castro-Alvaredo, A.F., J.Phys. A42 (2009) 465211]

i (Qz N 0
P=-iRP=ez" V=]  of, with P?=1°N

i=1
P: (va U{: JIZ) - (_J;(a _0{70—/2)

P:/1——e2——"8——...——In-2——In-1— =N
- /J1——"e2—-"Ns——...——In2——INn-1— =N

= [PT.Hl=0
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Deformed quantum spin chains (Different realizations for 77 -symmetry)

¢ Alternative definitions for parity:

N

Px 1= Hi=1 n Py = Hi=1 ot

Py - (Uf,afl,al-z) — (of, —U{, —0o7)
Py : (0-;(70-{70-/2) - (—O';(,O'{, _U/z)

[PT,H] =0, [PxT,H] #0, [P,T,H] #0, [P'T,H] #0
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Deformed quantum spin chains (Different realizations for 77 -symmetry)

¢ Alternative definitions for parity:

Px : (0F,07,0%) — (o, =), —0%)

/
Py : (0-;(7 0-{7 UIZ) - (_U;(a 0-{7 _U/Z)

[PT,H] =0, [PxT,H] #0, [P,T,H] #0, [P'T,H] #0

e XXZ-spin-chain in a magnetic field
4 N

Hxxz = 5 Y lofof +ololiy + As(ofofy — )]+
i=1

Ay =(q+q")/2 = My # Hxxz for g ¢ R
[PT, Hxxz] # 0 [PxT, Hxxz] =0 [PyT, Hxxz] =0 [P'T, Hxxz] =0
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Deformed quantum spin chains (Different realizations for 77 -symmetry)

¢ Alternative definitions for parity:

Px : (0F,07,0%) — (o, =), —0%)

/
Py : (0-;(7 0{7 Ulz) - (_U;(a 0-{7 _U/Z)

[PT,H] =0, [PxT,H] #0, [P,T,H] #0, [P'T,H] #0

e XXZ-spin-chain in a magnetic field
4 N

Hxxz = 5 Y lofof +ololiy + As(ofofy — )]+
i=1

Ay =(q+q")/2 = My # Hxxz for g ¢ R
[PT, Hxxz] # 0 [PxT, Hxxz] =0 [PyT, Hxxz] =0 [P'T, Hxxz] =0

These possibilities reflect the ambiguities in the observables.
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Deformed quantum spin chains (Spectral analysis)

PT-symmetry = domains in the parameter space of A and s

Broken and unbroken P7-symmetry

®(\, k) for(\ k) € Upr

[PT.Hl=0 A PTo( “){ ;:écb()\,n) for (A, ) € Uppr

(\, k) € Upr = real eigenvalues
(\, k) € Uppr = eigenvalues in complex conjugate pairs
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Deformed quantum spin chains (Construction of a new metric, observables)

@ Left and right eigenvectors:
H|®p) =en|®p)  and  HI W) =¢,|V,)  forneN
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Deformed quantum spin chains (Construction of a new metric, observables)

@ Left and right eigenvectors:
Hiop) =en|®p)  and  HI|W,) =e|V,)  forneN

@ Biorthonormal basis:
<\Un ’¢m> = dnm Zn ‘wﬂ> <CD,7‘ =1
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Deformed quantum spin chains (Construction of a new metric, observables)

@ Left and right eigenvectors:
Hiop) =en|®p)  and  HI|W,) =e|V,)  forneN

@ Biorthonormal basis:
(Vo |Om) = 0pm Y Wn) (@] =1

@ Parity P and signature s:
Ht =PHP and P?2=I
P|®n) = sp|Vp) with s, = +1
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Deformed quantum spin chains (Construction of a new metric, observables)

@ Left and right eigenvectors:
Hiop) =en|®p)  and  HI|W,) =e|V,)  forneN

@ Biorthonormal basis:
(Vo |Om) = 0pm Y Wn) (@] =1

@ Parity P and signature s:
H'=PHP and P?=1I
P|Pn) =80 |Vp) with s, = £1

S:=(81,82,...,5n)
@ C-operator:

C:=)  Sn|®n) (Wn|,
[C,H] =0, [C,PT] =0, =1
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Deformed quantum spin chains (Construction of a new metric, observables)

@ New metric: (p = PC)
(®|V), = (®|pV)
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Deformed quantum spin chains (Construction of a new metric, observables)

@ New metric: (p = PC)
(P|V),, := (®|pV)

@ Observables: (p = n'n)

nOn~' = o,
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Deformed quantum spin chains (Construction of a new metric, observables)

@ New metric: (p = PC)
(®[W), = (®|pW)

@ Observables: (p = nn)

@ Expectation values:

(®]pO|W) = (®]n'on| W) = (¢|of¢)
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Deformed quantum spin chains (Construction of a new metric, observables)

@ New metric: (p = PC)
(W), = (P|pV)

@ Observables: (p = nn)

@ Expectation values:

(®p0|W) = (®[n'on| W) = (¢|of¢)

e magnetization:
compute expectation value for s; x = Z?’ Oz.x

—

1 ‘
Mz x(A\, k) = §<w9|7/39{x/’/\wg> = §<'@jg‘syx‘/‘/)g>

g) = groundstate
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Deformed quantum spin chains (Exact Results, N = 2)

@ The two site Hamiltonian
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Deformed quantum spin chains (Exact Results, N = 2)

@ The two site Hamiltonian

1 .
H :—é[O’f+0’§+2)\0'3|(0')2(+IH,(O')2(+0'3|()]
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Deformed quantum spin chains (Exact Results, N = 2)

@ The two site Hamiltonian
1 )
H :—E[Uf—i—ag—f—Z)\UfU)z(—i—m(a)z(—i-Uf)]

1 .
:—E[UZ®H+H®OZ+2A(TX®0X+II€(H®UX+UX®H)]
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Deformed quantum spin chains (Exact Results, N = 2)

@ The two site Hamiltonian
1 ,
H :—E[Uf—i—ag—f—Z)\UfU)z(—i—m(U)z(—i-a)f)]

1 .
= —5[?@I+18 0" + 200" @ 0" +ik(I® 0" + 0¥ @ D)

NE s oNFE
NE o > NF
|5

—1
ix
2
Ik
2

A
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Deformed quantum spin chains (Exact Results, N = 2)

@ The two site Hamiltonian
1 )
H :—E[Uf—i—ag—f—Z)\UfU)z(—i—m(a)z(—i-Uf)]

1 .
= —5[?@I+18 0" + 200" @ 0" +ik(I® 0" + 0¥ @ D)

Y

[ 505
ook
ik ik
A i

with periodic boundary condition o}, y = of
°
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Deformed quantum spin chains (Exact Results, N = 2)

@ The two site Hamiltonian
1 )
H :—E[Uf—i—ag—f—Z)\UfU)z(—i—m(a)z(—i-Uf)]

1 .
= —5[?@I+18 0" + 200" @ 0" +ik(I® 0" + 0¥ @ D)

g
[ roh
a0k
ik ik
Az oz -

with periodic boundary condition o}, y = of
@ domain of unbroken P7-symmetry:
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Deformed quantum spin chains (Exact Results, N = 2)

@ The two site Hamiltonian
1 )
H :—E[Uf—i—ag—f—Z)\UfU)z(—i—m(a)z(—i-Uf)]

1 .
= —5[?@I+18 0" + 200" @ 0" +ik(I® 0" + 0¥ @ D)

Y
[ s h s
ook
ik ik
A i

with periodic boundary condition o}, y = of
@ domain of unbroken P7-symmetry:
char. polynomial factorises into 1st and 3rd order
discriminant: A =r?—¢g°
1

q=g (-3r7+4X2+3), r:2)\—7<18/<2+8)\2+9>
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Deformed quantum spin chains (Exact Results, N = 2)

Upy = {)\,/1 A = 18 4 8)2kF — Bk% + 16042 + 2002k2 4+ 3k2 — N2 < 1}

1.0 |

0.8

0.6

0.4

0.2

U S T T [N W T S TN N ST S T W T ST T T S NN SN T S S [ S ¥

0.5 1.0 15 20

g
o
N
o
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Deformed quantum spin chains (Exact Results, N = 2)

Real eigenvalues: [0 = arccos (r/q%/?)]

e1 =\, e2=2qzcos () -3, €374 = 2qzcos (§+7 F17) -
Avoided level crossing:

w[>~

T T T T T
g T 7
A =0.45202439665
05 | 7
€
n €
4
0.0 - - ]
2
-0 3
€
4
O5F T T T T T T T T T s - - T
- o 5 1
10 _4_’_’/’/ _
1 1 1 1
0.0 0.1 0.2 03 0.4
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Deformed quantum spin chains (Exact Results, N = 2)

Real eigenvalues: [0 = arccos (r/q%/?)]

w[>~

e1 =\, e2=2qzcos () -3, €374 = 2qzcos (§+7 F17) -
Avoided level crossing:

———T— — T T o
wof T T T T I .
k=04
05 | ]
€
n
€
X
0.0 |2 e b
-~ 2
T - T Tg
~<_ :
-~ :
- 3
-0.5 | - ]
\\
~
N
1.0 | ) | I

0.0 0.1 0.2 03 0.4 0.5
A
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Deformed quantum spin chains (Exact Results, N = 2)
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Deformed quantum spin chains (Exact Results, N = 2)

@ Right eigenvectors of H :
|(D1> — (Oq*1,*10) |¢n> - (f\/"n: —Qnp, 70‘nas‘3n) n:27374
an=Ik(A—ep+1)

Bp = K2+ 2)X2 + 2)ep
Yp = —K2 — 25‘,27 + 2\ —2Xep + 2¢p
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Deformed quantum spin chains (Exact Results, N = 2)

@ Right eigenvectors of H :
|(D1> :(03_17_170) |¢n> :(PYn?_O‘na —Oén,ﬁn) n:27374
an=Ik(A—ep+1)
Bn= K2 +2) 4 2Xep
Y = —K2 — 25‘,27 + 2\ —2Xep + 2¢p
@ signature: s = (+, —, +, —)

7) |¢n> — Sn |wn>

from relating left and right eigenvectors
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Deformed quantum spin chains (Exact Results, N = 2)

@ C-operator:

Z Sn [®n) (V|

Cs -Cs3 -Cs3 o
| -e —a-1 - Co
o —C3 —C;q —Cy -1 Co
Cy Co Co 2(Ci+1)—0Cs
of of of 1 0sBs  aofBs a3l
C1:N—%—N—§—N—%—§7 02: Itl24_/i/22_/:i/3237
_ 2Yp | Q373 Q47a ﬁz’Yz /33’73 _ Bava

Ny = V2, Ny = /202 + 32 ++2 forn=,2,3,4
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Deformed quantum spin chains (Exact Results, N = 2)

@ metric operator:
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Deformed quantum spin chains (Exact Results, N = 2)

@ metric operator:

CS - CS - C3 C4
- - C; 1+ Cy Cq )
P=PC=1 ¢, o 140 Gy
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Deformed quantum spin chains (Exact Results, N = 2)

@ metric operator:

C5 - C3 - CS C4
- o Cs 1+ Cy Cq e
,0—736— C3 Cq 1+ Cy e

Cy Co Co 21+ Cy)—GCs

e since iaj, Bj,v; € R
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Deformed quantum spin chains (Exact Results, N = 2)

@ metric operator:

C5 - C3 - CS C4
- o Cs 1+ Cy Cq e
,0—736— C3 Cq 1+ Cy e

Cy Co Co 21+ Cy)—GCs

e since iOé,',ﬁ,’,’)/,' eR
= C1,i02, ng./ C4, Cs R
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Deformed quantum spin chains (Exact Results, N = 2)

@ metric operator:

C5 - C3 - CS C4
- o Cs 1+ Cy Cq e
p=re= G C 1+ -G

Cy Co Co 21+ Cy)—GCs

e since iOé,',ﬁ,’,’)/,' eR
= C4 , ng, iC3, C47 Cs R
= pis Hermitian p = pf
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Deformed quantum spin chains (Exact Results, N = 2)

@ metric operator:

C5 - C3 - CS C4
- o Cs 1+ Cy Cq e
p=re= G C 1+ -G

Cy Co Co 21+ Cy)—GCs

e since iOé,',ﬁ,’,’)/,' eR
= C4 , ng, iC3, C47 Cs R
= p is Hermitian p = pf

e EVofp:

Y1=}/2=1, y3/4:1+201:t2 C1(1+C1)
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Deformed quantum spin chains (Exact Results, N = 2)

@ metric operator:

C5 - C3 - CS C4
- o Cs 1+ Cy Cq e
p=re= G C 1+ -G

Cy Co Co 21+ Cy)—GCs
e since iOé,',ﬁ,’,’)/,' eR

= C4 , ng, iC3, C47 Cs R
= p is Hermitian p = pf

e EVofp:

vi=ya=1,  ysa=1+2C£2\/Ci(1+Cy)

since C; >0
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Deformed quantum spin chains (Exact Results, N = 2)

@ metric operator:

C5 - C3 - CS C4
- o Cs 1+ Cy Cq e
p=re= G C 1+ -G

Cy Co Co 21+ Cy)—GCs
e since iOé,',ﬁ,’,’)/,' eR

= C4 , ng, iC3, C47 Cs R
= p is Hermitian p = pf

e EVofp:

vi=ya=1,  ysa=1+2C£2\/Ci(1+Cy)

since C; >0 = pis positive
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Deformed quantum spin chains (Exact Results, N = 2)

@ square root of the metric operator:

n= /)1/2 _ UD1/2U71

where D = diag(y1,y2,, 3, ya), U= {r1,r2, 13,14}

|r1> = (0>_17170)

‘r2> — (C47Oa071 - CS): .

|\13/a) = (F3/4> 034, 0374, B3 4)

Gg/q = ¥3/4(C3Ca + Co(—4C1 + G5 —1))/2 - C3Cy

ﬁ3/4 = —Cg — C1 — C1 Cs + (Cg + C1 (4C1 — C5 + 3)) y3/4,
Y374 = C1C4 — C2C3 + (C2C3 + C1C4) Y34
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Deformed quantum spin chains (Exact Results, N = 2)

@ isospectral Hermitian counterpart:

h = nHy™
= j10x ® Ox + fip0y ® Ty + g0z @ 07 + pg(o, @[+ 1® 07)

s H2, B3, g € R
for A\=0.1,x =0.5:

—0.829536 0 0 —0.0606492
0 —0.0341687 —0.1341687 0

0 —0.1341687 —0.0341687 0
—0.0606492 0 0 0.897873
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Deformed quantum spin chains (Exact Results, N = 2)

The magnetization in the z-direction for N = 2:

——— 77—

1.0 -
Li ~ ]
[ N

0.9 i - = i
: X k=0.1
Li N —-=-x=02 ]
] -

0.8 i \. k=03 |
_| *\\‘ - k=04 ]

N. k=05
0.7 I \\.:, ............. k=07 .
M+ R —mmk =08 1
1.0000 N
0.6 | . i
\~
L Mlﬂuse‘ ‘\.~ ]
~

05 o . -
| T~ |

041 RN

o3 L - v v e e e e e ey

0.0 0.5 1.0 A 1.5 2.0 25
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Deformed quantum spin chains (N # 2, perturbation theory)
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@ Perturbation theory about the Hermitian part
HO\ k) = ho(A\) +ikhy  ho=hl,h =hl keR
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Deformed quantum spin chains (N # 2, perturbation theory)

@ Perturbation theory about the Hermitian part
HO\ k) = ho(A\) +ikhy  ho=hl,h =hl keR

assume 1 = nf = e9/2 = solve for q

W—&%Q—WMM+MMHM i[a:1a. (g Hlll+
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Deformed quantum spin chains (N # 2, perturbation theory)
@ Perturbation theory about the Hermitian part
HO\ k) = ho(A\) +ikhy  ho=hl,h =hl keR

assume 1 = nf = e9/2 = solve for q
H' = e9He 9 = H+{q, H]+ [a,[a. H]]+ 19 (g, la, HIII+ -

for c{*V(ho) = [q, .19, (g, hol] . . .] = O closed formulae:

[é]( 1)"En _(2n) & fan-1_o(en-1)
_ (=1)7En (@n _ N _fen-t (@n-
hho+; aiany G0 (o) H="ho 2 @n_ 1) (ho)

E, = Euler numbers, e.g. E; =1, E, =5, E3 =61,...

1 [(n+1)/2]
fon = ? Zm:1 (_1 )”+m <2m> Em

K{ = 1/2,&3 = —1/4,&5 = 1/2,/<;7 = _17/87
[C. F. de Morisson Faria, A.F., J. Phys. A39 (2006) 9269]
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Deformed quantum spin chains (N # 2, perturbation theory)

further assumption

q= Z K2 Qo

solve recursively:
[ho, q1] = 2ih

[ho, 3] = é[CIh (g1, hi]]

[ho, g5] = é[Q1a[Q37h1]]+é[%[%m]]—3é0[q17[Q17[Q17[Q17h1]]H
Here

N

N
ho(N) == (0 +Aofofiq)/2, m=-)  of/2
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Deformed quantum spin chains (N # 2, perturbation theory)

further assumption

q= Z K2 ok
solve recursively:
[ho, ] = 2ih
i
[ho,qs] = glar,[a, Ml

[ho, g5] = é[Q1a[Q37h1]]+é[%[%m]]—3é0[q17[Q17[Q17[Q17h1]]H
Here

N N
ho(N) == (0 +Aofofiq)/2, m=-)  of/2
@ Perturbation theory in A
HOW k) = ho(k) + Ay ho# hl, by =hl A eR
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Deformed quantum spin chains (N # 2, perturbation theory)

exact result for N = 2 ;

A=0.1,x=0.5:
—0.829536 0 0 —0.0606492
h— 0 —0.0341687 —0.1341687 O
10 —0.1341687 —-0.0341687 0
—0.0606492 0 0 0.897873
A=0.9,k=0.1:
—0.985439 0 0 —0.890532
h— 0 —0.0094167 —0.909417 O
I ) —0.909417 —-0.0094167 O

—0.890532 0 0 1.00427
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Deformed quantum spin chains (N # 2, perturbation theory)

perturbative result 4th order for N =2 :

A=0.1,x=0.5:
—0.829534 0 0 —0.0606716
h— 0 —0.0341688 —0.134169 O
I ) —0.134169 —-0.0341688 O
—0.0606716 0 0 0.897872
A=0.9,k=0.1:
—0.985439 0 0 —0.890532
h— 0 —0.0094167 —0.909417 O
I ) —0.909417 —-0.0094167 O

—0.890532 0 0 1.00427
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Deformed quantum spin chains (N # 2, perturbation theory)

- new notation:
N
N L a; _a. g, _ L
Stnap.ay = Zak10k2+1 Oy A=EX Y Zui=1 . p<N
k=1

with ¢¥ = I to allow for non-local interactions
- for instance:

N
1 ,
H\ k) = — E (0f + Xofof\qy + ikof), Ak ER
=

N

1 .1
= —E(SQ’ + SNy — //-;ES)’(V
- perturbative result for N = 3 :

h = M?{x()v H)S)%x + N?/y()\a R)S}S/y + Ngz(/\: ’i)sgz + Mg()‘a “)Sg
+:U“?(xz()‘7 H)S)%xz + /‘?/yz()ﬁ H)S}%yz + :ngz()ﬁ H)ngz
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Deformed quantum spin chains (N # 2, perturbation theory)

- perturbative result for N = 4 :

h

Hooe(As 1) S + V(N ) Sk + 113y (A, ) Sy, + 15, (A, #) Sy
152 (N 8)SZ; + 12, (N 8) Squz + 1z (A £) 87 + pixze (N, £) Sy
+M§XZ(A7 ﬁ)(sﬁxz + S;rxx) + Mf/yz()‘v H)(Sf;yz + Sgyy)

+/~Lf/zy(/\v K) Sf/zy + Nizz(Aa K) S;‘zz + N;‘(xxx()‘a ’Q)Sﬁxxx
iy (A 5) Sy + Hazzz(As 1) Shzzz + gy (A, ) Sy
iy (A 1) Sipny + Hazyy (N, 1) Sezyy + 132y (N, ) Sty
+,U«;t(xzz()‘7 "‘C)Sﬁxzz + M?(zxz()w H)S)A;zxz
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Deformed quantum spin chains (N # 2, perturbation theory)

- perturbative result for N = 4 :

h

Hooe(As ) S + V(A ) S + 11y (A, ) Sy, + 15, (A, £) )y
152 (A 8)SZ; + 12, (N 8) Sz + 1z (A £) 87 + pixz (N, £) Sy
‘Hﬁ;t(xz(/\? ”)(S)‘txz + S;rxx) + Mf/yz()‘v K)(Sf;yz + Sgyy)

+/~Lf/zy(/\a K) Sffzy + Nizz(Aa K) S?zz + N;‘(xxx()‘a ’Q)Sﬁxxx
iy (A 5) Sy + Hazzz(As 1) Shzzz + gy (A, ) Sy
iy (A 1) Sipny + Hazyy (N, 1) Sezyy + 132y (N, ) Sty
+,U«;t(xzz()‘7 K)S)?xzz + M?(zxz()w H)S)A;zxz

non-local terms
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@ Non-Hermitian Hamiltonians describe physical systems
within a self-consistent quantum mechanical framework.
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Some general conclusions

@ Non-Hermitian Hamiltonians describe physical systems
within a self-consistent quantum mechanical framework.

@ One can use this possibility to explore deformations of well
studied models, e.g. integrable systems.
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Thank you for your attention
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