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OUTLINE

1- INTRODUCTION

review some experimental results

2- INTEGRABLE GENERALISED BEC MODELS

main emphasis: present the mathematical construction

3- ULTRACOLD ATOMIC FERMI GASES

main emphasis: discuss the physical properties

4- CONCLUSIONS

outlook of the area
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Prediction and experiments:

Theoretical prediction:

* S. N. Bose (1924)
* A. Einstein (1924-1925)

Experimental realization (70 years later)

» E. A. Cornellet al. (1995 )— 8" Rb
« W. Ketterleet al. (1995)— *Na
 C. C. Bradleyet al. (1995)— "L;
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Experimental observation:

A BEC can be identified by a sharp peak in the velocity distidouof a gas of atoms belofl.

D.S. Durfee and W. Ketterle, Optics Expr@94.998) 299
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Direct observation of tunneling and self-trapping:
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Albiez, M. et al. Phys. Rev. Lett95 (2005) 010402
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Atom-molecule BEC

Since the experimental realization of a BEC using atomggaifscant effort was made to produce

a stable BEC in a gas of molecules
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Zoller, P, Nature417(2002) 493
Donley, E. A. Nature417(2002) 529

Exactlv solvable models and ultracold atoms — p. 7/45



Fermionic pair condensation

D. Jin et al, Nature 424 (2003)

The first ultracold Fermi gas of K atoms was created in 1999

by the group of D. Jin at JILA. Theyiso created a molecular
condensate in an ultracold degenerate Fermi ga¥ &f atoms

via Feshbach ressonance in 2003. At the same time, the gadups

W. Ketterle and R. Grimm also obtained a molecular condensat
After that the condensation of fermionic pairs was detected
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Fermions with Polarization

[

@ Spin-up
atoms
Spin-down

Balanced atoms Imbalanced

Find a partner. When atoms spinning one way outnumber those spinning the
other, they still can pair and flow freely—perhaps like matter in a neutron star.

In conventional superconductors the number of spin-up pimddown particles is the same.
Superfluiditymay still occur in a mismatched system and several exotisgshhave been

proposed: Fulde-Ferrell-Larkin-Ovchinnikov (FFLO) smtetc. Experimental confirmation of

these new phases is very difficult for superconductors. Bsirelatively straightforward to create

and manIpUIate a Ferml gaS Wlth unequal Spm pOpU'&tlon Exactlv solvable models and ultracold atoms — p. 9/45



Pairing and Phase Separation in a Polarized Fermi gas

W. Li, G. Partridge, Y. Liao, and R. Hulet., Nuclear Physicg9® (2007) 88c-95c

Ultracold Fermi gas ofLi with two hyperfine state$l) = |F = 2, my = 1) and

12) = |F = %,mf = —%). Basic resultphase separation between a fully paired superfluid

core surrounded by a shell of excess, unpaired atoms - 3D
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1D Experiments [R. Hulet et al]:

Crossed beam optical 1D gas with spin
trap imbalance

2D lattice array of 1D tubes with
small inter-tube tunneling

Spin-imbalance in a one-dimensional Fermi gas, R. Hulet,etrXiv:0912.0092

Experimental observations are in quantitative agreemaetit WBA calculations
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2- INTEGRABLE MODELS




Two-site Bose Hubbard Hamiltonian:

K JAN E
H = g(N1—N2)2—7“(N1—N2)—7"( fas+abar)
e N, = a}ai: number of atoms in the well = 1, 2)
« K. atom-atom interaction term
* Ay external potential

« £ tunneling strength

G. Milburn et al, Phys. Rev. B5(1997) 4318; A. Leggett, Rev. Mod. Phy8.(2001) 307 A.
Foerster, J. Links and H.Q. Zhou, Class. and Quant. Nonlmeteg. Systems (2003), edited by
A. Kundu
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Integrability and exact solution:

o R-matrix:

/1 0 0 O\
R(u) - 0 b(u) c(u) O
0 c(u) blu) 0]
\0 0 0 1/
_ v _n
b(u)_qun C(u)_u+77

» Yang-Baxter algebra:

Rio(x—y)Ri3(x) Ra3(y) = Ros(y)Riz(v) Ria(x—y)
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* Monodromy-matrix:

» Yang-Baxter algebra:
Rio(u — 0)T1(u)Tr(v) = To(v)T (u) Rio(u — v)
» Realization of the monodromy matrix:
L(u) = n(T'(u)) = Li(u + w) Ly (u — w)

N;  ay .
Lo(u) = (u a? na1> i=1,2
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e Transfer matrix:

7(u) = 7(Tr(T(u))) = 7(A(u) + D(u))

* Integrabllity:
T(u), 7(v)] =0 — [H,7(v)] =0
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« Hamiltonian and transfer matrix:

1
H=k (T(u) — Z(T’(O))2 —ur'(0) — % + w® — u2)
with the identification:
K  kn? &g
= — = —KNW, - =5
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Applying the algebraic Bethe ansatz method:
* Energy:

N 2 A7
_ n n“ N _
E:—/f(772||(1 v-—w) 7 wnN—n"?)
i=1 !

» Bethe Ansatz Equations:
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INTEGRABLE GENERALISED MODELS:
Basic idea:

We can construct integrable generalised models in
the BEC context exploring different
representations of some algebra, such as thg(/V)

algebra andgl(M/N) superalgebra.

A. Foerster, J. Links and H.Q. ZhpG@lass. and Quant. Nonlinear Integ. Systems (2003);
A. Foerster and E. Ragougciuclear PhysB777(2007) 373;
A. Tonel, G. Santos, A. Foerster, |. Roditi, Z. SanRisysical ReviewA79 (2009) 013624;
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Model for atom-molecule BEC

H = U,N?+ UyN{ + Uy Ny Ny + 1taNg + 1Ny
+ Q(a'a'b + blaa)

* N, = a'a: number of atoms

* N, = b'b: number of molecules
* U,’s: Interaction strengths

* u;'s: external potentials

* (): amplitude for interconversion of atoms and molecules
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« Monodromy matrix:

m(T(uw) =n""gL"(u—0 —n~")L" (u)

u+77Nb b
L) = ( bl 771>
L7 (u) = ( —nK™* u—nKZ>
_ (aT)2 — _ a? 2z _ 2N ,+1
KT = 5 K = 5, K* = 4+
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Three-coupled BEC model

H =) (a;al + a];ag + &2&3 + &gag)
+) (a];ag + a};al) + unyg 4+ png + g no,

1): left well
2): middle well

3): right wel

« (). tunneling between the left and the right wells
« ()9 left-middle and middle-right tunneling

* L9, u. external potentials.

(
*
(

A. Foerster and E. Ragougciuclear PhysB777(2007) 373;
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3 - ULTRACOLD ATOMIC




1D 2-component attractive Fermi gas with polarization

« Hamiltonian

N,
Z +91DZZ5 Ty — ;) _g(NT Ny)
71=1

1=1

* N spinl/2 fermions of mass
* constrained by PBC to a line of length
* H: external field

* 91D = %: 1D interaction strength:
attractive forg,p < 0 and repulsive for;p > 0

o (n = %) : dimensionless interaction;

£
n
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Bethe ansatz method

C.N. Yang, PRI19(1967)1312; M. Gaudin, Phys. Le24 (1967) 55

* Energy: W
h
= — ) k?
2m ;

* BAE:

M .
ki—Ap+1ic/2
L J
exp(ik;L) = | | 77— Ar—ic/2
0=1 "

ﬂAa—k5+ic/2 B _ﬁAa—Aﬁ—Fic
Ay — ke —ic/2 A '
/=1 B=1

a Aﬁ —1C
{kj, 3 =1,..., N} are the quasimomenta for the fermions;
{Aa, a=1,..., M} are the rapidities for the internal spin degrees of freedom
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BA-root configuration for the GS

BA configuration of quasimomenta k in the complex plane fer@6: for a given polarization,
the system is described by bound states ("Cooper pairs"yiapaired fermions

(a) Weakly Attractive Interaction (b) Strongly Attractive Interaction
@ spinup

— 88— .:—|— 1—:— :'I

P .
L] I

O spin down

Guan, X. W,; Batchelor, M. T.; Lee, C.; Bortz, M., Phys. Re¥6B085120 (2007)
Weak Regime

Strong Regime

Ie Ie

% N h?n3 {_72(1 — P) N P37? (1+ 4(1 —P)) N 7r2(14; P)3 (1 1-P 4P)}

2m 4 3 v
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Thermodynamical Bethe Ansatz - TBA
* elegant method to study thermodynamical properties
* convenient formalism to analyse QPTiat= 0
* 1969 C. N. Yang and C. P. Yang, "Yang-Yang approach"
* 1972 M. Takahashi, string hypothesis

* thermodynamic limit:L, — oo, N — oo with N/ L finite:
e consider a distribution function for the BA-roots:

* the equilibrium state is determined by the condition of
minimizing the Gibbs free energy:
G=FE—-—HM?—uN—-TS
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TBA - equations:

set of coupled nonlinear integral equation:

1
k) = 20k2—pu— ZCQ) + Tag *In(1 + e~ (R)/T)
+Tay *In(1 + e_€u<k)/T)

1
(k) = k°—p-— §H + Tay * In(1 + e_eb(k)/T)

T i an * In(1 4+ n.1(k))

n=1

H u
Inn,(\) = nT + ap *In(1 + e M/T)

3 T #In(1 + 771 (V)

n=1

The dressed energieg? (k) := T In(c" (k) /o (k)) ande® (k) := T In(p"(k)/p(k)) for
paired and unpaired fermions; the functign ()\) := £"()\)/£€()\) is the ratio of string densities.
The Gibbs free energy per unit length (Takahashi's book):

00 T ) .
G = _Z/ dkln(1+e—eb(7€)/T>_ _/ dkln(l—}—e_e (k)/T)

T J_ oo 2T J_
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Limit 7" — 0: dressed energy equations

HINE 2(A% — p — %) — /_E; az(A — A )eP(A)dA

Q
—/ a1 (A — k)e" (k)dk
—Q

el (k) = (k2 — p— g) . /_Z a1 (k — A)eP(A)dA

1 m|c|

21 (mc/2)2 + x2’ e’ (£B) = €' (£Q) =0

am () =
The Gibbs free energy per unit length at zero temperatureendpy

1 8 1 (9
G(u, H) = ;/Be (A)dA—I—%/Qeu(k)dk

From the Gibbs free energy per unit length we have the reistio

—0G(u,H)/Op =n, —0G(u,H)/OH = m;, =nP/2
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Strong attraction

N+t

POLARIZATION: H 2 2 .
2

h?n?m? {P2 N (1 — P)(49P? — 2P + 1)

o= 2m 12|~]
1— P)2(93P%2 +2P + 1 1-P
+< )°( +2P+1) ) (144172 P* — 7950P*
8v2 2401v|?
—3247% P3 4 15720P° — 7620P? + 16672 P? — 120P — 47*P — 30 + 7*] }
y . hPnPrm? { (1 - P)? N (3P +1)(6P? — 3P + 1)
H om 16 12/~
(1— P)(5+ 17P — P? +491P3) 1 » : s
15(1 + 2P?) 4 7470P° + 107 P
- 6472 + aopp AP+ i
—1807? P + 33572 P* — 4207° P® — 15405P* — n* + 75P + 7815P°] }
R2n? [ ~? 2 3 1
H:q ~ — 1 — —
CRITICAL FIELDS: om \ 2 8 4v? |y

l

Pn? [~? 4 1672
Hp ~ 2= (7 + 2n2 (1— b ))
2m \ 2 3|v[ 15[y
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Phase diagram and schematic representation:

"
>

L4 " |

A A f & A A A

+[p - ' § 8 Ne r¢ » o ‘.
Yy Y/ v Y ¥ R

BCS

FFLO I s

L

'I
Unpaired phase ,'

Exactlv solvable models and ultracold atoms — p. 31/45



Magnetization
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The analytical results (dashed lines) coincide well with ttumerical solution (solid lines)
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Weak attraction

h2n?

H ~

o— [2r'm® Ay m?], He=n’[r" + 2]

c
G
3
N
=
H
s
a¥

=

J. He, A. Foerster, X-W. Guan, M. Batchelor, NJP 11(2009)0023
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Magnetization

£
N
=
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2
"
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400
Magnetic Field H

The universality class of linear field depen-
dent behaviour of the magnetization holds
throughout the whole attractive regime
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Three-component attractive Fermi gas
e Hamiltonian
Z +gm PORRICEED
1<i<j<N

* Energy and BAE

ke — Ag+ic/2
Z exp(ik;L) = i e tic/

P lkj—Ag—iC/27

HA — ke +ic/2 HA —AB—I—chA — Ag—ic/2
Aa—]{g—lc/Q A —Aﬁ—lc Aa—)\5+1c/2
H)\ uw—Ng+ic/2 _ﬁ)‘u_)‘ﬁ‘HC

5:1)\M_Aﬁ_ic/2 L\, — g —ic

o~ 2l d .l FmEEINAIAANYNAAN A e~ =1 Exactivisolwahlesmadels and ultracold atoms — n. 35/45



Phase diagram in the strong regime: || = 10)

Exhibits a rich scenario with new phases: TRIONS: threeyldmalind states

Unpaired phase, pairing phase3, trion phase” and four different mixtures of these phases;

Above: unpaired fermion density; , pair densityns and GS energysthe fieldsH,H>
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Phase diagram in the weak regime: |¢| = 0.5)

The trionic phase C is supressed. The pure
paired phase can be sustained.

The numerical boundaries (white dots) coincide
well with the analytical results (black lines)

C. Kuhn, A. Foerster, arXiv:1003.5314v1(2010)
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4- Conclusions:

e " After 75 years the Bethe ansatz is alive and wellt has
been used to solve genuine interacting guantum many-body
systems for which perturbative approaches and mean-field
theories often failln the case of interacting bosons and
fermions, the spatial confinement to one dimension
leads toenhanced dynamics and correlations, and
ultimately tonew quantum phasesBecause of its
underlying mathematical structure and the richness of
Its results, the Bethe ansatz has had a remarkable
Impact on several fields, with many surprises along the
way. Given the recent advances in the manipulation of
atoms in optical lattices,no doubt many more surprises
lie ahead’

® M. T. Batchelor, Physics Today 60 (2007) 36

Exactlv solvable models and ultracold atoms — n. 38/45



Collaborators

* Prof. Murray Batchelor, ANU-Australia
* Prof. Xiwen Guan, ANU-Australia

» Prof. Jon Links, UQ-QLD-Australia
» Prof. Eric Ragoucy, LAPTH-France
* Prof. lItzhak Roditi, CBPF-Brazil

* Prof. Arlel Tonel, Unipampa-Brazil
» Dr. Gilberto S. Filho, UFRGS-Brazll
» Carlos Kuhn, UFRGS-Brazil

« Eduardo Mattel, UFRGS-Brazil

« Diefferson Lima, UFRGS-Brazil

» Jardel Cestari, UFRGS-Brazil

Exactlv solvable models and ultracold atoms — p. 39/45



THANK YOU!
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Appendix: Quantum dynamics:

® Temporal operatol/:
determines the time evolution of any physical quantity

N

U= Z e_v\ntlﬁbnﬂ@bnl
n=0
{\n}; {|¥n)}: eigenvalues and eigenvectorskf

® Temporal evolution of any statgp(t)) = U|p) = SN_ ane " nt|ih,),
an = (1n|¢) and|¢): initial state

® Expectation value of any operatdr
(A) = (1) Al(2))

® Imbalance population
A= (Ni — N2)/N

Plot the time evolution of the expectation value of the irabeé
population for different ratios of the coupling /&
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Appendix: Dynamical regimes:
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Appendix: 3 wells-algebraic construction

R matrix: ;
ng(l‘) =1I® 11— %PH; Pia = Zz‘,j:l Lij @ EJ“

 Monodromy matrix:

/u+N1 aiag ﬁgCLJ{\
AM@w) = | da wu+ N Bsal
\ O3 ax b3 az 5% /

[ 3 BB Bral )
AP(u) = | BB -5 Bl
\ﬁl% Ba a3 u—N3/
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Appendix: Bethe ansatz

A solvable or integrable quantum many-body system is onehichv/V-particle wave function
may be explicitly constructed. In generdy)! plane waves arév-fold products of individual
exponential phase factoes”:i , where theN distinct wave numbers;;, are permuted among
the IV distinct coordinatesz ;. Each of theN! plane waves have an amplitude coefficient in
each of regions. For example, in the dom@ir. zg1 < zg2 < ... < zgn < L, the wave
function is written as

Y = ZAo'l---O'N(P17 ., PN|Q1,...,QN)expi(kp1zg1 + ... + kpNTQN)
P

=9 +

®  Continuity: _
i ¥oqimag; — Peaimad;
® Schrodinger equatiort{y) = E
® two-body scattering
relationAq, ..o (PiPj|QiQ;) = [YiglgloN Agr or (P PilQiQj)

1...O0N

® boundary conditionsy(z1,...,x;,...,xNn) = Y(x1,...,2; + L,...,zN)
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