Elastic Energy and Phase Structure of a Continuous Spin Ising Chain
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Introduction Compactness index The Model

We have created a model of a continuous spin Ising chain that shares several similarities The most videly used critical exponent, the compactness index v, computes the inverse of the Hausdorff dimension The model is defined by the following internal energy®,
with real proteins. Even though the model at this stage cannot be used to model a particular of the polymer. It can be introduced by considering how the polymer's radius of gyration R, increases in the number E= 1 — cos [w . ) b 0)-0) A2 2 2 1
folding protein we would like to test if it can describe the statistical properties of folding of monomers* . - z ij { cos ["‘"J (51 L) ]} + z iKiTi +¢ (Ki m; ) + i
proteins, in particular when it comes to their dependence on temperature. R? = # Z (r: — 7'j)2 =] R‘%NZ” (1 + ﬂlN_Al + ) Herei,j = 1,...,N label the N monomers of a polygonal chain. The geometry is determined by

4 . the order parameter «i, that is a discrete version of the Frenet curvature, and by the order
The concept of universality’2 divides critical physical systems into universality classes that Here r; (i=1..N) are the locations of the N monomers. The critical exponents v and A are universal quantities, but the parameter i, that is the lattice version of the Frenet torsion. Once the values of (k;, T) for each
differ from each other essentially only by their space-time dimensionality and the symmetry form factor R, that characterizes the effective distance between the monomers in the large N limit , and the amplitude i=1,...,N are given the actual shape of the polymer as a polygonal chain in the three-dimensional
group of their order parameter. This enables the computation of critical properties of an By is not. 3/5 SARW space can be computed by integrating the appropriate discrete version of the Frenet equations.
entire class of physical systems using only a single representative model. In the case of >
polymers one expects there are three different nontrivial phases and these correspond to For a polymer the compactness index has the following mean field values® ~ Vmf = 1/2 RW The aij,wij, bi,..di are parameters. The first sum in the energy describes long-distance
the universality class of self-avoiding random walk (SARW), ordinary random walk (RW) and 1/3 cullapsed interactions, here limited to only nearest neighbour interactions. The first two terms in the
the class of collapsed polymers?. second sum are the interaction between ki and Ti and the self-interaction of k;. The final term is

a discretized version of the one-dimensional Chern-Simons functional. It is the origin of the

As a function of temperature the collapsed phase occurs at low temperatures (bad solvent) chirality in the polymer chain.® The parameters in these simulations are independent of site.
while the SARW describes the high temperature (good solvent) behavior of polymers. The
random walk phase takes place at the theta-temperature that separates the SARW phase We have used a standard Metropolis algorithm with the initial polymer being shaped as a straight
from the collapsed phase. rod. Each step consists of a small shift in the curvature and torsion. This shift is accepted

with probability P — min (1 oD (,M))
= s T

R e S u I t S l / where T is the Metropolis temperature. We use this temperature as an external

parameter to probe the different phases of the polymer.
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Elastic Energy o Radius of Gyration
z
For fixed parameter values the free energy is a function of two extrinsic parameters, the E In figure 7 we show how the rad|.us of gyration depends on the (Metropolis) tempefature jiahd
temperature T, and the number of monomers N. Its numerical value can be identified as the 5 ) thgdnurpbezhof moEomers b flgl:;e E wethsh(::/ e depfgnlgencle i uf' e (U IEE R
elastic energy of the polymer chain. In figure 1 we display a three dimensional plot of the 4 35 b to identify three phases corresponding to the three mean field values of v.
specific elastic energy, i.e. the ener er monomer, as a function of these two parameters. " 0 5
= e e b 30 Yy There is clearly a low-temperature phase where the dependence of T is very weak. From figure 8
In the figure we can clearly identify three different phases that are separated from each -4 -2 [} 2 a4 6 \{ve3 ef‘tlmate t;\e_ vallue Of‘f 'n':h's %hase \t;/)hv=0ﬁ48(7). This is = close to the Imean f':ld vgl_uel
other by clearly identifiable transition temperatures T.; and T,. Both the low temperature Log, T /3 that we obviously arg in that phase. ~en t ~e tempefatu_re InEEEREs t? close to the critica
Figure 1: A three dimensional plot of 3 logarithm of (T < To) collapsed phase and the medium temperature RW phase are characterized by Figure 2: The approximations of the calculated numerical e T T oo T e e teoNer :’empe(l;ature, \;:rt‘al'tséf) InC;ease and fort'lr"~4. V~§.38waf\lclh ;15 alsobthe efstlmlelltgd \llalue ofdths
(e O oy L G s A having a more or less temperature independent specific energy. The high temperature SARW A e A RO A i temperature T and the number of monomers N. The epen er\c:ng 3 (LIS Elf YR C E [ = L CF e Cali s iEr el Sl 9 Sehts
f;':n'(‘:;g':i'nz"';‘::Z’s;’fl:mz‘;;rzfzsl’aﬁzsszrz;d phase on the other hand is characterized by a power law increase in the specific energy as ensumpg cfm(a\ temperatures denot:d by the RS :
a function of the temperature. 4 vertical planes. " . T - it
by the vertical planes. = = The transition from the collapsed phase to the RW phase is very visible in our figures. There is a
We have found that the dependence of the specific energy on temperature can be approximated with very good accuracy by a function 25  Collapsed SARW 8 clear rapid transition in v, reminiscent of a phase transition. The transition point is very close to
E it it w20 the mean field value 1/2. For larger T v is a slowly increasing function of temperature that
log (N) = F/* (log T) i (J7) = hy1 + hg arctan [’73 (J' - »7«'1)] + hax arctan [’15 (33 - l’2)] — hex (1) Q15 eventually plateaus around the value v=0.58. This is slightly below the values reported for v in
10 N Collapsed the SARW phase and since v appears to have a tendency to approach its large-N limit from
The parameters h;...hs and x, , are determined by fitting to the numerical data at fixed value of the monomer number N. In figure 2 above we conclude that we are in the RW phase.
we display several examples of fits with this function. The fitted functional form (1) allows us to pinpoint the two critical temperatures 05 .
T and T,. For this we can look at the following property which is known to have its maxima at the location of critical temperatures, 1 e = 4‘ ”’””6 * o U P The transition to the SARW phase has the characteristics of a smooth cross-over. We find that for
Dg(T.N) = dlog E(T,N) 9 L T -4 -2 [) 2 4 6 very high temperatures v approaches v=0.62. This is a higher value than those obtained by
E ( ) ) - dlog T ( ) %o log,, T more careful studies of random walk, but considering the short lengths we are using that is an
Figure 3: The quantity (2) obtained from the best fit of the Fi 8: The ts d te ity TF
The result is shown in figure 3. Using the averages of the resulting critical temperatures for different values of N we estimate the critical function (1) for various values of polymer length N. The Thge“vr:mca\ I:;:::;:;sgif\;‘:‘o fex":nv:ra&':‘ep::u:? Sl e
temperatures to be T.,=3.38=15 and T.,=3306%716. Note also that the peak at T, is much sharper, indicating a true phase- vertical red/lines corespond to the critcal tempertures W R AT R T
transition while the behavior at T, indicates a more smooth transition. -
T Conclusion
= I * { } >zf H— e ) . - ) : .
= 1 1 Collapsed phase ! \ RW phase SARW phase We have investigated the statistical properties of a homopolymer model that has been introduced to describe
ool In the collapsed phase the dependence of the o In the RW phase we have found that the In the SARW phase we conclude that the energy tr;]e propefrtlels of CD”?P:&d proteins mhthe I;DB.dV\((; htatvhe four:jd Ithat ;het n:zdslﬂl‘ndteed ri,ahzz t:\e thretehknown
10 free energy on the number of monomers can energy obeys the following scaling law is a linear function of the monomer number phases of polymers. Furthermore we have found that the mode] predicts that the transition between the
be described by the following, temperature o = collapsed and RW phases is a phase transition while the RW and SARW phases are separated by a smooth
9 independent, logarithmically ‘corrected linear E (T_ N) = CRW(T)N' E (T) = CSARW(T)N = CoT“N (d) cross-over. These findings are in line with general arguments on the phase structure of polymers.?
-4 3 -2 =1 o 1 ’ -
law: - tti i in fi e : N— N
1og0T L . 1- N v(T) 4) Z:Zf;m’;g;’:?{?:;eres;‘&“;els \i?eo‘f?:dlzhf;gtl:{ecasn In the full paper we have in addition to this made a comparison with an expression, introduced by Huang and
& T T E(N)=CeouNIn }v_:\"” (3) NIEW(T) (o0 Gl o[ p(’:wer law (RHS of (5)) where Lei for the elastic energy of collapsed proteins®. We found that their formula describes our model well in the
~ae : 0 e @ E S o temperature region corresponding to the proteins in the PDB.
]
< + The parameters N, and C can be calculated The best fits of the parameters can be seen 55 .
f;a using a fitting procedure and the result is in figure 5, as functions of temperature. We Ch = 12(4) 359 . Acknowledgements
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and C of the function (4). The horizontal
lines mark the central values and the
width describe the corresponding errors.



