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In silico evolutionary models

=

Basic idea: simulate the evolution of computer algorithms subject to mutation and
selection procedures with the aim of finding interesting evolutionary behaviours.
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In silico evolutionary models

Basic idea: simulate the evolution of computer algorithms subject to mutation and
selection procedures with the aim of finding interesting evolutionary behaviours.

. : effective procedure
Algorithm: input data P output data.

Algorithms can be identified with computable functions between integers and
specified in terms of a code.

Mutation: random variations in the code when copying the algorithm.

Selection: the average number of copies (with mutation) of an algorithm at the
next generation is an increasing function of its performance.

Evaluation of the output vs a goal output
Performance

Evaluation of the procedure (i.e. time consumption)
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Why?

® Maynard-Smith: “...we badly need a comparative biology. So far, we have been

able to study only one evolving system and we cannot wait for interstellar flight
to provide us with a second. If we want to discover generalizations about
evolving systems, we will have to look at artificial ones.”
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Why?
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Maynard-Smith: “...we badly need a comparative biology. So far, we have been
able to study only one evolving system and we cannot wait for interstellar flight
to provide us with a second. If we want to discover generalizations about
evolving systems, we will have to look at artificial ones.”

® [ong term evolutionary experiments (even if in a strongly simplified setting):

® Very fast (50000 generations for 300 TMs last half a day/processor in our
model)

#® Unexpensive

°

repeatable

#® Complete control on the experimental apparatus (full reductionistic
approach)
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Why?
|, o

Maynard-Smith: “...we badly need a comparative biology. So far, we have been
able to study only one evolving system and we cannot wait for interstellar flight
to provide us with a second. If we want to discover generalizations about
evolving systems, we will have to look at artificial ones.”

® [ong term evolutionary experiments (even if in a strongly simplified setting):

® Very fast (50000 generations for 300 TMs last half a day/processor in our
model)

#® Unexpensive

°

repeatable

#® Complete control on the experimental apparatus (full reductionistic
approach)

But....
Organisms=Algorithms
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|s it meaningful?

=

Despite the abismal difference between the evolving objects, could the observed
behaviour correspond to general evolutionary phenomena?
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Mutation-Selection Dvnamics and Error Threshold in an Evolutionarv Model for Turina Machines — p. 5/F



|s it meaningful?

=

Despite the abismal difference between the evolving objects, could the observed
behaviour correspond to general evolutionary phenomena?

o -

Mutation-Selection Dvnamics and Error Threshold in an Evolutionarv Model for Turina Machines — p. 5/F



|s it meaningful?
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fDes.pite the abismal difference between the evolving objects, could the observed
behaviour correspond to general evolutionary phenomena?
General evolutionary behaviours do emerge if the mutation-selection dynamics
have a prominent role on the peculiar characteristics of the evolving organism.
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|s it meaningful?

=

fDes.pite the abismal difference between the evolving objects, could the observed
behaviour correspond to general evolutionary phenomena?
General evolutionary behaviours do emerge if the mutation-selection dynamics
have a prominent role on the peculiar characteristics of the evolving organism.
When this is the case, the observed effects can be reproduced through a
population genetic mathematical model.
We think that coupling computer simulations with population genetic models is a
good strategy to understand the causes underlying the observed phenomena and

determine their eventual biological relevance.
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Our model
N o

#® We use Turing machines (TMs) to encode the algorithms

# Mutation procedure: point mutation and code size
Increase

o Performance evaluation: comparison between the output
tape and a goal tape

# Selection procedure:asexual reproduction determined by
tournament selection of size 2 without replacement

o -
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What isa Turing M achine?
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What 1sa Turing Machine?
- Y o

k(t)

At any time ¢ the head is in a given internal state s(t) (s(t) € {H,1,..., N} and it
IS located upon a single cell £(¢) of the infinite tape T'(¢).
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What 1sa Turing Machine?
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k(t)

At any time ¢ the head is in a given internal state s(t) (s(t) € {H,1,..., N} and it
IS located upon a single cell £(¢) of the infinite tape T'(¢).

The internal state s(¢), on the basis of the symbol stored inside the k(t) cell,
specifies three actions for the head to perform:
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What 1sa Turing Machine?
- Y o

k(1)
At any time ¢ the head is in a given internal state s(t) (s(t) € {H,1,..., N} and it
IS located upon a single cell £(¢) of the infinite tape T'(¢).
The internal state s(¢), on the basis of the symbol stored inside the k(t) cell,
specifies three actions for the head to perform:
® write: writes a new symbol on the k(¢) cell, (T'(¢) — T(t+ 1))
® move: moves right or left (k(t) — k(t + 1)),

® call: changes its internal state (s(t) — s(t + 1))

The call to the special state H causes the machine to halt. The tape 7'(0) is the
input tape and the tape T'(¢) after the halt state has been called is the output tape.
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Example

-

The following machine performs the sum of two numbers, In
the example: 3 + 2.

State
\\ 1 2 3
fea

0 1—Right—2| 0— Left—3 - =
1 1 —Right—1|1—-Right—2|0— _ — Halt

=

1
O 11 1011020

o -
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Example

The following machine performs the sum of two numbers, In
the example: 3 + 2.

=

state

\a\ 1 2 3

rea
0 l1-Right—2| 0—Left—3 |  — —
1 1 —Right—1|1—-Right—2|0— _ — Halt

1

O 11 1011020
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Example

-

The following machine performs the sum of two numbers, In
the example: 3 + 2.

State
\\ 1 2 3
fea

0 1—Right—2| 0— Left—3 - =
1 1—Right—1|1—Right—2|0— _ — Halt

=

2
011 1 111020
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Example

-

The following machine performs the sum of two numbers, In
the example: 3 + 2.

State
X\ 1 2 3
fea

0 1—Right—2| 0— Left—3 - =
1 l1—Right—1|1—-Right—2|0— — Halt

=

3
011 1 111020
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Example

-

The following machine performs the sum of two numbers, In
the example: 3 + 2.

State
X\ 1 2 3
fea

0 1—Right—2| 0— Left—3 - =
1 1—Right—1|1—-Right—2|0— _ — Halt

=

011 1 11020
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| w

1
0 | 0-R/L-Halt
1 | 1-R/L-Halt
condition).

Initial population

e begin with a population of 300 1-state TM of the following form:

=

and let them evolve for 50000 generations (termination

Mutation-Selection Dvnamics and Error Threshold in an Evo
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Mutation procedure

o .

® State increasing: with a probability p; the TM passes from N to N+1 states by

utation is composed of two steps:

N+1
the addition of the further state: | 0 | 0-R/L-Halt
1 | 1-R/L-Halt

o -
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Mutation procedure

r

utation is composed of two steps:

® State increasing: with a probability p; the TM passes from N to N+1 states by

the addition of the further state:

® Point mutation: every value inside the transition tables of every state is

modified with a probability p,,.

N+1
0 | O-R/L-Halt
1 | 1-R/L-Halt

=

-
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Mutation procedure

=

Mutation is composed of two steps:
® State increasing: with a probability p; the TM passes from N to N+1 states by

N+1
the addition of the further state: | 0 | 0-R/L-Halt
1 | 1-R/L-Halt

® Point mutation: every value inside the transition tables of every state is
modified with a probability p,,.

The new entry is randomly chosen among all corresponding permitted values
excluding the original one. The permitted values are:
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Mutation procedure

=

Mutation is composed of two steps:
® State increasing: with a probability p; the TM passes from N to N+1 states by

N+1
the addition of the further state: | 0 | 0-R/L-Halt
1 | 1-R/L-Halt

® Point mutation: every value inside the transition tables of every state is
modified with a probability p,,.

The new entry is randomly chosen among all corresponding permitted values
excluding the original one. The permitted values are:

® 0 or 1 for the “write” entries;
® Right, Left for the “move” entries;

® The Halt state or an integer from 1 to the number of states N of the machine
for the “call” entries.

-
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Selection and reproduction

. .

Two TM are randomly extracted from the old population
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Mutation-Selection Dvnamics and Error Threshold in an Evolutionarv Model for Turina Machines — p. 19/



Selection and reproduction

. .

® They are provided with a periodic input tape made of 300 zeroes

Two TM are randomly extracted from the old population
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Selection and reproduction
| o

® They are provided with a periodic input tape made of 300 zeroes

Two TM are randomly extracted from the old population

® They run until one of the following things happens:
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® They are provided with a periodic input tape made of 300 zeroes

Two TM are randomly extracted from the old population

® They run until one of the following things happens:
1. the machine enter the halt state,
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Selection and reproduction

Two TM are randomly extracted from the old population
They are provided with a periodic input tape made of 300 zeroes

They run until one of the following things happens:
1. the machine enter the halt state,
2. the machine has run for 4000 time steps
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Selection and reproduction

=

Two TM are randomly extracted from the old population
They are provided with a periodic input tape made of 300 zeroes

They run until one of the following things happens:
1. the machine enter the halt state,
2. the machine has run for 4000 time steps

The performance of the machines is computed comparing the output tape with
a “goal-tape”: +1 for every 1 placed on the right position, —3 for every 1 placed
on the wrong position.
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Selection and reproduction

=

Two TM are randomly extracted from the old population
They are provided with a periodic input tape made of 300 zeroes

They run until one of the following things happens:

1. the machine enter the halt state,

2. the machine has run for 4000 time steps

The performance of the machines is computed comparing the output tape with

a “goal-tape”: +1 for every 1 placed on the right position, —3 for every 1 placed
on the wrong position.

The performances are compared, the machine which scores higher is copied
on the other one that is eliminated (asexual reproduction). If the performances
are equal, nothing happens.
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Selection and reproduction

=

Two TM are randomly extracted from the old population
They are provided with a periodic input tape made of 300 zeroes

They run until one of the following things happens:

1. the machine enter the halt state,

2. the machine has run for 4000 time steps

The performance of the machines is computed comparing the output tape with

a “goal-tape”: +1 for every 1 placed on the right position, —3 for every 1 placed
on the wrong position.

The performances are compared, the machine which scores higher is copied
on the other one that is eliminated (asexual reproduction). If the performances
are equal, nothing happens.

The two TM are eliminated from the old population and placed in the new
population. And the process restart until exhaustion of the old population
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o 0 0 0 0 O O O...

oal tape: prime numbers

1

Example

1 2 3 4 5 6 7 38
1-R-4 | 1-R-5 | 1-R-6 | 1-R-3 | 1-R-7 | O-R-2 | 1-L-7 | O-R-8
1-R-3 | 1-L-2 | O-L-3 | O-L-5 | O-L-4 | 1-L-1 | O-L-H | O-R-2

-
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oal tape: prime numbers

Example

1 2 3 4 5 6 7 38
1-R-4 | 1-R-5 | 1-R-6 | 1-R-3 | 1-R-7 | O-R-2 | 1-L-7 | O-R-8
1-R-3 | 1-L-2 | O-L-3 | O-L-5 | O-L-4 | 1-L-1 | O-L-H | O-R-2

O 0 0 O 0 O...
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Example

Goal tape: prime numbers

1 2 3 4 5 6 7 38
O|1R4|1-R5| 1-R6 | 1-R-3 | 1-R-7 | O-R-2 | 1-L-7 | O-R-8
1| 1-rR-3 | 1-L.-2 | 0-L.-3 | O-L-5 | O-L-4 | 1-L-1 | O-L-H | O-R-2

1 1 0 0 0 0 O O...
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Example
fGoal tape: prime numbers T

1 2 3 4 5 6 7 38
O|1-R4 | 1-R5| 1-R6 | 1-R-3 | 1-R-7 | O-R-2 | 1-L-7 | O-R-8
1| 1-rR-3 | 1-L.-2 | 0-L.-3 | O-L-5 | O-L-4 | 1-L-1 | O-L-H | O-R-2

1 1 1 0 0 0O 0 O...
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oal tape: prime numbers

Example

1 2 3 4 5 6 7 38
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Example

Goal tape: prime numbers

1 2 3 4 5 6 7 38
O|1R4|1-R5| 1-R6 | 1I-R-3 | 1-R-7 | O-R-2 | 1-L-7 | O-R-8
1| 1-rR-3 | 1-L.-2 | 0-L.-3 | O-L-5 | O-L-4 | 1-L-1 | O-L-H | O-R-2
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oal tape: prime numbers

Example

1 2 3 4 5 6 7 38
1-R-4 | 1-R-5 | 1-R-6 | 1-R-3 | 1-R-7 | O-R-2 | 1-L-7 | O-R-8
1-R-3 | 1-L-2 | O-L-3 | O-L-5 | O-L-4 | 1-L-1 | O-L-H | O-R-2
7
1 0 1 1 0 O
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oal tape: prime numbers

Example

1 2 3 4 5 6 7 38
1-R-4 | 1-R-5 | 1-R-6 | 1-R-3 | 1-R-7 | O-R-2 | 1-L-7 | O-R-8
1-R-3 | 1-L-2 | O-L-3 | O-L-5 | O-L-4 | 1-L-1 | O-L-H | O-R-2
7
1 0 1 1 1 O..
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oal tape: prime numbers

Example

1 2 3 4 5 6 7 38
1-R-4 | 1-R-5 | 1-R-6 | 1-R-3 | 1-R-7 | O-R-2 | 1-L-7 | O-R-8
1-R-3 | 1-L-2 | O-L-3 | O-L-5 | O-L-4 | 1-L-1 | O-L-H | O-R-2
H
1 0 1 0 1 O0..
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.

Performance = 5,

o

oal tape: prime numbers

1

Example

1 2 3 4 5 6 7 38
O|1-R4|1-R5|1-R6 | 1-R-3 | 1-R-7 | O-R-2 | 1-L-7 | O-R-8
1| 1-R3 | 1-L.-2 | O-L.-3 | O-L-5 | O-L-4 | 1-L-1 | O-L-H | O-R-2

H
1 1 0 1 0 1 O...
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.

Performance = 5,
Blue=Coding Triplets, Total states= 8, Coding triplets= 8, Non-coding triplets= 8.

o

oal tape: prime numbers

1

Example

1 2 3 4 5 6 7 38
O|1-R4|1-R5|1-R6 | 1-R-3 | 1-R-7 | O-R-2 | 1-L-7 | O-R-8
1| 1-R3 | 1-L.-2 | O-L.-3 | O-L-5 | O-L-4 | 1-L-1 | O-L-H | O-R-2

H
1 1 0 1 0 1 O...
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Why TMS?
- o

# every algorithm can be encoded through a TM
(Church-Turing thesis: every function which would

naturally be regarded as computable is Turing
computable)

o -
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# every algorithm can be encoded through a TM
(Church-Turing thesis: every function which would
naturally be regarded as computable is Turing
computable)

# point mutation always produces legal code (no sintax
errors)
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Why TMS?
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# every algorithm can be encoded through a TM
(Church-Turing thesis: every function which would
naturally be regarded as computable is Turing
computable)
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errors)

# state-increasing is always neutral
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Why TMS?
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every algorithm can be encoded through a TM
(Church-Turing thesis: every function which would
naturally be regarded as computable is Turing
computable)

point mutation always produces legal code (no sintax
errors)

state-increasing is always neutral

there is a simple mechanism of code activation through
mutations
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Why TMS?
=

# every algorithm can be encoded through a TM
(Church-Turing thesis: every function which would
naturally be regarded as computable is Turing
computable)

=

# point mutation always produces legal code (no sintax
errors)

# state-increasing is always neutral

# there is a simple mechanism of code activation through
mutations

# can give raise to a very complicated behaviour even with
very few states

o -
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Why TMS?
=

# every algorithm can be encoded through a TM
(Church-Turing thesis: every function which would
naturally be regarded as computable is Turing
computable)

=

# point mutation always produces legal code (no sintax
errors)

# state-increasing is always neutral

# there is a simple mechanism of code activation through
mutations

# can give raise to a very complicated behaviour even with
very few states

® are defined in terms of an atomic instruction: the state.

o -
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Simulations

. .

We used a C-program to simulate the evolution of a population of 300 TMs

o -
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Simulations

. .

® as agoal tape we used a a tape reproducing the decimal part of 7 in binary
(maximum performance=125)

We used a C-program to simulate the evolution of a population of 300 TMs

o -
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Simulations
.

® as agoal tape we used a a tape reproducing the decimal part of 7 in binary
(maximum performance=125)

We used a C-program to simulate the evolution of a population of 300 TMs

® We let p; and pm vary in the sets:

p € {9.26-107°;1.66-10*;3.00-10"*;5.40-10"%;9.72-107*;1.75 - 10> ;
3.14-107°:5.68-107°;1.02-107%;1.85-107%;3.33-107%;6.00 - 10" *;
1.08-107";1.95-107";3.51-107";6.33 - 107" ; 1.14} .

pm € {4.91-107°;8.10-107°;1.34-107*;2.21-107*;3.64- 10" *;6.01 - 10 *;
9.91-107%;1.64-107°;2.70-107°;4.44-107°;7.35- 107" } .

o -
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Simulations
.

® as agoal tape we used a a tape reproducing the decimal part of 7 in binary
(maximum performance=125)

We used a C-program to simulate the evolution of a population of 300 TMs

® We let p; and pm vary in the sets:

p € {9.26-107°;1.66-10*;3.00-10"*;5.40-10"%;9.72-107*;1.75 - 10> ;
3.14-107°:5.68-107°;1.02-107%;1.85-107%;3.33-107%;6.00 - 10" *;
1.08-107";1.95-107";3.51-107";6.33 - 107" ; 1.14} .

pm € {4.91-107°;8.10-107°;1.34-107*;2.21-107*;3.64- 10" *;6.01 - 10 *;
9.91-107%;1.64-107°;2.70-107°;4.44-107°;7.35- 107" } .

® For any pair p.,, p; we performed 20 simulations of 50000 generations varying
the seed of the random number generator

o -
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Best performance value
in the population at the
last generation.

The best performance is
averaged on the twenty
different seeds and plot-
ted as a function of the
states-increase rate p;
and of the mutation rate

Pm



Coding Triplets
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250

200

performance

150
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504

43

-3.8 -4
-3.3 28

log1g Pm >
Number of coding triplets in the population at the last generation averaged on the
best machines and on the seeds.
There is a positive correlation between the performance and the number of coding
triplets (» = 0.95).
Accumulation of coding triplets happens in a gradual way, so that it is slower for
uow values of pm; high values of p, limit the number of coding triplets. J
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60 0.000540 60 0.000540
40 40
0.000167 0.000167
20 0.000093 20 0.000093
= —— == mms =
052000 10000 15000 20000 25000 50000 35000 40000 45000 56000 052000 1000615000 20000 2500050000 35000 46000 45000 56000
generations generations

(c) (d)
Data along the generations. Data are sampled every 100 generations and

averaged on the seeds.
TMs increase their performance by increasing their number of coding triplets.
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Error threshold
B

Given a mutation probability, what is the maximum amount of coding triplets?
How near do the TMs come to this maximum amount?

o -
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Error threshold

Given a mutation probability, what is the maximum amount of coding triplets?
How near do the TMs come to this maximum amount?

M. Eigen, studying RNA replication at the origin of life, developed a mathematical
model to answer this question.

o -
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Error threshold
B

fGiven a mutation probability, what is the maximum amount of coding triplets?
How near do the TMs come to this maximum amount?
M. Eigen, studying RNA replication at the origin of life, developed a mathematical
model to answer this question.
From its model he derived the Eigen’s paradox:

® \Without error correction machinery, the maximum size of a naked (RNA) gene
replicator is about 100 bases.

® [n order for a genome to specify an error correction machinery, it must be
substantially larger than 100 bases.

o -
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Error threshold
B

fGiven a mutation probability, what is the maximum amount of coding triplets?
How near do the TMs come to this maximum amount?
M. Eigen, studying RNA replication at the origin of life, developed a mathematical
model to answer this question.
From its model he derived the Eigen’s paradox:

® \Without error correction machinery, the maximum size of a naked (RNA) gene
replicator is about 100 bases.

® [n order for a genome to specify an error correction machinery, it must be
substantially larger than 100 bases.

The selection mechanism used in the Eigen model is different from our, so that we
need a different mathematical model.

o -

Mutation-Selection Dvnamics and Error Threshold in an Evolutionarv Model for Turina Machines — p. 34/



Deter ministic model
.

et us consider a population of fixed size N.

o -
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Deter ministic model

=

Let us consider a population of fixed size N.
Let us suppose that do exist M possible performance classes and let us denote
with n; the number of individuals inside the :—th class.

o -
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Deter ministic model

=

fLet us consider a population of fixed size N.
Let us suppose that do exist M possible performance classes and let us denote
with n; the number of individuals inside the :—th class.
We generalize our selection procedure by allowing the individual with the highest
performance to make two copies of itself with probability f or one copy with
probability 1 — f (TM case correspondsto f =1),0 < f < 1.

o -
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Deter ministic model
B

fLet us consider a population of fixed size N.
Let us suppose that do exist M possible performance classes and let us denote
with n; the number of individuals inside the :—th class.
We generalize our selection procedure by allowing the individual with the highest
performance to make two copies of itself with probability f or one copy with
probability 1 — f (TM case correspondsto f =1),0 < f < 1.
With this mechanism, the probabilities of producing 2, 1 or 0 offsprings for an
individual belonging to the :—th performance class are, respectively

no= R
1
Po= Nl<(1—f);nj+ni—1+(1—f);nj>
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=

It follows that the expected number n of individuals in the ith performance class
after selection is given by:

n; = ny 1—|—— Zn] an

<1 >

o -
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=

It follows that the expected number n of individuals in the ith performance class
after selection is given by:

/
n; = Ny

- (Zn] an>]

1< 71>

Let Q); be the probability of neutral or no mutation and g;; the probability to pass
from class j to class ¢ because of mutation (g;; = 0), then the number of
individuals inside the :—th class after the mutation step will be:

z’ = Ny QZ +Z jglj

o -
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-

Let s be the best occupied performance class at a giventime ns > 0,n; =0, ¢ > s
and let us suppose that g;; < 1 ifz > j, then

1+— (Zm)] = nsQs [1+%(N—ns)]

J<s

n;’ ~ nsQs

o -
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-

Let s be the best occupied performance class at a giventime ns > 0,n; =0, ¢ > s
and let us suppose that g;; < 1 ifz > j, then

1+— (Zm)] = nsQs [1+%(N—ns)]

J<s

n;’ ~ nsQs

Imposing the existence of a stable equilibrium larger than zero n) = ns > 0, we

get
1 1 1 -
? 1+ frg T+ (N> ¢

o -
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-

Let s be the best occupied performance class at a giventime ns > 0,n; =0, ¢ > s
and let us suppose that g;; < 1 ifz > j, then

1+— (Zm)] = nsQs [1+%(N—ns)]

J<s

n;’ ~ nsQs

Imposing the existence of a stable equilibrium larger than zero n) = ns > 0, we

get
1 1 1 -
? 1+ frg T+ (N> ¢

For example, if M = 40, N = 100, f = 1073,

gij = (1 — 10_6)(57;,153',1 + dj.i41) + 10_6(57;,4053',40 +9j.i-1),

Qi=(1-10"°)Y"  i=1,...,40,

the last occupied class will be the 21—st.

o -

Mutation-Selection Dvnamics and Error Threshold in an Evolutionarv Model for Turina Machines — p. 37/



Numerical ssmulation

occupation number

performance classes

It can be shown that under these mutation-selection mechanisms, after an infinite
number of generations, the population reaches the error threshold or the

maximum performance class.
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=

If we assume that almost all mutations inside a coding triplet are deleterious, then
the fidelity rate of a TM with N. coding triplets is:

Q= (1-pm)*"e

o -

Mutation-Selection Dvnamics and Error Threshold in an Evolutionarv Model for Turina Machines — p. 39/¢



=

If we assume that almost all mutations inside a coding triplet are deleterious, then
the fidelity rate of a TM with N. coding triplets is:

Q= (1-pm)*"e

In our case f = 1 implies that the fidelity threshold is

- 1
Q=73

o -
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=

If we assume that almost all mutations inside a coding triplet are deleterious, then
the fidelity rate of a TM with N. coding triplets is:

Q p— (1 — pm)3Nc
In our case f = 1 implies that the fidelity threshold is
~ 1
Q=73
So, the maximum number of coding triplets is

. In(2)
NP = —
© 3In(1 — pm)

o -
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W
o
o

0.107991

coding triplets

N
a1
o

0.033333
0.018519
0.010204
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0.001748
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0.000540
50

==
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0.000093

Plot of the number of coding triplets for the best machine in the population. The
number of coding triplets after 50000 generations, averaged on the seeds, is
shown as a function of pm, for all the values of p;. The black thick line on the right
represents the critical number of coding triplets.

o -
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Performance versus the number of coding triplets. The performance is shown for
the best performant TMs at generation 50000 for the 3740 runs of our simulations.
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The stochastic model
-

he deterministic model works for infinite populations.

o -
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The stochastic model
B

The deterministic model works for infinite populations.
When the population is finite there are stochastic effects that can be kept into
account through a Markov model.

o -
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The stochastic model

fThe deterministic model works for infinite populations. T
When the population is finite there are stochastic effects that can be kept into
account through a Markov model.
The ¢, 5 entry of the Markov matrix gives the probability of passing from the i—th
state of the system to the j—th one.

o -
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The stochastic model

fThe deterministic model works for infinite populations. T
When the population is finite there are stochastic effects that can be kept into
account through a Markov model.
The ¢, 5 entry of the Markov matrix gives the probability of passing from the i—th
state of the system to the j—th one.
We will consider the evolution in the number n; of the best individuals only.

o -
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The stochastic model

fThe deterministic model works for infinite populations. T
When the population is finite there are stochastic effects that can be kept into
account through a Markov model.
The ¢, 5 entry of the Markov matrix gives the probability of passing from the i—th
state of the system to the j—th one.
We will consider the evolution in the number n; of the best individuals only.
For the selection step we have:

( . / / .
0 if ny < ns or ng > min(2ns, V)
, 0 if n., odd
Prinns — 1) = ¢ . R N
- -5 .
9(ns—ns) . 2_n, 2 otherwise.
\ o n. —ne N

o -
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The mutation step
o

e use the two simplifying assumptions that we already used for the deterministic
model, namely:

=

® TMs in the best performance class have the same number of coding triplets
Ne.

o -
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The mutation step
-

We use the two simplifying assumptions that we already used for the deterministic
model, namely:

® TMs in the best performance class have the same number of coding triplets
Ne.

® Mutations in coding triplets are (almost) always deleterious.

o -
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The mutation step
-

We use the two simplifying assumptions that we already used for the deterministic
model, namely:

® TMs in the best performance class have the same number of coding triplets
Ne.

® Mutations in coding triplets are (almost) always deleterious.

o -
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The mutation step
-

We use the two simplifying assumptions that we already used for the deterministic
model, namely:

® TMs in the best performance class have the same number of coding triplets
Ne.

® Mutations in coding triplets are (almost) always deleterious.

We have;

/
S

Pr,ﬁbm(nf9 —n. =n. — k)= Pk(l — P)”;_k,
k

where P is the probability that an individual in the best performance class will
undergo at least one mutation into a coding triplet

P=1—(1—-pm)*".

o -
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The Markov matrix

=

In our case the state of the system is labelled by the number n; of individuals into
the best performance class and the entries of M will be given by

Prip(ns — ng) Prue(ny, — nl), ns,my =0,...,N

N
Mn8+1an/3,+1 —
/

nSZO

o -
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The Markov matrix

=

In our case the state of the system is labelled by the number n; of individuals into
the best performance class and the entries of M will be given by

Prip(ns — ng) Prue(ny, — nl), ns,my =0,...,N

N
Mn8+1an,3,+1 —
/

nSZO

The state n = 0 is the only absorbing state for M.

o -
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The Markov matrix

=

In our case the state of the system is labelled by the number n; of individuals into
the best performance class and the entries of M will be given by

Prip(ns — ng) Prue(ny, — nl), ns,my =0,...,N

N
Mn8+1an,3,+1 —
/

nSZO

The state n”) = 0 is the only absorbing state for A/. We can use M to compute the
expected number of generations 7 for reaching it.

o -
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The Markov matrix

In our case the state of the system is labelled by the number n; of individuals into
the best performance class and the entries of M will be given by

Prip(ns — ng) Prue(ny, — nl), ns,my =0,...,N

N
Mn8+1)n,3,+1 —
/

nSZO

The state n”) = 0 is the only absorbing state for A/. We can use M to compute the
expected number of generations 7 for reaching it. Let S be the matrix that one
obtains by removing the first row and the first column corresponding to the only
absorbing state and let ¢ be a N—dimensional vector whose entries are all one.
The matrix I — S, where I denotes the identity matrix, is invertible.

o -
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The Markov matrix

=

In our case the state of the system is labelled by the number n; of individuals into
the best performance class and the entries of M will be given by

Prip(ns — ng) Prue(ny, — nl), ns,my =0,...,N

N
Mn8+1)n,3,+1 —
/

n’ =0
The state n”) = 0 is the only absorbing state for A/. We can use M to compute the
expected number of generations 7 for reaching it. Let S be the matrix that one
obtains by removing the first row and the first column corresponding to the only
absorbing state and let ¢ be a N—dimensional vector whose entries are all one.
The matrix I — S, where I denotes the identity matrix, is invertible.
If the Markov process begins in the state ¢, then the expected number of
generations before extinction will be given by:

T = [(I[ — S)_lc} .

7

o -
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The Markov matrix

=

In our case the state of the system is labelled by the number n; of individuals into
the best performance class and the entries of M will be given by

Prip(ns — ng) Prue(ny, — nl), ns,my =0,...,N

N
Mn8+1)n,3,+1 —
/

n’ =0
The state n”) = 0 is the only absorbing state for A/. We can use M to compute the
expected number of generations 7 for reaching it. Let S be the matrix that one
obtains by removing the first row and the first column corresponding to the only
absorbing state and let ¢ be a N—dimensional vector whose entries are all one.
The matrix I — S, where I denotes the identity matrix, is invertible.
If the Markov process begins in the state ¢, then the expected number of
generations before extinction will be given by:

T = [(I[ — S)_lc} .

7

This equation assumes an infinite number of generations.
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0 5000 10000 15000 20000 25000 30000 35000 40000 45000 50000
generations

For pm = 0.0044 and certain values of p;, TMs reach the error threshold.
From there on, a typical oscillatory pattern emerges.

o -
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Performance jumps

18 T T T T T T T T T T T T

16
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2 3 4 5 6 7 8 9 10 11 12

This histogram shows the number of increases in the performance versus their
amplitude.

Performance shows a gradualistic evolution.
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Punctuated equilibria

pi
8 50— digitsof 1
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0O 5000 10000 15000 20000 25000 30000 35000 40000 45000 50000 38000 38050 38100 38150 38200 38250 38300 38350 38400
generations generations

We observe the presence of long stasis periods alternated by short periods of fast
evolution.

The small black rectangle is zoomed on in the right part of the figure to show the
actual jumps in the performance.

o -
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Conclusions

=

Simulations of our evolutionary model for TMs showed that they evolve toward the
error threshold.

o -
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Conclusions

Simulations of our evolutionary model for TMs showed that they evolve toward the

error threshold.

Mathematical models show that this is due to the mutation-selection dynamics and
to the fact that TMs satisfy three basic assumptions:

o -
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Conclusions

Simulations of our evolutionary model for TMs showed that they evolve toward the

error threshold.

Mathematical models show that this is due to the mutation-selection dynamics and
to the fact that TMs satisfy three basic assumptions:

® there is no perfect replicator
® fidelity rate and performance are negatively correlated

® the probability of a beneficial mutation is small but never exceedingly small

o -
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Conclusions

Simulations of our evolutionary model for TMs showed that they evolve toward the

error threshold.

Mathematical models show that this is due to the mutation-selection dynamics and
to the fact that TMs satisfy three basic assumptions:

® there is no perfect replicator
® fidelity rate and performance are negatively correlated

® the probability of a beneficial mutation is small but never exceedingly small

The fact that this behaviour could be much more general than the present model
only is suggested by the fact that it emerges also in a completely different
evolutionary model (Knibbe et al 2007) that uses completely different algorithms
coding, mutation and selection operators.

o -
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RNA virus have error rates (per genome per replication) near to one and have
been suggested to replicate near the error threshold (Eigen 2000) in accordance
with the behaviour we observe in our model.
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Eigen suggested that this constancy could be due to the fact that also DNA based
organisms do reproduce near the error threshold. The smaller error rate could be
due to a larger number of neutrals in DNA organisms and/or to the dissymmetry
between the two daughter strands error rates.
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While our results support this view, we didn’t consider error correction
mechanisms.
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due to a larger number of neutrals in DNA organisms and/or to the dissymmetry
between the two daughter strands error rates.
While our results support this view, we didn’t consider error correction
mechanisms.
Approaching the error threshold put a selective pressure on the development of
error correction mechanisms. The error rate could emerge as a balance between

this selective pressure and the metabolic costs.
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