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Sub- and superdiffusion

0< a<1: subdiffusion

(diffusion of molecules in membranes)
a = 1: mnormal diffusion
(diffusion of molecules in liquids)
1 < o< ?2: superdiffusion
(target-site search by DNA-binding
proteins)
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Diffusion and Brownian motion - the «classical» treatment...

5.. Uber die von der molekularkinetischen Theorie
der Warme geforderte Bewegung von in ruhenden

Flissigkeiten suspendierten Teilchen; A. Einstein, Ann. Phys., vol. 322,
von A. Einstein. no. 8. 1905

In dieser Arbeit soll gezeigt werden, daB nach der molekular-
kinetischen Theorie der Wirme in Fliissigkeiten suspendierte
Korper von mikroskopisch sichtbarer GroBe infolge der Mole-
kularbewegung der Wirme Bewegungen von solcher GréBe
ausfithren miissen, daB diese Bewegungen leicht mit dem
Mikroskop nachgewiesen werden konnen. s ist moglich, daB
die hier zu behandelnden Bewegungen mit der sogenannten
,Brownschen Molekularbewegung® identisch sind; die mir
erreichbaren Angaben iber letztere sind jedoch so ungenau,
daB ich mir hieriiber kein Urteil bilden konnte.
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Diffusion and the Wiener process

82
O P(x,t|xg,0) = D@P(x,t\xo, 0)
x(to - At) — aZ(tO) + £ _5 o white noise
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Langevin’s approach to diffusion

P. Langevin, C. Rendus Acad. Sci. Paris, vol. 146, pp. 530-533, 1908.

PHYSIQUE. — Sur la théorie du mouvement brownien.
Note de M. P. Laxceviy, présentée par M. Mascart.

I. Le trés grand intérét théorique présenté par les phénoménes de mou-
. vement brownien a été signalé par M. Gouy (') : on doit & ce physicien
d’avoir formulé nettement '’hypothése qui voit dans ce mouvement conti-
nuel des particules en suspension dans un fluide un écho de 'agitation ther-
mique moléculaire, et de 'avoir juslifiée expérimentalement, au moins
" de maniére qualitative, en montrant la parfaite permanence du mouvement
brownien et son indifférence aux actions extéricures lorsque celles—m ne
modifient pas la température du milieu.
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Diffusion in velocity space - Rayleigh process

oP 0 kT 0P
5 :Wg{vp} + A 92 P = P(v,t|vg,0)
ot + A = vlte) ~ Atyult) 46 70
£2 = 9y D At
M
VlACF t O D;ISD
g <U(<3}Z§ ) _ exp(—t) - W(t)m2——t

1 2 3 4 5 1 2 3 4 5

FIGURE I.3. The normalised VACF (t¢) of a Brownian particle
and the corresponding MSD.

vendredi 22 octobre 2010



Anomalous diffusion by fractional diffusion equations

0J(x,t)
3,5}7 x,t) ’ = (
(z,1) 4 O0x
7 B OP(x,t)  Normal free diffusion: Instantaneous
(z,t) = — Or response to a gradient in P(x,t)

’ Anomalous free diffusion:
J( t) LAy i dt! (t = t/)a_l 8P(977t/) Retarded response to a
il = Y dt , I'(«) ox gradient in P(x.t),
representing memory effects.

W (t) = 2D4t°
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Lateral diffusion of molecules in a DOPC membrane

2
MSD [nm®] [5-0.610394, D,=0.050704 nm*/ps®

1.25] (((((W
| ..a-u_,._&.«
W (t) = 2Dt
0.75
0.5/ o8
0.25} é DOPC molecule
5 10 15 20 25 30 ¢ [ps] %g

MD data from MP Pasenkiewicz-Gierula, Krakow University
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Develop a physical picture of normal and anomalous
diffusion, which Is based considerations for the
asymptotic behavior of the mean square displacement
and on the (exact) Generalized Langevin Equation.

v(t) = —/0 dt' k(t —tv(t') + f1 ()

The memory function, K(t), and the «projected
acceleration», f*(t), are described on the basis of

classical Hamiltonian mechanics of the full system.
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The physical interpretation of a memory function Is
that of a «cage».

K(t) = Q% = cyo(t) = (v°) cos

special choice of oscillatory «rattling»
constant memory motions in the «cage»
of nearest neighbors

The asymptotic decay of this «cage» determines
the type of diffusion which is observed (normal,
anomalous).
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Infer the asymptotic form for the memory function and
the VACF from the asymptotic form of the MSD (0<x<2)

—ole 2 s—0 L(1 :
W (t) e L(t)t™ «—— W(s) ~ (Oh{f) lauberian
/ /‘ i theorem
Jm %);t)) =1 W(s) = /OOO dt exp(—st)W (t)

t>1 o (E/7)7°
k(t) =~ () CaF(l—oz)

Cop (1) e o — 1) Dyt 2
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Numerical example

Model memory function «(t) =°{ Tl —a)

\

k[t] [a.t.u.”?]
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VACF

t [a.t.u.]
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log(MSD)
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A model for DOPC

k(t) = O(t)Q*M(a, b, —t/T)

Model for the memory function

Kummer’s function: M(a,b,2) = io: Ez))n Zn_T M(a,a,2) = exp()
t—oo o 1'(D) ..
k(t) =~ F(b—a)(t/T) ifa # 0
Cou(t) = (v°) / dw g(w) cos(wt) VACF
0

1
W) = §)% 2 .
g( ) {iw—k%(g)F(l)(l,a, b,l/[zwﬂ)} DOS
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MSD [nm?]

g(w)

B
020!

1

I

|
]
L
1]
T
1

1
1 b fixed to 1

a D [nm? /ns?] b T [ps] Q [1/ps]
MSD| 0.61 0.101
DOS| 0.61 0.101 0.66 0.029 15.34
0.61 0.101 1.00 | 0.0028 26.03
k(1) | 0.58 0.039 0.70 | 0.021 15.91
w|[THZz]
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Cy(t)/cyy(0)
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Anomalous diffusive motions in proteins

seen in experiments and simulations
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Fluorescence correlation spectroscopy

Protein Conformational Dynamics
Probed by Single-Molecule

Electron Transfer

Haw Yang,'* Guobin Luo,” Pallop Karnchanaphanurach,’
Tai-Man Louie,” lvan Rech,? Sergio Cova,? Luying Xun,?
X. Sunney Xie't

Electron transfer is used as a probe for angstrom-scale structural changes in
single protein molecules. In a flavin reductase, the fluorescence of flavin is
quenched by a nearby tyrosine residue by means of photo-induced electron
transfer. By probing the fluorescence lifetime of the single flavin on a photon-
by-photon basis, we were able to observe the variation of flavin-tyrosine
distance over time. We could then determine the potential of mean force
between the flavin and the tyrosine, and a correlation analysis revealed con-
formational fluctuation at multiple time scales spanning from hundreds of
microseconds to seconds. This phenomenon suggests the existence of multiple

interconverting conformers related to the fluctuating catalytic reactivity.

10 OCTOBER 2003 VOL 302 SCIENCE www.sciencemag.org I -
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Nown-exponential position correlation function

° Data
Theory
100 = — — Mittag—Leffler |-
o V™ = ad 1
power law
S
e’ 10 -
O . /
10_3 T T
- - - 0 2
10° 107 10™ 10 10" 100 [s]

t

P. Debnath, M. Wei, S. Xie, and B.J. Cherayil. J. Chem. Phys., 123:204903, 2005.
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Fractional Brownian dynamics

Diffusion in a smooth Diffusion in a “rugged”
harmonic potential : harmonic potential : Fractional
Ornstein-Uhlenbeck process [1] Ornstein-Uhlenbeck process [2]

[IJM.C.Wang and G.E. Uhlenbeck. On the [2] R. Metzler and ]. Klafter. The
theory of Brownian motion Il. Phys. random walk’s guide to anomalous
Rev., 93(1):249-262, 1945. diffusion: A fractional dynamics

approach. Phys. Rep., 339:1-77,2000.
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Anomalous diffusion in a harmonic potential
(fractional Ornstein-Uhlenbeck process)

1

U(:U):§KZL'2
* Diffusion equation 4
3 _ U
OP(z,t)  dJ(x,1) j =5
+ =0
ot ZN s s
P(x,t) D

J(x,t) =—-D + —— F(x)P(x,1)

ox kBT

* Fractional diffusion equation

OP(z,1) (fyj(x7 t) memory effects through
5 | Y \: 0 fractional derivative
. 1 d oot —1)o !
J(x,t) =7 dt J(x,T)

dt J, ['«)
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Referring to the cage model....

W(t) 2 2(x?) (1 ~ F[Z T]_;)
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Model correlation function (¢=0.5)

[ me(t) — <$2>Ea(_[t/7-]a) [ Eo(2) iF(liﬂ@k).]

k=0

. Mittag-Leffler function

0.5 |

0.2 ¢

algebraic i_ong—time tail
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0.05 |
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0.01 ¢
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Fractional reaction kinetics

46 Biophysical Journal Volume 68 January 1995 46-53

A Fractional Calculus Approach to Self-Similar Protein Dynamics

Walter G. Glockle and Theo F. Nonnenmacher
Department of Mathematical Physics, University of Uim, D-89069 Uim, Germany

N(t) .00 L 1 1 | | 1 | 1 1 |

ok N(t) = N(0)Ea(=[t/7]%)

2 - f
L 2 [ 100K

T=160K\ 140K 120K

] | ] | 1 1 | | |
106 10-3 100 103

t [s)

FIGURE 2 Three-parameter model Eq. 32 for rebinding of CO to Mb
after photo dissociation. The parameters are 7, = 8.4 X 107", a = 3.5 x
1077 K" and k = 130, the data points are from Austin et al. (1975).
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Mean square displacement from MD

fBD : Non-exponential

0,05 ! I | ! | ! ! !
I
2 fi limi : i}
:Con 1dence limit BD : Exponential
0.04 - : relaxation /
......... P
i | i}
I
~— 0.03 | —
£ . /
2 ( 6— =335 ps o= ()49) relaxation
= 0.02} |
I
- | — MD simulation -
I ---- Estimated aymptotic value
0.01} : — BD model ~
| — fBD model
I —
I
O | I I | I | I | I |
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Collective motions

* Study collective motions

[tﬂ(q,t) =(p(q,1) 5p( —q,0)>]

Density fluctuation 5p(q,t) = p(q,t) — (p(q,t))
pensiy  p(q,t) = > exp(iq.Ra(t))

e Compute memory function [l

4 )

d t
o Y(q,t)=— f d7é(q,t—7)i(q,7)

0

J

[1] G.R.Kneller and K. Hinsen. J. Chem. Phys., 115(24):11097-11105, 2001.
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Simulation versus model

1.5
TS ~ — simulation
1 = — - fractional BD 7
6=4.0 ps and ,8=O.5)

> 05 Q -

=

v I — 1 ' 1 ' 1 = T 7 N

g
; T T 1
[ Model memory ]
. function ’

[I] G. Kneller and K. Hinsen, | .Chem. Phys., 121(20) 10278-10283, 2004.
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Fractional BD and protein dynamics under

pressure : neutron scattering & MD

Quantify the influence of non-denaturing pressure on the
internal dynamics of proteins in terms of fOU parameters

TTO the pressure generator

Capilla

Titanium-zirconium
pressure cell (bcoh = 0)

r—-—

IRRADIATED PART
50mm
v O
SN i
o oy ‘iﬁy/'_ ; —
= Z,
=
3
o \

liz .TEFLON Piston
Cu—Be Part
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MD - time-dependent mean square displacement

0.03
i MD .
i fit
0.025 0.1 MPa
0.02
q - 300 MPa
& i
= _
5 0.015 -
7 _
E N
0.01 N 0.1 MPa 300 MPa
(x*) (nm?) t(ps) (X)) (nm’) « T (ps)
0.005) MSD 6.17x 1073 054 3175 4.74x107% 0.54 39.08
0 | | | I | | | I | | | I | | | I | | | I | | | I
0 20 40 60 80 100 120
t [ps]

, «JUO.
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Changement of volume & structure

/1110 X
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NMR! Simulation?

[1] M. Refaee, T. Tezuka, K. Akasaka, and M.P. Williamson. J. Mol. Biol., 327:857-865, 2003.

[2] V. Hamon, P. Calligari, K. Hinsen, and G.R. Kneller. Journal of Non-Crystalline solids,
352:4417-4423,2006.
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Neutron scattering - ns time scale

Explore the structure and the
dynamics of condensed matter at the
atomic scale (nm,ns)

b

k
0 2ok
0dw ~ Ty D)
I
Staw) =5 [ dtexp(-iwt)I(a.)
(s
sample e
FIGURE IV.5. Schematic view of a neutron scattering experiment.
N
* 1 . T
ICOh(q7 t) — </0coh(q7 O)pcoh(qa t)> Peon (s ) = \/—N Z e co exp(—iq’ - Ra(t))
a=1
Structure and collective dynamics
1 N
Iinc(qa t) — N Z |b0z,inc|2<p:;(q7 O)pa(qa t)>
a=1

Single particle dynamics
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harmon
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(
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27 sin(am /2)
lwT| (|wT|® + 2 cos(am/2) + |wT|

T) =

)

Lo(w

n # 0

G. Kneller, Physical Chemistry Chemical Physics, vol. 7, pp. 2641 — 2655, 2005.
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Analyzing QENS data....

Account for translational diffusion
and instrumental resolution

n=1

Sm(q,t) = (S*xI*xr)(w)

Take into account the non-gaussian form of the EISF

EISF(q) ~ exp(—q¢*(z*)(q))

1 o
L@ 0.006
I o
0.8 [u}
| . &
£ 0.004
K=
06 x
L I 0.002
2
w -
0.4} ol vt v
3 0 20 40 60 80 100!
gfm’]
0.2
0.1 M «Jo,
300 MP. *elog
o .OQEDQ
ol v vy 00 8¥¥9u000n0nnntnnnnnnang
0 20 40 60 80 100

q[nm™]

V. Calandrini, et al. Chem. Phys.,345:289-297, 2008.

EISF(q) = /O g

600 [

[©.@)

1 Model dynamic structure

(g.0) = exp(—{(2) 4 5(0) + 3" TV, (0 J

factor

dpw(p) exp(—pg®)

400 ¢

= [
\;300 !

200 |

500 [

100 [+
1

MD simulation
Gamma distribution
shifted Gamma distribution

[IT G. Kneller and K. Hinsen,
J .Chem. Phys. 2009, in press
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1x10°
%10 E
1x107° _
- Fit
6 i Exp. data 0.1 MPa
3 1x10° F
o
1x10°
1x10*
1x10° _ >
= Fit L3
A Exp. data 300 MPa '
1X1O EI L1 IIIIIIIIIIIIII 1 1 1 IIIIIIIIIIIIIII 1 1 L1 111

0.1
o [THZ]

V. Calandrini, et al. Chem. Phys.,345:289-297,2008.

1

1

Sinc(20 nm ™", ) Sinc(22 nm ™", )

0.1 MPa (x*) (nm?) 2.57x107° 241x107°

o 0

7 (ps) ‘

D (nm? ps~!) 0.53(3) x 10
300 MPa (x*) (nm?) 221 %1073 2.08x 1073

o 0.52(1) 0.55(1)

7 (ps) 5.2(2) 4.7(3)

D (nm? ps~!) 0.50(3) x 10~*
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Simulated intermediate scattering function
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A more detailed analysis of fast (20 ps) and
slow protein dynamics (1 ns)

owe

0.1 MPa slow
300 MPa slow
0.1 MPa fast
300 MPa fast
0.1 MPa EXP
300 MPa EXP

10 E
7 |
& L
1
0'1 l 1 1 1 l 1 1 1 I
0 20 40
g [nm

slow dynamical regime = slowing down

large scale motions are particularly concerned.The effect
disappears for motions localized within a radius of about 1.5"A.

fast dynamical regime = acceleration

The effect progressively decreases with increasing
localization of the observed motions.

V. Calandrini and G.R. Kneller. J. Chem. Phys., 128(6):065102, 2008.
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Simulating the protein dynamics seen
by NMR spectroscopy

Express NMR relaxation rates/NOEs in terms of
the Fourier spectrum of the N-H reorientational
time correlation function

Ryi = & (2J5(0) + 3Jii(wy) + 3Jiilwn — wy) + 3Jii(wn) + 3Jii(wy + wy))
+¢2 (37:4(0) + Ji(wy))

Rii = & (3Ja(wy) + Jialwn — wx) +6Ja(wn +wr)) + 26 ia(wr)

Mawi = 14 28 (6 (wy + wy) — Jis(wn — wy))

292 2 2
_ h" (yayw) _ (wBoAoy)
@ = Ter2 100~ d = 15

Ni

cii(t) = Ci,r(t)Cis,1(t) g
/7 \ :

4 m
global rotation  internal dynamics Ot) =5 D (=)™ (¥omm(6(0), 6(0)Yaum (0(1), 6(1)))

m=—2
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N-H reorientational correlations in the peptide
planes of calbindin seen by MD simulation

res 80

res 104 : ‘ et

slow

~ 50-100 fs > 10 ps : increasingly
localized motions collective motions

trajectory 1 ns
At=40 fs

V. Calandrini, G.R. Kneller, manuscript in preparation

vendredi 22 octobre 2010



try fits with 1 & 2 exponentials
("model free”, Liparo-Szabo)

lysozyme

res 104
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Rotational fractional Brownian dynamics

o0 Zk
Cz'lz'(t) = Sz'2z' Gl S?i)Ea(—[t/T]a) A kz: I'(1+ ak)’
=)

104, «=0.287153, t=0.812073
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Again Redfields theory

d2 (2.]2,(0) -1- %Jﬁ(wx) + %Jiz‘(wu - w.\') + 3Jz‘z‘(wu) + 3Jz‘i(wu + w.\'))
d? (3],-2- (wy) + Jii(wu — wy) + 65 (wy + WN)) +2¢?Jii (wy)

= 1+ }rﬁf{—i(GJﬁ(wu + wy) — Jii(wy — “’N))

d? — #gﬁz (’YH’YN)2 and 2 — ('YNBOAUN)Z.

~ 16m2 1078, 15

Compute experimental quantities from MD
simulation

A. Abragam, Principles of Nuclear Magnetism (Clarendon Press, Oxford, 1961)
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V. Calandrini, D. Abergel, and G. R. Kneller, J. Chem. Phys., vol. 133, p. 145101, 2010.
(Experimental data from : M. Buck et al. Biochemistry, 34(12):4041-4055, 1995.)
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5 | I |
o4
B . alpha tau S2 from fit MD
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Estimating correlation times in NMR

cii(t) = Cii r(1)Cii 1 ()
7 \

global rotation internal dynamics
Ji(0) = /O h C(t)dt:SfiTo+(1—S§i)T£(fg(—)£z; C.f‘)
|
Cr(t) = exp(—|t/70]) Cr(t) = 5%+ (1 - S%)Eqs (—[t/7]%)

The form of C(t)
matters !
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Conclusions

e Anomalous free diffusion can be understood on the basis of a memory
function-based «cage» model which fits well the MSDs observed for
diffusing molecules in membranes.The long-time tails of the VACF and its
memory function can be predicted from the asymptotic behavior of the MSD.

e Fractional Brownian Dynamics is robust model for the description of
experimental and simulation data on internal protein dynamics. A physical
picture can be provided on the basis of the cage model.
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Software =

« Aller au niveau supérieur

Numerical methods are of little use without ready-to-use and tested implementations. Our policy is to make all methods
developped in the group freely available to the scientific community.

(OMMTK - Par Konrad Hinsen — Derniére modification 13/02/2007 18:28
The Molecular Modelling Toolkit is a library which contains a wide range of algorithms that are used in molecular simulations
and modelling. It is particularly useful for data analysis and visualization, but also contains standard techniques such as energy
minimization and Molecular Dynamics. All our recently developped techniques for biomolecules have been implemented in
MMTK.

(ONMOLDYN — Par Cerald Kneller — Derniére modification 14/02/2007 09:28
nMOLDYN is an interactive analysis program for Molecular Dynamics simulations. It is especially designed for the computation
and decomposition of neutron scattering spectra, but also computes other quantities.

" DomainFinder — Par Konrad Hinsen — Derni¢re modification 13/02/2007 18:29
DomainFinder is an interactive program to analyze collective motions in large proteins, either by comparing two experimental
structure, or by applying an efficient normal mode technique to a single structure. Proteins up to a few thousand residues can
be treated on a desktop computer in a few minutes.

(D ScrewFit — Par Paclo Calligari — Derniére modification 16/02/2007 18:22
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