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Introduction

Contents

o 0: Integrable spin-s XXZ spin chains through fusion method

e Part I
@ (1): Quantum Inverse Scattering Problem for the spin-s XXZ
spin chain ( such as Hermitian elementary matrices)

@ (2): Muiltiple-integral representation of arbitrary correlation
functions of the spin-s XXZ spin chain

o Part Il:
Quantum Inverse Scattering Problem (QISP) for the
super-integrable chiral Potts model (SCP model)
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Key idea:

We construct the spin-s representation V(2%) of Uy(sl2) in the 2sth tensor
product of spin-1/2 representations V(1):

ve) ¢ yWg...evl
25,m) = (AZVX))" 0)1 @@ 0)a

We define dual vectors by anti-involution * of Uy(sls):
(2s,n] = (|2s,n))"

If ¢ is complex, they are different from Hermitian conjugate vectors:

e~ —

(2s,n| = (]23,n>)T

We thus introduce as Hermitian operators E™"(25) = |25, m)(2s, n|
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PART 0: Review: Exact methods for deriving the

multiple-integral representation of XXZ CFs

@ e The g-vertex operator approach (infinite system, no external field,
zdero temperature)
M. Jimbo, K. Miki, T. Miwa and A. Nakayashiki,
Phys. Lett. A 168 (1992) 256-263.

@ e An algebraic approach solving the ¢ KZ equation
M. Jimbo and T. Miwa,
J. Phys. A: Math. Gen. 29 (1996) 2923-2958.

o o Algebraic Bethe-ansatz approach (finite system, external fields)
N. Kitanine, J.M. Maillet and V. Terras,
Nucl. Phys. B 567 [FS] (2000) 554-582.
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Introduction: Monodromy matrix and the transfer matrix

We define the ?-matrix and the monodromy matrix T 12...1,(A; {w; }) by
1 0 0 0

O e It
0 0 0 1

(1,2]
Toa2..L(N{w;}) = Ror(Awr)Ror—1(Awr—1) - Ro2(A, w2)Ro1 (A, wy)

The operator-valued matrix element of the monodromy matrix give the
creation and annihilation operators

: _ ( Alw) B(u)
T0’12.A.L(u, {w]}) = ( C(’LL) D(u) >[0] .

The transfer matrix, t(u), is given by the trace of the monodromy matrix
with respect to the Oth space:

t(uywi,...,wy) = tro(Toa2..0(u; {w;}))
= A(u;{w;}) + D(u; {w;}) . (1)
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The Yang-Baxter equations: Essence of the integrability

Figure: The Yang-Baxter equations:
RQ’ 3(U)R1, 3(U + 'U)RL Q(U) = RL Q(U)RL 3('LL + U)RQ7 3(?))

Spectral parameter u is expressed by the angle between lines 1 and 2,
where the interstion corresponds to Ry ().
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Review: algebraic BA derivation of the multiple-integral

representation of the spin-1/2 XXZ correlation functions

e e Quantum Inverse Scattering Problem (QISP)
Local spin-1/2 operators expressed by A, B, C, D (spin-1/2)

@ e Scalar product of the BA:

If {g;} or {A\;} are Bethe roots, we have
0]C (1) - - Clpar) B(A) - - - B(Aar)|0) = det® (Slavnov's formula)

(0|C(p1) - - Cpar) B(A1) -+~ B(Am)[0)
(OIC(A1) - C(Am) B(A1) - B(Awm)0)

®': the Gaudin matrix

= det(¥' /D)

o o Integral equations for the matrix elements of ¥’ /&’
To evaluate the matrix elements of (\Iil/q)/> by solving the integral

equations (cf. lzergin)
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PART I: Higher-spin XXZ spin chains

Hamiltonians of the spin-1/2 and spin-s XXZ spin chains
The spin-1/2 XXZ chain the Hamiltonian under the P. B. C.

L

1
Hxxz =5 Z (00 +o) o) +Ac707,) . (2)
j=1

Here 0 (a = XY, Z) are Pauli matrices on the jth site. We define ¢ by
A=(g+q¢"/2  (q=expn)

For —1 < A <1, Hxxz is gapless. (A =cos( by g =€, 0< (< 7.)

For A >1or A < —1, it is gapful. (A ==+cosh¢ by g=¢7¢, 0<(.)

Integrable spin-s XXZ Hamiltonian H%S()Z is given by the logarithmic

derivative of the spin-s XXZ transfer matrix. ( )
N
s =1 XXX case Hg))(X = JZ <Sj . Sj+1 - (SJ . Sj+1)2> . (3)
j=1

Hereafter we shall often set ¢ = 2s.
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References on the spin-s XXX or XXZ correlation functions

Relevant algebraic Bethe-ansatz studies on the spin-s XXX CFs

[1] N. Kitanine,
Correlation functions of the higher spin XXX chains,
J. Phys. A: Math. Gen. 34 (2001) 8151-8169.

[2] O.A. Castro-Alvaredo and J.M. Maillet,
Form factors of integrable Heisenberg (higher) spin chains,
J. Phys. A: Math. Theor. 40 (2007) 7451-7471.
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Relevant studies on the higher-spin XXZ and XYZ chains
[1] M. Idzumi,

Thesis, University of Tokyo: Feb. 1993.

[2] A.H. Bougourzi and R.A. Weston,

Nucl. Phys. B 417 (1994) 439-462.

[3] H. Konno,

Nucl. Phys. B 432 [FS] (1994) 457-486.

[4] T. Kojima, H. Konno and R. Weston,

Nucl. Phys. B 720 [FS] (2005) 348-398.
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Fusion construction

First trick: Applying the R-matrix R in the homogeneous grading
to the fusion construction
Through a similarity transformation we transform R to R™

1 0 0 0
Riyw) = | Czi(z) Cb(gu) 0 “)
0 0 0 1

[1,2]
¢t (u) = e sinhn/sinh(u+7n) b(u) = sinhu/ sinh(u 4 )

The R™ gives the intertwiner of the affine quantum group Uq(s/l\g) in the
homogeneous grading:

Riy(u) (A(a)1p = (10 Ala))1p Riz(uw)  a € Uy(sla)

where 7 denotes the permutation operator: 7(a ® b) = b ® a for
a,b e Uy(sly), and (A(a));, = m @ m2 (A(a)).
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Projection operators and the fusion constrution
We define permutation operator I1;5 by

Ii2v1 @ v =2 ® V1, (5)
and then define R by
Ry (u) = M2 Rf, (6)

We define spin-1 projection operator by

2 ~
Pyy) = Rfy(u =) (7)
We define spin — £/2 projection operator recursively as follows.

Y4 /-1 = /-1
P o= P RE (0= )Py ) (8)
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'U“_ 3 1U+

)
17y 2

Figure: Projector P(?) is given by the special value of R-matrix R(), and hence it
commutes with other R-matrices. (Cf. Kulish, Sklyanin,and Reshetikhin (1981)).
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We define monodromy matrix To(l’zs)()\o;fl, ...,&nN,) acting on the tensor
product V(D (\g) ® (V(QS) (6)®---@VZ) (&n,)) as follows.

Tél’%)()\o;&w--,st) PgS)L R(J)rn BAGE (28)’-'-71"(55)) : PSS)L
(9)

Here inhomogenous parameters w; are given by complete 2s-strings

w§2(; e =& —(k=1n (p=12... ,Nok=1,...,2s)

More precisely, we shall put them as

2s;€
wésip D+ =& —(E—Dn+ery, (p=1,2,...,Ngsk=1,...,2s.)

We express the matrix elements of the monodromy matrix as follows.

. AN {edn.) BN (&,
i ovtem) = (G 6] b ) ) - 00

AP (A& In,) = f;S)L AD (N {wj(?s)}L) : Pl(QZ.S.?L
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a a2 an,

1=« | Co | CN, ey, +1=0

br b b,

a1,..-,GNg

Figure: Matrix element of the monodromy matrix (Tc(fb%))bl s

Here quantum spaces ‘/}(28) (&;) are (2s + 1)-dimensional (vertical lines),
Variables a; and b; take values 0,1,...,2s

while the auxiliary space VO(Z)()\O) is (¢ + 1)-dimensional (horizontal line) .
variables c; take values 0,1,...,7.

L = 2sN;
Spin-1/2 chain of L-sites with inhomogeneous parameters wy, ..., wy,
while the spin-s chain of Ny sites with &1,...,&N,.
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We now define Téz’ 25)(>\0;£1, ...,&nN,) acting on the tensor product
VO(Z)O\O) ® (V&)@ @ VE)(&y,)) as follows.

4,2 14 1,2 1,2
T2 = P TS o Oa) T B G Oy =) -+

Tt§1z1:122s~)~~Ns()‘a1 — (£ —=1)n) Péflu...ae .
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AB Derivation of the multiple-integral representation for the

integrable XXZ correlation functions

@ e Quantum Inverse Scattering Problem (QISP)
Spin-s local operators expressed in terms of A, B, C, D (spin-1/2)

@ e Scalar product:
If {\;} are Bethe roots, we have the determinant expression:

lir%<0|C’(23)(u1) O (upg) B (A1) - - BP9 (X\y)]0)
= det®' (2

(0[C2) (piy) - - C2) (ppg) B2 (Ag) - - - B2 (A30)]0)
(0]CR) (A1) - C9)(Apr) B (Ay) -+ B9 (Ap)[0)
:det( ’(23 /@’(25))

@ e |Integral equations for the spin-s
To evaluate the matrix elements of (\IJ/(QS)/@(QS)) by solving the
integral equations
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Scheme of exact derivation of spin-s XXZ correlation functions

@ (1) Algebraic part:

Quantum Inverse Scattering Problem (QISP) Formula, Slavnov's
scalor product formula, Algebraic Bethe ansatz,

Fusion method, projectors, Hermitian elementary matrices

@ (2) Physical part:

Fundamental conjecture: In the region 0 < ¢ < 7/2s,
the spin-s XXZ ground state is given by a Bethe-ansatz eigenvector of
2s-strings with small deviations

(Cf. A. Klimper, M. Batchelor and P.A. Pearce, J. Phys. A: Math.
Gen. 24 (1991) 3111-3133. )

The low-lying excitation spectrum of the spin-s XXZ chain should be
characterized by the level k£ SU(2) WZWN model with k = 2s.

Spin-s Gaudin’s matrix, spin-s integral equations
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Spin-//2 rep. of quantum group U,(sl,)

The quantum algebra U, (slz) is an associative algebra over C generated
by X+, K* with the following relations:

KK™' = KK '=1, KX*K'=2x*%, |
K—-K!
[X+7X_] - 1 - (11)
q-—q

The algebra Uy (sl2) is also a Hopf algebra over C with comultiplication
AXT) = XTel+KeXt, AX ) =X oK '+10X",
AK) = KoK, (12)

and antipode: S(K) =K ! S(XT)=-K1XT S(X7)=-X"K,
and coproduct: ¢(X*) =0 and ¢(K) = 1.
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[nly = (¢" —q™)/(q¢ — ¢ '): the g-integer of an integer n.
[n]q!: the g-factorial for an integer n.

[n]g! = [n]q[n—1lg -+ [Lg. (13)

For integers m > n > 0, the g-binomial coefficient is defined by

[m] :[m]q' (14)

n
We define ||£,0) for n =0,1,...,¢ by
1€,0) = 10)1 ® [0)2 ® -+~ ® [0 . (15)

Here |a); for o = 0,1 denote the basis vectors of the spin-1/2 rep. We
define ||¢,n) for n > 1 and evaluate them as follows .

_ _\7 1
) = (AE))160) 1oy
]
= X o o)tz (1)

1< << <4
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We have conjugate vectors (¢, n|| explicitly as folllows.

-1
(0,n]| = [ n } q”( n) Z <0’0‘Z...0—;’; q21+ +in—nlt+n(n—1)/2
a 1<i1 < <in <O
(17)
Here the normalization conditions: (¢,n||||¢,n) = 1.

Conjugate vectors are given by x anti-involution (¢, n|| = (||¢,n))" where
(XY =¢' XK', X")'=¢'X K, K'=K

- with (A(a))” = A(a*), (ab)* =b*a*, (a)*™* =a, for a € Uy(sl(2)) .

In the massive regime where ¢ = expn with real 7, the conjugate vectors

(¢,m|| are Hermitian conjugate to vectors ||¢,n).

However, in the massless regime |¢| = 1 and ¢ # +1, they are not.
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—_~—

For an integer £ > 0 we define (¢, n|| forn =0,1,...,n, by

—1
(l,n|| = < fL ) Z <0|0—i+1...0i+n g~ (@tin)Fnl—n(n-1)/2
1<y < <in <L
(18)

They are conjugate to ||¢,n): (¢,m||||{,n) = dmrn . Here we have
denoted the binomial coefficients as follows.

() == =

Setting (£, n| m =1, vectors m are given by
14,n) = Z o5 oy |0)g i) ntn(n=1)/2

1<ig <+ <in <L

x [ . L g ( . >_1 : (20)
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Hermitian elementary matrices

In the massless regime we define new elementary matrices £/ (25+) by

—_——

E™ 254 — ||25,m) (2s,n|| for m,n=0,1,...,2s. (21)

We define projection operators by

Py, = Znen ,nl|. (22)

Let us now introduce another set of projection operators P( )e as follows.
Pyl =6, n)(e, nl|. (23)
n=0
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()

Projector P’ is idempotent: (]51(%)2 = ﬁl(z)e In the massless regime

~ P~
where |g| = 1, it is Hermitian: (Pl(%) = Pl(%. From the definition, we
show the following properties:

0 3 ¢
PR = Pl (24)

14 l l
Pl(..).zpl(z?..g = Pl(..?g- (25)

In the tensor product of quantum spaces, ‘/1(23) R ® V]SZS), we define
5(25) ‘
Py by

2s)
12 L HPQ(S’L 1)4+1° (26)

Here we recall L = 2sNj.
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Spin-s XXZ Hamiltonian expressed by the ¢-Clebsch-Gordan
coefficiants

2s d 2s,2s +
Hg(X)Z = d)\l A&Q -Ng )(A)

A=0,£;=0 i=1

where 7@ = Pgs)Lt(u) Here, the elements of the R-matrix for
V(lh) ® V(l2) are given by (cf. [T.D. and K. Motegi])

Rlly,a1) ® |l ag) = Y R |1y,b1) @ |l by),
b1,b2

min(l1,l2)
Rle,’Z;ZZ _6a1+a2,b1+b2N(l17 al l23 CLQ Z N ll + l2 - 2]7 ay + CLQ)_l
7=0
o ol i+l -2 Lo ly hh+1l—2j
Plit+la=2] b1 bs a + ag a1 as a1 + as
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New spin-s QISP formula (the most important result)

For m > n we have

_ s , / , 1 = (i—1)¢
B = () ][] P TT s i
q q a=1
n m l
< [[ Dwiryesn) [I Bwa—nyoser) [] Alwi—yerr)
k=1 k=n—+1 k=m-+1
¢N, »
x I (A+D)(wa) P, . (27)
a=il+1

For m < n we have a similar formula.
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We express a factor of (2s+ 1) x (2s + 1) elementary matrices in terms of
a 2sth product of 2 x 2 elementary matrices with entries {¢;, e;} as follows.

2s

EWR @0 = O({ig i} Py - [T e ™ - PR (28)
k=1

Here, C({ik, jr}) is given by

amwn=<f)[ﬁL[fL3 (29)

Here €5 and elﬁ (6=1,...,2s) are given by

¢ _ 1 As=Bsq) 1 (1<B<i)
BODHT 0 (<f<2s) BT L0 (< f<2s).
(30)
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Physical part: ground-state string solutions and their deviations

The fundamental conjecture of the spin-s ground state

The spin-s ground state \¢§25)> is given by N, /2 sets of 2s-strings for the
region: 0 < ¢ < 7/2s

A = o —(a—1/2)n+€® | fora=1,2,...,N,;/2and a =1,2,...,2s.

Deviaions are given by e((la) = \/—15((16“) where 6((16“) are real and decreasing
w.r.t. a, and |5L(1a)] > |6L(1a+1)| for a < s, |5((1a)| < |5((1a+1)| for a > s.

It is shown analytically through the finite-size corrections of the spin-1
XXZ chain (A. Klimper, M. Batchelor and P.A. Pearce, J. Phys. A: 24
(1991)).
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The density of string centers, piot (1), is given by

N

1 1
Pto = a7 31
100 =, 2 ot~ )70 1
For the homogeneous chain where £, =0 for p = 1,2,..., N,, we denote
the density of string centers by p()\).
1
(32)

PN = S cosh(mAO)
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Multiple integral representations of the correlation function

for an arbitrary product of Hermitian elementary matrices

We define a spin-s correlation function by

F(25+)({6j, 6;}) _ <7l}5(;28+)| H Elmz N (23+)|1/)!(]25+)>/<w£(72s+)|1/}!(]25+)> (33)
=1

Applying the formulas, we reduce it to the following:

2sm /

F® ) ({ej,e;}) = w(%*)l]—[ U @ ) (38)

Here ¢€;,€; ¢. = 0,1. We send inhomogeneous parameters w; to a set of
complete strlngs

(25 €) (2s)

Was(b—1)+8 = Wag(p 1)45 — Was(p_1y4p = S0 — (B—=1)n. (35)
Let us define = and a™ by
a” ={ji; =0}, a’={je=1}. (36)
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For sets o~ and at we define \; for j € @~ and 5\;» forjea™,
respectively, by the following relation:

s ey Niman) = (A1, Agsm) - (37)

(Vs A A

Imaz min

We have
FE D ({ej,e5}) =

oco+ie 00—1i(2s—1)(+ie
= ([ I\
—oo+tie —oo—i(2s—1)C+ie
oco+ie oco—1i(2s—1)(+ie
. / + .4 / d)\s,
—oo+ie —o00o—i(2s—1){+ie
</ooie /00i(251)<i€> "
R o
—oo—ie —oo—i(2s—1)C—ie +
co—ie oco—i(2s—1)(—ie
([
—oo—i€ —00—i(2s—1)¢—ie

xQ({ej, G;}; )\1, e ,)\2sm) detS(Aly ceey )\2sm) (38)

Tetsuo Deguchi (Ochanomizu University, TokCorrelation functions of the integrable spin-¢ June 15, 2010



Here factor @ is given by

Q{es ;)
oy e (TS 20 =0 0 T o0y — i)
[li<k<i<zsm @(Ae = Ao+ 0+ €r)
Hyecﬁ (Hk 1 90(5‘ - “’1(928) — 1) is—n;ﬂ 90(5‘ w}(€2s)))
H1<k<z<2sm p(wy ) wé%)) )

The matrix elements of S are given by

Sik = phy —wl +1/2)5(a(Ny), B(k)), for jk=1,2,...,2sm.
(40)
Here §(c, 3) denotes the Kronecker delta and «()\;) are given by a if
Aj = p; — (a—1/2)n (1 < a < 2s), where 15 correspond to centers of
complete 2s-strings.
In the denominator, we have set € ; associated with \; and ); as follows.

{ 1€ for Im()\k — )\l) >0
€kl

—ie for Im(\p, —N\) <O. (41)
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Examples of multiple integrals

Fors=1landm=1 (fwf) =&, w§2) = &1 — 1), we have
(B ) = (0B g ) /g1
2 2
= 2D AW ) D) [BED) /PP )
oo+-ie co—i(+ie oco—1ie oco—i(—ie
= 2 ( +/ )d)q ( —i—/ >d/\2
—oo+i€ —oco—i(+ie —00—1€ —oco—i(—1i€
X Q()\l, )\2) detS()\l, )\2) (42)
where Q (A1, A2) is given by

(A2 — w$)p(M — w® — 1)

"
QA2 = (=) e T el

(43)

and matrix S(A1, A2) is given by

( p(A\1 — w§2) +1/2)0(a(A),1) p(A1 — wéz) +1/2)6(a(A1),2) )
P2 —wi® +1/2)8(a(X), 1) p(a —wl +1/2)5(a(X2),2) )
(44)
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Here we have applied the following formula

2N,
E11’1(2+) _ 2P1(-2--)L D) (wl)A(H)(wg) H(A(1+) + D(H))(wa) P1(2)L
a=3
The correlation function is expressed in terms of a single product of the
multiple-integral representation.

By evaluating the double integral, the integral over A1 is decomposed as
follows.

oo+i€ co—i(+ie
( +/ ) dA1 Q(A1, A2) detS(A1, A2)

—oo+tie —oo—1i(+ie
0o—i(/2 00—13(/2
- / + / d)\l Q()\l, )\2) detS()\l, )\2)
—00—1(/2 —00—13¢/2

+f dA1 Q(A1, A2) detS(A1, A2) + j@{ dA1 Q(A1, A2) detS(Aq, A2) .
Fl FQ
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Thus, the integral is calculated as

<7”5§2+)’E11(2+)’J(2+)>/< < T(24) W(?-l— >>

_ Z_/OO sinh(z — n/2) sinh(x — 3n/2) 4
B m oo sinh n

p°(z)dx

°° sinh(x — n/2)
2 cosh A d
2 cos 77/_00 sinh(w+n/2)p(m) v

00 inh(x —
_/ p(x)dz + (—1)2coshn i :&ELZ@’)( ) dzx
~ cos((sin¢ — (cos O 45
2( sin? ¢ )
We thus obtain
(Bt = Cse (el ~Geose) (46)

Csin? ¢
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Evaluating the integral we obtain the spin-1 EFP with m = 1 as follows.
@)(1) = (B2 :C—sinCcosg. 47
(1) = (B} = S5 (47)
In the XXX limit, we have

lim & SmeCose 1 (48)
¢—0  2(¢sin“( 3
The limiting value 1/3 coincides with the spin-1 XXX result [Kitanine
(2001)]. As pointed out in Kitanine (2001), (E#2) = (E1!) = (E{%) =1/3
for the XXX case since it has the rotational symmetry.

Furthermore, due to the uniaxial symmetry we have (Eg’o) = (E%Q) and
hence, directly evaluating the integrals, we confirm

(V") + (Er ) + (B = 1. (49)
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Symmetric expression of the multiple integrals of F(s%)({¢;, e;})

1 11 sinh® (m (& — &)/¢)
H1§a<ﬁ§23 Sinhm(ﬁ - Oé)?] 1<k<I<m H?il H72”8:1 Sinh(ﬁk - fl + (T - 3)77)

o+ co-+ie 00—i(25—1)¢+ie
Z H(/ _|_..._|_/ )d,uaj

0E€S25m /[ (Sm)28 j=1 —ooti€e —oo—i(2s—1)C+ie

2sm co—ie 00—i(2s—1)C—ie

(e [ Y

j=ag+1 —o00—i€ —oo—i(2s—1)¢—ie

< (sg00) Qﬁ [Ty, T35 sinh(A; — & + )
i=1 [Tyq cosh(m(p; — &)/C)

2
]

.2sm, 2s
X W H Sinh(ﬂ-(u%(a—l)—kv - :U'25(b—1)+7)/<)
y=11<b<a<m

Q({6j, 6;}; Aolsenes Ao(Zsm))) .

It is straightforward to take the homogeneous limit: & — 0.
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Part 1l: sl(2) loop algebra symmetry and the super-integrable

chiral Potts model

1 L

HXXZ:§Z(O'XO'])§_1+O' O']+1—|—AO' )
j=1

When ¢ is a root of unity: ¢*" =1 where A = (¢ +¢71)/2,

the Hxxz (and 76v(2)) commutes with the sly loop algebra, U(L(slz))

in sector A: SZ =0 (mod N) (and in sector B: S = N/2 (mod N)):
SN = (SHN/INY, T = (TN /[N]!

Here S* and T are generators of Uq(élg)

L
+ _ anz/2®”'®qu/2®U;E®q_gz/2®.”®q_az/2

L

T:I::Zq_gz/2®_”® ‘7/2®J ® q° /2®...®q‘7z/2
j=1
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S*(N) and T+(N) generate the si, loop algebra U(L(sls))

Generators hy, and 27 (k € Z) satisfy the defining relations of the sly loop
algebra (j, k € Z)

[hjal‘%] = izx;‘t_l,_k;a [ﬁjvx];] = Ntk

[hj, hi] =0, [z, 2] =0

We have
of = ST gs =5~ (50)
et = TN pr =7 (51)
2
hy = NSZ. (52)
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Many interesting papers relevant to this talk

[AY] H. Au-Yang and J. Perk, J. Phys. A 41 (2008) 275201; J. Phys. A
42 (2009) 375208; J. Phys. A 43 (2010) 025203; arXiv:0907.0362

[B] R. Baxter, arXiv:0906.3551; arXiv:0912.4549; arXiv:1001.0281

[vG] N. lorgov, V. Shadura, Yu. Tykhyy, S. Pakuliak, and G. von Gehlen,
arXiv:0912.5027

[FM2010] K. Fabricius and B.M. McCoy, arXiv:1001.0614
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Definition of D-highest weight vectors (Drinfeld-highest weight)

We call a representation of U(L(sl2)) D-highest weight if it is generated
by a vector 2 satisfying
(i) © is annihilated by generators z; :

Q=0 (keZ)
(ii) © is a simultaneous eigenvector of generators, hy's:
hiQ2 =diQ), for ke Z.

Here d;. denotes the eigenvalues of hy's.

We call 2 a highest weight vector.
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Definition (D-highest weight polynomial)

Let Ay be eigenvalues as follows:
@R @R/ () Q=12 (k=1,2,...,7)

For the sequence A\ = (A1, \a, ..., \.), we define polynomial P*(u) by

PAw) = M ()", (53)

We call P*(u) the D-highest weight polynomial for highest weight dj.

When U(L(sl2))S? is irreducible, we call it the Drinfeld polynomial of the
representation.
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Conjecture on highest weight vectors

Conjecture (Fabricius and McCoy)

Bethe eigenvectors are highest weight vectors of the sls loop algebra, and
they have the Drinfeld polynomials [FM].

[FM] K. Fabricius and B. M. McCoy, Progress in Math. Phys. Vol. 23
(MathPhys Odyssey 2001), (Birkhauser, Boston, 2002) 119-144.

It was proved in sector A: S% =0 (mod N) when ¢*¥ =1 (and in sector
B: S = N/2 (mod N) when ¢V = 1 with N being odd ):
T.D., J. Phys. A: Math. Theor. (2007)
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Taking the limit of infinite rapidities, we have

A(+o0) = ¢*%7, B(oo)=T", B(-o00)=5",
D(+o0) = 8§72, C(0)=8", C(-o0)=T" (54)

Let N be a positive integer.

Definition (Complete N-string)

We call a set of rapidities z; a complete N-string, if they satisfy
zi=A+n(N+1-25) (j=1,2,...,N). (55)

We call A the center of the N-string.

Tetsuo Deguchi (Ochanomizu University, TokCorrelation functions of the integrable spin-¢ June 15, 2010 45 / 59



Sufficient conditions of a highest weight vector

Lemma

Suppose that x(jf, azfl, x1 and hg satisfy the defining relations of
U(L(sl2)), and zf and hy, (k € Z) are generated from them. If a vector
|®) satisfies the following:

z§|®) = 2%, |®) =0, (56)
ho|®) =r|®), (57)
D)™ (@) ™|®) = X, |®) forn=1,2,...,7, (58)

where r is a nonnegative integer and \,, are complex numbers. Then |®)
is highest weight, i.e. we have

@) = 0 (ke Z), (59)
hi|@) = dp|®) (k€ Z), (60)

where dj, are complex numbers.
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Diagonal property

In addition to regular Bethe roots at generic ¢, t1,to,...,tr, we introduce
kN rapidities, z1, 23, ..., 2N, forming a complete kN-string:

zj =N+ (EN+1—-2j)nforj=1,2,...,kN.

We calculate the action of (Sgr(N))k(Tg(N))k on the Bethe state at qq,

|R) = B(t1) -~ B(tr)[0),
and we have explicitly shown

(5¢)" (1) 10 =t (i Cooon™

o

(z1.m) -+ Blai,ma) Blt1,m) -+ Bltrsm)[0))

June 15, 2010 47 / 59
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Connection to SCP model

The 1D transverse Ising model

H=Ay+ hA;
where Ay and A are given by
L L
A0:ZUJZ-JJZ-+1, A1:ZU;?
j=1 J=1

The Ag and A; satisfy the Dolan-Grady conditions:
[Ai, [Ai, [Ai, A1—i]]] = 16[A;, A1, (i = 0,1)
and generate the Onsager algebra (OA). [L. Onsager (1944)]

[Ap, Ap] = 4G,
G, Am] = 245400 — 240
Gy,G] = 0

L. Onsager, Crystal Statistics. |. A Two-Dimensional Model with an
Order-Disorder Transition, Phys. Rev. 65 (1944) 117 — 149.
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The Zy-symmetric Hamiltonian by von Gehlen and Rittenberg:

HZN = Ao—i—k/Al
L N-1 L N-1

4 1 4 1
= FL X T AR D T X

i=1 m=1 i=1 m=1

Here, ¢ = 1 and w = ¢2, and the operators Z;, X; € End((CY)®F) are
defined by

Zi(va1®"‘®vai®”‘®vaL) — qaival®“'®vai®"'®U0La
Xi(val®“’®vai®"‘®UaL) — U01®"'®U0i+1®"'®UJL7

for the standard basis {v,|c = 0,1,--- , N — 1} of CV and under the
P.B.C.s: ZL+1 = Zl and XL+1 = Xl.

The Hamiltonian Hy is derived from the expansion of the SCP transfer
matrix with respect to the spectral parameter.
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The superintegrable 75 model

The transfer matix of the superintegrable 79 model commutes with that of
the superintegrable chiral Potts (SCP) model.

The L-opetrator of the superintegrable 7o model is given by that of the
integrable spin-(IN — 1)/2 XXZ spin chain with twisted boundary
conditions.

We define SCP polynomial ( ) by
N-l (1 — 2N)E (zwd)~Paps

P N — (" Po . - g
sop(z7) = w ;;(1sz)LFcP(sz)FCP(sz“)’

(61)

Here Fop(z) = Hfil(l + zu;w) and {u;} satisfy the Bethe ansatz
equations.
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Proposition

If ¢ =1 and L is a multiple of N, the transfer matrix ,,(z) has the
sl(2) loop algebra symmetry in the sector with S% =0 (mod N ).

Proposition

The superintegrable chiral Potts (SCP) polynomial Pscp(C) is equivalent
to the D-highest weight polynomial Pp(C) in the sector S% =0 (mod N ).
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Observations: (1) SCP and the D-highest weight polynomials have the
same ‘Bethe roots’. (2) The dimensions are the same for the OA
representation and the highest weight representation of the loop algebra of
the 79 model.

Conjecture

The OA representation space Vpa should correspond to the highest weight
representation of the sl(2) loop algebra generated by the regular Bethe
states |R,{z;}) of 7o model.

| \

Corollary

The eigenvectors of the Zx symmetric Hamiltonian, |V') are given by
|V') = (some element of L(sl2)) x B(z1)--- B(zr)|0)

Here B(z1) --- B(zr)|0) denotes a regular Bethe state of the 7o model and
generates the highest weight rep. of the sl(2) loop algebra.

v
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N =2 case
The Hamiltonians of the SCP model and the 7o-model are given in the
forms

L

L L
_ z T _x _ x Y Yy x
Hscp = Zai + )‘Zai Tit1s H:, = Z(Ji Ol — 0 05),
i=1 i—1 i=1

where 0%, 0¥ and o* are Pauli’s matrices. In terms of fermion operators:

i—1 1L
_ .+ z S —1(ki+ T
ci—aiHaj, ck—zg e X 4)ci,
j=1 i=1

the Hamiltonian H., in the sector with $* = 3% 67 =0 mod 2 is

written as
H., = sin(k)cer,
keK

where K = {T,3% L_LI)W}.
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For even L, the generators of the sl loop algebra symmetry of the
T9-model is given by

hn, = Z cot?" (g) (H)g, x}= Z cot?" 1 (g)(E)k,

keK keK

x, = 2360‘52"*1 (g)(F)k, (62)

keK

where (H)g, (E)g, (F)g are given by
(H)e=1-&ée — & iop, (B)=2Eule, (Fo=057,

The reference state |0), generates a 22/2-dimensional irreducible
representation, a degenerate eigenspace of the Hamiltonian H,.

Hsep =23 (H)p+2) Y (cos(k)(H)y + sin(k) (E)r + (F))).
keK keK
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The 2L/2 eigenvalues of Hgcp and the eigenstates are given by

E(Ki;Ko) = 2 ) \/1—2\cos(k) + A2

keK
-2 Z V1 —2X\cos(k) + A2,
keK_
(K Ko) =[] (cosp+sin0p(F)i) ] (sin6 — cos0i(F)1)|0),
k€K+ keK_

where K, and K_ are such disjoint subsets of K that K = Ky U K_ and

2\ sin(k
tan(26;) = W(,f)ll)
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QISP for the SCP model

We consider the spin-1/2 chain of (N — 1)L lattice sites. We set
¢=N-—1.
Form =n (0 <m < N — 1), upto gauge transformations, we have

E@,H(Nfl +)
(Y =0 (i—1)¢
_ ( : > P1...(N—1)L H (A(£+) _i_eQOD(@Jr))(w&éJr))
a=1
HD(Z+)(7~UEZ'_—1—1))€+I@) X H A (wiresn)
k=1 k=n+1
oL ~(p
1;[ (A 42 DI (wNPY, )-
a=il+1

Here we set e¥ = gq.

We next consider the case of N =3, ¢> =1 and w = ¢?
June 15, 2010

Tetsuo Deguchi (Ochanomizu University, TokCorrelation functions of the integrable spin-¢



Z; = EP+wE!'+WwE?

2(i—1)
= P2, [ (A®H +e2DCH) @R b)
a=1
2L
2 2
% HA(2+ (l+1)+k) H (A(2+)+e99D(2+))( (2+)) pl(m)QL
a=2i+1

+ wpl 2L H AC+) +e‘pD(2+))(w((f+))D(2+)(w@“ )

2(i—1)+1
2L
2 (2
x AC +)(wé(it)1)+2) H (A(2 ™) 4 e D +))(w&2 +)) Pl(-~~)2L
a=2i+1
(i—-1) 2
+ w? Pl 2L H ACH 4 egoD(Q—l-))(wg? +)) H D2+ (wé%it)l)—f—k)

k=1
2L

x [ (AP +e2DCH) (D) B2,
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Conclusion

e I-1: QISP for the spin-s XXZ spin chains both in the massless
and massive regimes

@ |-2: Single-product form of the multiple-integral representation
of an arbitrary spin-s XXZ correlation function
We have evaluated one-point functions for spin-1 and show
(ED) + (EM) + (E?) = 1. (0 < ( < 7/2s)

o II: QISP for SCP model

Possible future work:
@ e Spin-s correlation functions in the massive regime
@ e Factorization property: Are all the multiple integrals reduced into
single integrals ? (A question given by B.M. McCoy)

o o (Confirmation of conjectures by Au-Yang and Perk for deriving
correlation functions of Zy-symmetric Hamiltonian (SCP model)
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Thank you for your attention !
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