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Sub- and superdiffusion

W (t) =
�
[x(t)− x(0)]2

� t→∞→ 2Dαtα

0 < α < 1: subdiffusion
(diffusion of molecules in membranes)

α = 1: normal diffusion
(diffusion of molecules in liquids)

1 < α < 2: superdiffusion
(target-site search by DNA-binding
proteins)
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A. Einstein, Ann. Phys., vol. 322, 
no. 8, 1905.

Diffusion and Brownian motion - the «classical» treatment...
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7. FREE DIFFUSION – WIENER PROCESS 39

7. Free diffusion – Wiener process

7.1. Definition. The most simple Fokker-Planck equation is obtained for

the case

a1(y) = 0, a2(y) = 2D = const. (II.55)

With this definition for the coefficients ak(y) the Fokker-Planck equation (II.29)

takes the form of the well-known diffusion equation,

∂P (y, t)

∂t
= D

∂2P (y, t)

∂y2
(II.56)

which is to be solved with the initial condition

P (y, 0) = δ(y − y0) (II.57)

The corresponding stochastic equation of motion has the simple form

y(t0 + ∆t) = y(0) + ξ (II.58)

where the displacement ξ is Gaussian white noise with

ξ = 0 and ξ2 = 2D∆t (II.59)

The equations (II.58) and (II.59) define the Wiener process1
.

7.2. Solution of the Fokker-Planck equation. A simple way to solve equa-

tion (II.56) is to apply a Fourier transformation with respect to y. With

P̃ (k, t) =

� +∞

−∞
dy exp(−iky)P (y, t)

one obtains

∂P̃ (k, t)

∂t
= −Dk2P̃ (k, t).

The solution is thus

P̃ (k, t) = P̃ (k, 0) exp(−Dk2t), with P̃ (k, 0) = exp(−iky0),

if one uses the initial condition (II.57). Consequently

P (y, t) =
1

2π

� +∞

−∞
dk exp(ik[y − y0]) exp(−Dk2t).

This inverse Fourier transform can be easily performed
2

and one finds

P (y, t) =
1√

4πDt
exp

�
−(y − y0)2

4Dt

�
(II.60)

1
Norbert Wiener, American mathematician, 1894 – 1964.

2
One uses that f(x) = 1√

2πσ
exp

�
− x2

2σ2

�
↔ f̃(k) = exp

�
−σ2k2

2

�
and that f(x − x0) ↔

f̃(k) exp(−ikx0).
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Diffusion and the Wiener process

white noise
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P. Langevin, C. Rendus Acad. Sci. Paris, vol. 146, pp. 530–533, 1908.

Langevin’s approach to diffusion
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6. THE LANGEVIN OSCILLATOR 15

FIGURE I.3. The normalised VACF ψ(t) of a Brownian particle
and the corresponding MSD.

6. The Langevin oscillator

6.1. Equation of motion. We consider now a Brownian particle which dif-
fuses under the influence of an external harmonic force, F (x) = −Kx. Here x
is the displacement of the Brownian particle with respect its equilibrium posi-
tion and K > 0 is the force constant describing the strength of the harmonic
force. The Langevin equation (I.1) reads thus

Mv̇ = −Kx − αv + Fs(t), K > 0, α > 0. (I.51)

The properties of the stochastic force are the same as for the freely diffusing
Brownian particle (see Eqs. (I.3) and (I.4)). For the following considerations it
is convenient to use the normalised form of (I.51),

ẍ + γẋ + ω2
0x = fs(t) (I.52)

where ω2
0 = K/M and γ = α/M . In the following we will again consider the

VACF and the MSD.

6.2. Velocity autocorrelation function. In order to derive an equation in-
volving the VACF only Eq. (I.52) is first rewritten as5

v̇ + γv + ω2
0

� t

0

dτv(τ) = fs(t) (I.53)

Multiplication with v(0) and averaging over time yields

ċvv + γcvv + ω2
0

� t

0

dτcvv(τ) = 0 (I.54)

since �v(0)fs(t)�τ = 0.

5One may think that the integral could be avoided by a further differentiation, but this is
not so since the stochastic force is not a differentiable function.

∂P

∂t
= γ

∂

∂v

�
vP

�
+ γ

kBT

M

∂2P

∂v2 P ≡ P (v, t|v0, 0)

Diffusion in velocity space - Rayleigh process

v(t0 + ∆t) = v(t0)−∆tγv(t0) + ξ
ξ2 = 2γ

kBT

M
∆t

ξ = 0

�v(t)v(0)�
�v2� = exp(−γt) W (t) ≈ 2

kBT

Mγ
t
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∂tP (x, t) +
∂J(x, t)

∂x
= 0

J(x, t) = −Dα
d

dt

� t

0
dt�

(t− t�)α−1

Γ(α)
∂P (x, t�)

∂x

J(x, t) = −D
∂P (x, t)

∂x

Anomalous diffusion by fractional diffusion equations 

W (t) = 2Dαtα

Normal free diffusion: Instantaneous 
response to a gradient in P(x,t)

Anomalous free diffusion: 
Retarded response to a 
gradient in P(x,t),
representing memory effects.
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Lateral diffusion of molecules in a DOPC membrane 
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t !ns"0.25
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1
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MSD !nm2" !"0.610394, D!"0.050704

FIG. 3: Same as Fig. 1, but for a MSD data set of 30 ns.

6

nm2/psα

DOPC molecule

MD data from MP Pasenkiewicz-Gierula, Krakow University

W (t) = 2Dαtα
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Develop a physical picture of normal and anomalous 
diffusion, which is based considerations for the 
asymptotic behavior of the mean square displacement 
and on the (exact) Generalized Langevin Equation.

v̇(t) = −
� t

0
dt� κ(t− t�)v(t�) + f+(t)

The memory function, κ(t), and the «projected 
acceleration», f+(t), are described on the basis of 
classical Hamiltonian mechanics of the full system.
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The physical interpretation of a memory function is 
that of a «cage».

κ(t) ≡ Ω2 ⇒ cvv(t) = �v2� cos Ωt

special choice of 
constant memory

oscillatory «rattling» 
motions in the «cage» 
of nearest neighbors

The asymptotic decay of this «cage» determines 
the type of diffusion which is observed (normal, 
anomalous).
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Infer the asymptotic form for the memory function and 
the VACF from the asymptotic form of the MSD (0<α<2)

Ŵ (s) =
� ∞

0
dt exp(−st)W (t)lim

t→∞

L(λt)
L(t)

= 1

Tauberian 
theorem

W (t)
t→∞≈ L(t)tα ←→ Ŵ (s)

s→0≈ L(1/s)
sα+1

Use Ŵ (s) =
2 ĉvv(s)

s2
=

2�v2�
s2(s + κ̂(s))andL(t) ≡ 2Dα

respectively. If 0 < α < 1, expression (13) can be cast into the form of the l.h.s. of (8),

setting ρ = −α and L(1/s) ≡ Cα/Γ(1 − α) = const. It follows then that (13) is equivalent

to f(t)
t→∞≈ Cαt−α/Γ(1− α), such that

κ(t)
t�τ≈ Ω2Cα

(t/τ)
−α

Γ(1− α)
(17)

appears as a necessary and sufficient condition for subdiffusion. Along the same lines one

obtains from expression (16)

cvv(t)
t�τ≈ α(α− 1)Dαtα−2

(18)

as a necessary and sufficient condition for superdiffusion. Due to the introduction of a

characteristic time scale τ , the previously used notation lim t →∞ can be given a physical

meaning, writing it as t� τ .

If only sufficient conditions for anomalous diffusion are searched for, relations (17)

and (18) hold also for super- and subdiffusion, respectively. This can be shown with a

simple trick, which uses the correspondence for the left derivative of a function and its

Laplace transform [7], ∂−t g(t) ≡ lim�→0+(g(t) − g(t − �))/� ↔ sĝ(s). Consider for example

expression (16) for 0 < α < 1. In this case we can write ĉ(s) = sĝ(s), which is the Laplace

transform of ∂−t g(t), where g(t)
t→∞≈ αDαtα−1

is obtained from the HLK theorem (8), and

(18) follows. Similarly (17) is obtained as a sufficient condition if 1 < α < 2.

Starting from expression (16), one can derive a generalized Kubo relation for the diffusion

coefficient, observing that Dα = lims→0 sα−1ĉvv(s)/Γ(1 + α). Here it may be used that

sα−1ĉvv(s) is the Laplace transform of a fractional derivative of order α − 1 of cvv(t) and

that in general lims→0 ĝ(s) =
�∞

0 dt g(t) (g is an arbitrary function). The fractional diffusion

coefficient is thus given by the generalized Kubo relation

Dα =
1

Γ(1 + α)

� ∞

0

dt 0∂
α−1
t cvv(t). (19)

Analogously to a fractional diffusion coefficient one can define a fractional relaxation constant

via ηα = Γ(1 + α) lims→0 s1−ακ̂(s). This becomes in the time domain

ηα = Γ(1 + α)

� ∞

0

dt 0∂
1−α
t κ(t), (20)

and the fractional version of the fluctuation-dissipation theorem reads

Dα =
�v2�
ηα

. (21)

5
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transform of ∂−t g(t), where g(t)
t→∞≈ αDαtα−1

is obtained from the HLK theorem (8), and

(18) follows. Similarly (17) is obtained as a sufficient condition if 1 < α < 2.

Starting from expression (16), one can derive a generalized Kubo relation for the diffusion

coefficient, observing that Dα = lims→0 sα−1ĉvv(s)/Γ(1 + α). Here it may be used that
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Model memory function κ(t) t→∞=






Ω2 (t/τ)−α

Γ(1− α)
if α �= 1

Ω2 exp(−t/τ) if α = 1

Numerical example
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FIG. 3:

12
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where C is a constant, all observed regimes for the MSD can be produced. Inserting (5)

into (4) shows that the term s3
in the denominator of Ŵ (s) can be neglected with respect

to Cs1+a
if a < 2. By inverse Laplace transform one obtains

W (t) ≈ 2�v2�
CΓ(1 + a)

ta, (6)

which holds for t → ∞. Here 0 < a < 1 corresponds to “subdiffusion”, a = 1 to normal

diffusion, and 1 < a < 2 to “superdiffusion”. Since W (t) > 0 for t > 0 and Γ(1 + a) > 0 in

the regime for a which is considered here, it follows that C > 0.

In the time domain expression (5) translates into

κ̂(s) ≈ C
t−a

Γ(1− a)
, 0 ≤ a < 2, a �= 1. (7)

The case a = 1, where C = κ̂(0) is a constant, leads to

W (t) ≈ 2Dt, (8)

where D = �v2�/κ̂(0) = ĉvv(0) is the diffusion coefficient. Since ĉvv(0) =
� t

0 dt cvv(t), we

obtain the Kubo formula

D =

� t

0

dt cvv(t). (9)

II. MODEL

For the memory function I propose now the following form,

κ(t) = Θ(t)Ω2M(a, b,−t/τ), (10)

where Θ(t) is the unit step function and M(a, b, z) ≡ (1)F(1)(a, b, z) is Kummer’s confluent

hypergeometric function [4] whose arguments are in general complex. Here a and b are

real parameters determining the form of the memory function, and τ sets the time scale.

A similar approach for time correlation functions has been proposed by Zeidler [5]. Due

to the properties of Kummer’s function the memory function is regular at t = 0 and can

be developed in a Taylor series,

κ(t) = Ω2
∞�

n=0

(−1)n (a)n

(b)n

(t/τ)n

n!
, (t ≥ 0) (11)

2

A model for DOPC

Model for the memory function

M(a, b, z) =
∞�

n=0

(a)n

(b)n

zn

n!

where (x)n = x(x + 1)(x + 2) . . . (x + n) is Pochhammer’s symbol (raising factorial). The

asymptotic form of the model memory function for t � τ has the desired form

κ(t) ≈ Ω2 Γ(b)

Γ(b− a)
(t/τ)−a

if a �= b. (12)

The series expansion (11) shows that Kummer’s function becomes an exponential in case

that a = b,

M(a, a, z) = exp(z). (13)

It follows from (12) and (13) that

κ̂(s) ≈






Ω2τ
Γ(1− a)Γ(b)

Γ(b− a)
(sτ)−1+a

if a �= b, a �= 1,

Ω2τ if a = b.

(14)

in the vicinity of s = 0. The case a �= b with a = 1 must be excluded since Γ(1−a)/Γ(b−a)

diverges for a → 1 and b �= 1. Inverse Laplace transform of (14) yields

W (t) ≈ 2Da,bt
a, (15)

where Da,b is the fractional diffusion coefficient. Defining the “normal” diffusion coeffi-

cient as

D =
�v2�
Ω2τ

, (16)

Da,b is given by

Da,b =






D
τ 1−aΓ(b− a)

Γ(1 + a)Γ(1− a)Γ(b)
if a �= b, a �= 1,

D if a = b.

(17)

Here 0 ≤ a < 2 and the range of b must still be defined. Since κ(t) has the properties of

a correlation function it must be fulfill the relation |κ(t0 + t)|/|κ(t0)| < 1 for t0 ≥ 0 and

t > 0. Using this condition for t0 = 0 shows that b must have the same sign as a. Due

to the properties of the Gamma function and the condition W (t) ≥ 0 the following cases

can be considered

0 ≤ a < 1, b > a,

a = 1, b = 1,

1 < a < 2, a− 1 < b < a.

(18)

It is worth noting that the fractional diffusion coefficient which I introduced in my first

letter in the context of fractional diffusion equations, has exactly the form (17), setting

3

κ(t)
t→∞≈ Ω2 Γ(b)

Γ(b− a)
(t/τ)−a if a �= b

Kummer’s function:

where C is a constant, all observed regimes for the MSD can be produced. Inserting (5)

into (4) shows that the term s3
in the denominator of Ŵ (s) can be neglected with respect

to Cs1+a
if a < 2. By inverse Laplace transform one obtains

W (t) ≈ 2�v2�
CΓ(1 + a)

ta, (6)

which holds for t → ∞. Here 0 < a < 1 corresponds to “subdiffusion”, a = 1 to normal
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The case a = 1, where C = κ̂(0) is a constant, leads to
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where D = �v2�/κ̂(0) = ĉvv(0) is the diffusion coefficient. Since ĉvv(0) =
� t

0 dt cvv(t), we

obtain the Kubo formula

D =

� t

0

dt cvv(t). (9)
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κ(t) = Θ(t)Ω2M(a, b,−t/τ), (10)
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real parameters determining the form of the memory function, and τ sets the time scale.

A similar approach for time correlation functions has been proposed by Zeidler [5]. Due

to the properties of Kummer’s function the memory function is regular at t = 0 and can

be developed in a Taylor series,

κ(t) = Ω2
∞�

n=0

(−1)n (a)n

(b)n

(t/τ)n

n!
, (t ≥ 0) (11)

2

b = 1. The above considerations show that the time scale parameter τ , which has to in-

troduced ad hoc in fractional diffusion equations, is related to the memory function of the

VACF.

A convenient property for analytical calculations is that the Laplace transform of Kum-

mer’s function can be expressed in terms of the hypergeometric function (2)F(1)(.). We

have in particular M(a, b,−t) ↔ (2)F(1)(1, a, b,−1/s)/s and therefore

κ̂(s) =
Ω2

s (2)F(1)(1, a, b,−1/[sτ ]). (19)

Since the velocity autocorrelation function is symmetric, its Fourier transform, defined as

c̃(ω) =
� +∞
−∞ dt exp(−iωt)cvv(t), can be expressed as c̃vv(ω) = 2� {ĉvv(iω)}. Instead of c̃vv(ω)

one considers often the density of states (DOS), g(ω) = �{ĉ(iω)}/π, which normalized

such that
�∞

0 dω g(ω) = 1. Because of (19) we have here

g(ω) = �
�

1

iω + Ω2

iω (2)F(1)(1, a, b,−1/[iωτ ])

�
. (20)

III. APPLICATIONS

A. Special cases

The model contains a few special cases, which have been studied before.

1. a = b : According to Eq. (13), the memory function becomes an exponential in this

case, κ(t) = Ω2 exp(−t/τ). This model has been studied long time ago by Berne et

al. to describe the VACF of a molecule in a simple liquid [6]. It gives qualitative

agreement with MD simulations.

2. a = 0, b �= 0 : In this case the memory function is a unit step function (“ever lasting

memory”), κ(t) = Ω2θ(t), the VACF becomes cvv(t) = �v2� cos(Ωt) and the DOS

is g(ω) = δ(ω − Ω). This corresponds to the behavior of an undamped Langevin

oscillator.

3. a → 0, b = λa : Here both a and b are sent to zero, such that the b/a = λ, where

1 ≤ λ < ∞. In this limit one obtains

κ(t) = θ(t)Ω2

�
1 +

exp(−t/τ)− 1

λ

�
, (21)

4

cvv(t) = �v2�
� ∞

0
dω g(ω) cos(ωt) VACF

DOS
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10

b fixed to 1

a D [nm2/nsa] b τ [ps] Ω [1/ps]

MSD 0.61 0.101

DOS 0.61 0.101 0.66 0.029 15.34

0.61 0.101 1.00 0.0028 26.03

κ(t) 0.58 0.039 0.70 0.021 15.91

TABLE I: Resulting parameters for the fits of expressions (15), (20), and (10) to the simulated

MSD, DOS, and memory function, respectively. Values for independent fit parameters are typeset

in boldface. More explanations are given in the text.
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FIG. 3: Normalized VACF from MD simulation (dots) and model VACFs corresponding to the

fitted DOSs shown in Fig 2 (solid line and dashed line, respectively).
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FIG. 4: Normalized memory function from MD simulation (dots), fit of model (10) (solid line).

The dashed lines show, for comparison, the model memory functions for the parameters corre-

sponding to the fits shown in Fig. 2. (b free : short-dashed line, b = 1 : long-dashed line).
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Anomalous diffusive motions in proteins 
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When calculating the memory function, following the
approach described in the previous section, the quantity of
interest is actually the Laplace transform of Eq. !14",
which is

Ĉ!s;!1,!2" = ĈE!s;!1,!2" + ĈO!s;!1,!2" . !15"

Since the time dependence in Eq. !14" enters solely through
the factor of exp!!"nt /#m", the functions ĈE!s ;!1 ,!2" and
ĈO!s ;!1 ,!2" differ from CE!t ;!1 ,!2" and CO!t ;!1 ,!2" #Eqs.
!A22" and !A24", respectively$ only in the replacement of
exp!!"nt /#m" by the factor 1 / #s+"n /#m$.

Both C!t ;!1 ,!2" and K!t" are functions not only of !1
and !2, but also of the contour length N and the persistence
length Lp%1/2p. The latter is conveniently expressed in
terms of a dimensionless stiffness parameter z, defined as z
= pN=N /2Lp, which is large !$1" for flexible chains !Rouse
limit" and small !%1" for stiff chains. The evaluation of
C!t ;!1 ,!2" and K!t" for definite values of these parameters
!N, !1, !2, and z" is done numerically, as the eigenvalues "n
must be obtained from a transcendental equation that cannot
be solved in closed form. Details of the evaluation of these
two functions are discussed in Appendix II.

IV. RESULTS AND CONCLUSIONS

Using Eq. !6" to determine the memory kernel from
Ĉ!s ;!1 ,!2", we find, for a fairly wide range of N, z, and !1

and !2 values, that K̂!s" is a power law in s over several
decades, the exponents varying between about 0.25–0.48 in
absolute value. !The highest exponent value, 0.48, and the
one closest to the experimentally determined exponent of
0.49±0.07, was obtained for a chain with the following pa-
rameters: N=5000, z=5000, !1=2500, and !2=!2500."
Chains can apparently be long or short, stiff or flexible, with
small or large separations between !1 and !2, and still pro-
duce power-law memory kernels #within the one-
dimensional !1D" GLE framework$.

Significantly, however, not all choices of N, z, and !1 and
!2 provide satisfactory, simultaneous fits of the calculated
K̂!s" and C!t" curves to the corresponding experimental
curves of Ref. 7. One set of parameter values that does this is
N=500, z=5000, !1=24, and !2=19, with the monomer fric-
tion coefficient #m /kBT chosen to be 3.18s1/2 Å!2 so as to
agree with the value of # /kBT estimated from experiment.7

The corresponding distance correlation function C!t ;!1 ,!2"
#normalized by C!0;!1 ,!2"$ is shown in Fig. 1 !full line",
along with the experimentally determined correlation func-
tion !open circles", and the Mittag-Leffler function of index
1/2 !dashed line". The above parameter values leading to
this curve describe a long flexible polymer in which the
given pair of segments are close together.

For exactly the same set of parameter values, the s de-
pendence of K̂!s", normalized by the first theoretical data
point, is shown in Fig. 2 !full line", along with the experi-
mental data points, normalized by the first experimental data
point !open circles", and their estimated error bounds !dashed
lines". The slope of the theoretical curve is estimated as
!0.43, while the slope of the experimental curve is estimated

as !0.49±0.07.7 Within experimental error, therefore, the
calculated and experimental memory kernel exponents coin-
cide. Interestingly, for the same N and z values, essentially
the same degree of agreement between theory and experi-
ment is obtained even if !1 and !2 are varied, provided their
difference &!1!!2& is about 5.

We also find that changes to the parameter #m /kBT shift
the position of the C!t" and K̂!s" curves, but do not otherwise
change their form. In particular, K̂!s" remains a power law
with the same exponent. Since the experimental distance cor-
relation function is well described by the Mittag-Leffler
function E1/2!!!t / t0"1/2" it decays on a characteristic time

FIG. 1. Distance autocorrelation function C!t" #normalized by C!0"$ as a
function of time t !in seconds". The open circles are the experimental data
!normalized by the first experimental data point" on the fluorescein antifluo-
rescein system taken from Ref. 7. The dashed line corresponds to
the Mittag-Leffler function of index 1/2, and the full line is obtained from
the calculations described in the text. These calculations use the following
parameter values: N=500, z=5000, !1=24, !2=19, and #m /kBT
=3.18s1/2 Å!2.

FIG. 2. Memory kernel K̂!s" as a function of s. The open circles are the
experimental data points !normalized by the first experimental data point" of
Ref. 7. The full line is the theoretical memory kernel !normalized by the first
theoretical data point" calculated from the Laplace transform of the C!t"
curve shown in Fig. 1 using Eq. !6". The dashed lines correspond to the
estimated experimental error bounds.

204903-4 Debnath et al. J. Chem. Phys. 123, 204903 !2005"
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4. FRACTIONAL OU PROCESS AND APPLICATIONS 99

FIGURE IV.9. Left: Harmonic potential driving the OU process.
Right: Sketch of the corresponding “rugged” potential energy
surface leading to fractional Brownian motion.

proposed long time ago by Frauenfelder et al. [56]. It must be emphasised that
such an effective harmonic model can only describe protein dynamics close to
the equilibrium state, which is here characterised by a single global minimum
of the potential.

Using the general considerations concerning FFPEs made in Section 3.1 of
this chapter we can immediately write down the solution of the FFPE describ-
ing the fractional OU process. For this purpose we use expression (IV.57) and
insert the eigenfunctions of the Fokker-Planck operator (II.161) associated with
the standard OU process which are given in Eqs. (II.163) and (II.165). Defining
again the scaled positions ξ = x/

�
�x2� and the scaled relaxation constant

ηα = τ̃ 1−αη (IV.65)

one obtains from (IV.57) [49, 50]

P (ξ, t|ξ0, 0) =
exp

�
− ξ2

2

�

√
2π

∞�

n=0

1

2nn!
Hn

�
ξ√
2

�
Hn

�
ξ0√
2

�
Eα (−nηαt

α) (IV.66)

Here Eα(·) is the Mittag-Leffler function defined in Eq. (IV.53).

4.2. Autocorrelation function and its spectrum. The autocorrelation func-
tion of the scaled variable ξ is obtained from the general expression (IV.59),
using that here y → ξ and

�
dξ ξPn(ξ) = δn,1. Noting that the autocorrelation

function of ξ equals the normalised autocorrelation function of x, ψ(t) ≡ cξξ(t),
one obtains

ψ(t) = Eα (−ηαt
α) (IV.67)

Diffusion in a smooth
harmonic potential : 

Ornstein-Uhlenbeck process [1]

Diffusion in a “rugged”
harmonic potential : Fractional
Ornstein-Uhlenbeck process [2]

[2]	
 R.  Metzler and J.  Klafter. The 
random walk’s guide to anomalous 
diffusion: A fractional dynamics 
approach. Phys. Rep., 339:1–77, 2000.

[1]	
M.C. Wang and G.E. Uhlenbeck. On the 
theory of Brownian motion II. Phys. 
Rev., 93(1):249–262, 1945.

Fractional Brownian dynamics
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(�{s} > 0). Performing first an integration of both sides of the FFPE from 0 to t yields

P (t, Ω)− P (Ω, 0) = τ̃ 1−α

� t

0

dτ
(t− τ)α−1

Γ(α)
LFP P (Ω, τ),

and a subsequent Laplace transform leads to

P̂ (s, Ω)− P (Ω, 0)

s
= τ̃ 1−αs−αLFP P (Ω, τ).

Using that P (Ω, 0) = δ(Ω− Ω0) one obtains thus

P̂ (Ω, s) =
1

s− [sτ̃ ]1−αLFP
δ(Ω− Ω0). (2.4)

We assume now that LFP has a discrete spectrum of eigenvalues. The Dirac distribu-

tion may then be expressed in terms of the biorthogonal set of right and left eigenfunc-

tions of LFP , which are defined by the relations [26, 28]

LFP Pn(Ω) = −λnPn(Ω), (2.5)

L+
FP Qn(Ω) = −λnQn(Ω), (2.6)

respectively, and fulfil (Pn, Qk) = δnk, where δnk is the Kronecker delta. The operator L+
FP

is adjoint to LFP , such that (g,LFP f) = (L+
FP g, f), and one has Pn(Ω) = Qn(Ω)Peq(Ω).

The scalar product of two functions f and g is here defined as (f, g) =
� +∞
−∞ dΩ f(Ω)g(Ω).

Inserting the representation

δ(Ω− Ω0) =
�

n

Pn(Ω)Qn(Ω0). (2.7)

into expression (2.4) yields thus

P̂ (Ω, s) =
�

n

1

s + (sτ̃)1−αλn
Pn(Ω)Qn(Ω0). (2.8)

One can now make use of the relation

Eα (−tα) =
1

2πi

�

C

ds
exp(st)

s(1 + s−α)
, (2.9)

where Eα(z) is the Mittag-Leffler function [31]

Eα(z) =
∞�

k=0

zk

Γ(1 + αk)
. (2.10)

5

Mittag-Leffler function

∝ t−α
algebraic long-time tail

When calculating the memory function, following the
approach described in the previous section, the quantity of
interest is actually the Laplace transform of Eq. !14",
which is

Ĉ!s;!1,!2" = ĈE!s;!1,!2" + ĈO!s;!1,!2" . !15"

Since the time dependence in Eq. !14" enters solely through
the factor of exp!!"nt /#m", the functions ĈE!s ;!1 ,!2" and
ĈO!s ;!1 ,!2" differ from CE!t ;!1 ,!2" and CO!t ;!1 ,!2" #Eqs.
!A22" and !A24", respectively$ only in the replacement of
exp!!"nt /#m" by the factor 1 / #s+"n /#m$.

Both C!t ;!1 ,!2" and K!t" are functions not only of !1
and !2, but also of the contour length N and the persistence
length Lp%1/2p. The latter is conveniently expressed in
terms of a dimensionless stiffness parameter z, defined as z
= pN=N /2Lp, which is large !$1" for flexible chains !Rouse
limit" and small !%1" for stiff chains. The evaluation of
C!t ;!1 ,!2" and K!t" for definite values of these parameters
!N, !1, !2, and z" is done numerically, as the eigenvalues "n
must be obtained from a transcendental equation that cannot
be solved in closed form. Details of the evaluation of these
two functions are discussed in Appendix II.

IV. RESULTS AND CONCLUSIONS

Using Eq. !6" to determine the memory kernel from
Ĉ!s ;!1 ,!2", we find, for a fairly wide range of N, z, and !1

and !2 values, that K̂!s" is a power law in s over several
decades, the exponents varying between about 0.25–0.48 in
absolute value. !The highest exponent value, 0.48, and the
one closest to the experimentally determined exponent of
0.49±0.07, was obtained for a chain with the following pa-
rameters: N=5000, z=5000, !1=2500, and !2=!2500."
Chains can apparently be long or short, stiff or flexible, with
small or large separations between !1 and !2, and still pro-
duce power-law memory kernels #within the one-
dimensional !1D" GLE framework$.

Significantly, however, not all choices of N, z, and !1 and
!2 provide satisfactory, simultaneous fits of the calculated
K̂!s" and C!t" curves to the corresponding experimental
curves of Ref. 7. One set of parameter values that does this is
N=500, z=5000, !1=24, and !2=19, with the monomer fric-
tion coefficient #m /kBT chosen to be 3.18s1/2 Å!2 so as to
agree with the value of # /kBT estimated from experiment.7

The corresponding distance correlation function C!t ;!1 ,!2"
#normalized by C!0;!1 ,!2"$ is shown in Fig. 1 !full line",
along with the experimentally determined correlation func-
tion !open circles", and the Mittag-Leffler function of index
1/2 !dashed line". The above parameter values leading to
this curve describe a long flexible polymer in which the
given pair of segments are close together.

For exactly the same set of parameter values, the s de-
pendence of K̂!s", normalized by the first theoretical data
point, is shown in Fig. 2 !full line", along with the experi-
mental data points, normalized by the first experimental data
point !open circles", and their estimated error bounds !dashed
lines". The slope of the theoretical curve is estimated as
!0.43, while the slope of the experimental curve is estimated

as !0.49±0.07.7 Within experimental error, therefore, the
calculated and experimental memory kernel exponents coin-
cide. Interestingly, for the same N and z values, essentially
the same degree of agreement between theory and experi-
ment is obtained even if !1 and !2 are varied, provided their
difference &!1!!2& is about 5.

We also find that changes to the parameter #m /kBT shift
the position of the C!t" and K̂!s" curves, but do not otherwise
change their form. In particular, K̂!s" remains a power law
with the same exponent. Since the experimental distance cor-
relation function is well described by the Mittag-Leffler
function E1/2!!!t / t0"1/2" it decays on a characteristic time

FIG. 1. Distance autocorrelation function C!t" #normalized by C!0"$ as a
function of time t !in seconds". The open circles are the experimental data
!normalized by the first experimental data point" on the fluorescein antifluo-
rescein system taken from Ref. 7. The dashed line corresponds to
the Mittag-Leffler function of index 1/2, and the full line is obtained from
the calculations described in the text. These calculations use the following
parameter values: N=500, z=5000, !1=24, !2=19, and #m /kBT
=3.18s1/2 Å!2.

FIG. 2. Memory kernel K̂!s" as a function of s. The open circles are the
experimental data points !normalized by the first experimental data point" of
Ref. 7. The full line is the theoretical memory kernel !normalized by the first
theoretical data point" calculated from the Laplace transform of the C!t"
curve shown in Fig. 1 using Eq. !6". The dashed lines correspond to the
estimated experimental error bounds.
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N(t) = N(0)E!(![t/! ]!)

Fractional reaction kinetics
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been devoted to investigate relatively fast, ‘‘liquid-like’’ and
vibrational motions, as well as the coupling between solvent
and protein dynamics. In the following it will be shown that
MD simulations can also reveal the presence of very slow
relaxation modes, which are a priori too slow to be fully seen
on the MD/QENS time scale.

B. Anomalous di!usion

One of the very first analyses of a MD simulation is the
calculation of the average mean-square displacement of all or
a part of the atoms in the simulated system,

W!t" # 1

N

XN

j#1

wjh$Rj!t" % Rj!0"&2i: !4:52"

Here N is the number of atoms under consideration, and wj are
appropriate weights, with

PN
j#1wj # N. Fig. 13 shows the

simulated average mean-square displacement of a lysozyme
protein in solution at ambient temperature and pressure. The
protein is depicted in Fig. 12. The simulation has been per-
formed for one lysozyme protein in a solution of 3403 water
molecules in a rectangular box of 6.16 ' 4.19 ' 4.61 nm3 at
ambient temperature and pressure, using the Amber94 poten-
tial which includes an adapted TIP3P water model.51 More
details can be found in ref. 52 and will be published elsewhere.
The weights in (4.52) have been chosen proportional to the
squared incoherent scattering lengths of the 1960 explicit
lysozyme atoms, wj p bj,inc

2 . This weighting scheme corre-
sponds in practise to considering only the hydrogen atoms,
since the bound incoherent scattering cross section, sH,inc #
4pbH,inc

2 , is much larger than all other scattering cross sec-
tions.38,39 It is important to note that global translations and

rotations of the lysozyme molecule have been subtracted prior
to analysis. In this way only internal protein motions are left.
The subtraction of global motions has been achieved by
performing for each time frame of the original MD trajectory
a rigid-body fit of the lysozyme structure onto the initial
structure in the trajectory.53

The solid line in Fig. 13 shows the neutron-weighted average
mean-square displacement of the atoms in lysozyme together
with a fit of the FBD model (3.38). Assuming isotropic di!u-
sion, the mean square fluctuation hx2i is here to be replaced by
hu2i, where hu2i # hx2i ( hy2i ( hz2i is the position fluctuation
in Cartesian coordinates. One writes thus,

W(t) # 2hu2i (1 % Ea(%[t/t]a)). (4.53)

where t corresponds to the relaxation time scale ta,1 defined in
eqn. (3.47). The fit has been performed for the parameters t
and a only, providing hu2i # 0.019 nm2 from a separate
calculation from the MD trajectory. The resulting parameters
are t # 33.5 ps and a # 0.49. These values are remarkebly
similar to those found in Table 1 and which correspond to the
fit of the QENS data for myoglobin shown in Fig. 8. The
inconsistent behaviour of the simulated mean-square displace-
ment with respect to the plateau value W(N) # 2(u2) (hori-
zontal dotted line) is typical for MD simulations and indicates
that the simulation is not long enough to establish the con-
vergence of W(t) to the plateau value predicted by the same
simulation. It must be emphasised that the latter is a purely
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Fig. 9 Left: protein backbone of myoglobin. Right: 31 selected side
chains.

Fig. 10 EISF of myoglobin from simulation40 at T # 300 K (solid line
and dashed line) and experiment3 (squares# 277 K, triangles# 320 K).
The solid line shows the result obtained from straightforward analysis
of the MD trajectory and the dashed line has been obtained by filtering
out internal motions of the protein side-chains.

Fig. 11 Results for the quasielastic spectrum corresponding to
Fig. 10, where the experimental data are given for 300 K. In contrast
to the simulated spectrum, the experimental spectrum has been mod-
ified by subtracting a vibrational background.3

Fig. 12 A lysozyme molecule represented by its covalent bond
structure (left) and a cartoon showing the secondary structure elements
(right).
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been devoted to investigate relatively fast, ‘‘liquid-like’’ and
vibrational motions, as well as the coupling between solvent
and protein dynamics. In the following it will be shown that
MD simulations can also reveal the presence of very slow
relaxation modes, which are a priori too slow to be fully seen
on the MD/QENS time scale.

B. Anomalous di!usion

One of the very first analyses of a MD simulation is the
calculation of the average mean-square displacement of all or
a part of the atoms in the simulated system,
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Here N is the number of atoms under consideration, and wj are
appropriate weights, with

PN
j#1wj # N. Fig. 13 shows the

simulated average mean-square displacement of a lysozyme
protein in solution at ambient temperature and pressure. The
protein is depicted in Fig. 12. The simulation has been per-
formed for one lysozyme protein in a solution of 3403 water
molecules in a rectangular box of 6.16 ' 4.19 ' 4.61 nm3 at
ambient temperature and pressure, using the Amber94 poten-
tial which includes an adapted TIP3P water model.51 More
details can be found in ref. 52 and will be published elsewhere.
The weights in (4.52) have been chosen proportional to the
squared incoherent scattering lengths of the 1960 explicit
lysozyme atoms, wj p bj,inc

2 . This weighting scheme corre-
sponds in practise to considering only the hydrogen atoms,
since the bound incoherent scattering cross section, sH,inc #
4pbH,inc

2 , is much larger than all other scattering cross sec-
tions.38,39 It is important to note that global translations and

rotations of the lysozyme molecule have been subtracted prior
to analysis. In this way only internal protein motions are left.
The subtraction of global motions has been achieved by
performing for each time frame of the original MD trajectory
a rigid-body fit of the lysozyme structure onto the initial
structure in the trajectory.53

The solid line in Fig. 13 shows the neutron-weighted average
mean-square displacement of the atoms in lysozyme together
with a fit of the FBD model (3.38). Assuming isotropic di!u-
sion, the mean square fluctuation hx2i is here to be replaced by
hu2i, where hu2i # hx2i ( hy2i ( hz2i is the position fluctuation
in Cartesian coordinates. One writes thus,

W(t) # 2hu2i (1 % Ea(%[t/t]a)). (4.53)

where t corresponds to the relaxation time scale ta,1 defined in
eqn. (3.47). The fit has been performed for the parameters t
and a only, providing hu2i # 0.019 nm2 from a separate
calculation from the MD trajectory. The resulting parameters
are t # 33.5 ps and a # 0.49. These values are remarkebly
similar to those found in Table 1 and which correspond to the
fit of the QENS data for myoglobin shown in Fig. 8. The
inconsistent behaviour of the simulated mean-square displace-
ment with respect to the plateau value W(N) # 2(u2) (hori-
zontal dotted line) is typical for MD simulations and indicates
that the simulation is not long enough to establish the con-
vergence of W(t) to the plateau value predicted by the same
simulation. It must be emphasised that the latter is a purely
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Fig. 9 Left: protein backbone of myoglobin. Right: 31 selected side
chains.

Fig. 10 EISF of myoglobin from simulation40 at T # 300 K (solid line
and dashed line) and experiment3 (squares# 277 K, triangles# 320 K).
The solid line shows the result obtained from straightforward analysis
of the MD trajectory and the dashed line has been obtained by filtering
out internal motions of the protein side-chains.

Fig. 11 Results for the quasielastic spectrum corresponding to
Fig. 10, where the experimental data are given for 300 K. In contrast
to the simulated spectrum, the experimental spectrum has been mod-
ified by subtracting a vibrational background.3

Fig. 12 A lysozyme molecule represented by its covalent bond
structure (left) and a cartoon showing the secondary structure elements
(right).
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• Study collective motions

• Compute memory  function [1]

It is important to note that there is no continuous transi-

tion from !FBD(t) to the memory function for normal Brown-
ian dynamics. Equation "17# shows that !̂FBD(s)$s

1!%, such

that !̂FBD(0)"0 for any % with 0#%#1. In contrast,

!̂FBD(s)"1/& for %"1, such that !̂FBD(0)"1/& . In the latter
case

!BD" t #"&!1'" t #. "23#

This is exactly the definition of the memory function for

classical Brownian motion.

III. SIMULATION STUDY OF LYSOZYME

A. Dynamical variable

In order to study the collective internal dynamics of a

lysozyme protein in solution we use the fluctuation of the

Fourier transformed particle density as dynamical variable,

'("q,t #"("q,t #!)("q,t #*

with ("q,t #"+
j"1

N

wi exp, iq"Rj" t #- . "24#

Here Rj is the position of atom j and wj is a weighting factor

which is chosen to be proportional to the coherent neutron

scattering length of atom j.19 The choice of wj allows to

compare later with experimental data. The autocorrelation

function of '((q,t) is the intermediate scattering function

."q,t #")'("q,t #'("!q,0#* , "25#

and the associated memory function is defined through

d

dt
."q,t #"!!

0

t

d&!"q,t!&#."q,&#. "26#

B. Numerical approach

In order to compute the memory function associated

with .(q,t) we use the method described in Ref. 14, which
we summarize here only briefly.

1. Discretized memory function equation

We start from the discretized version of the memory

function equation "26# which reads

."q,n$1 #!."q,n #

/t
"! +

k"0

n

/t!"n!k ,q#."k ,q#. "27#

Applying a unilateral z transform, which is defined by

F%"z #" +
n"0

0

f "n #z!n "28#

for an arbitrary discrete function f (n)1 f (n/t), the differ-
ence equation "27# can be solved for 2%(z):

2%"q,z #"
1

/t2
" z."q,0#

3%"q,z #
$1!z# . "29#

The above considerations show that the one-sided

z-transform plays the same role for discrete signals as the

Laplace transform for continuous signals.

2. Autoregressive model

For Eq. "29# to be useful one needs the z-transformed
autocorrelation function 3%(q,z). As described in Ref. 14,

this can be accomplished by using an autoregressive "AR#
model for the underlying dynamical variable,

'("q,t #" +
k"1

P

ak"q#'("q,t!k/t #$4"q,t #. "30#

Here P is the order of the AR process, /t is the sampling
time step, and 5ak(q)6 are constants which depend para-
metrically on q. The signal 4(q,t) is white noise of zero
mean and variance 72(q). The parameter sets 5ak(q),7

2(q)6
have been obtained from the MD data using the Burg algo-

rithm which is efficient and stable.20,21 Within the AR model

the one-sided z transform of the autocorrelation function of

the dynamical variable under consideration has the simple

form

3%"q,z #" +
k"1

P

%k"q#
z

z!zk"q#
$z$%$zk"q#$ . "31#

Here ,%k(q)- are constants depending parametrically on q,

%k"q#"
1

aP"q#

&
!zk"q#P!17"q#2

8 j"1,j9k
P ,zk"q#!z j"q#-8 i"1

P ,zk"q#!zl"q#!1-
,

"32#

and 5zk(q)6 are the roots of the characteristic polynomial

p"z;q#"zP! +
k"1

P

ak"q#zP!k.

Inserting Eq. "31# into the general expression "29# yields an
explicit expression for the z-transformed memory function.

Applying polynomial division yields the memory function in

time, using that 2%(z)"+n"0
0 !(n)z!n.

Finally, we note that .AR(q,n)1.AR(q,n/t) is a mul-
tiexponential function

.AR"q,n #" +
k"1

P

%k"q#zk"q# $n$, "33#

and that its Fourier spectrum, which is defined as

SAR"q,:#"/t +
n"!0

$0

.AR"q,n #exp"!i:n/t #, "34#

has ‘‘all-pole’’ form
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Density fluctuation

It is important to note that there is no continuous transi-

tion from !FBD(t) to the memory function for normal Brown-
ian dynamics. Equation "17# shows that !̂FBD(s)$s

1!%, such

that !̂FBD(0)"0 for any % with 0#%#1. In contrast,

!̂FBD(s)"1/& for %"1, such that !̂FBD(0)"1/& . In the latter
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!BD" t #"&!1'" t #. "23#

This is exactly the definition of the memory function for

classical Brownian motion.

III. SIMULATION STUDY OF LYSOZYME

A. Dynamical variable

In order to study the collective internal dynamics of a

lysozyme protein in solution we use the fluctuation of the

Fourier transformed particle density as dynamical variable,
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with ("q,t #"+
j"1

N

wi exp, iq"Rj" t #- . "24#

Here Rj is the position of atom j and wj is a weighting factor

which is chosen to be proportional to the coherent neutron

scattering length of atom j.19 The choice of wj allows to

compare later with experimental data. The autocorrelation

function of '((q,t) is the intermediate scattering function

."q,t #")'("q,t #'("!q,0#* , "25#

and the associated memory function is defined through

d

dt
."q,t #"!!

0

t

d&!"q,t!&#."q,&#. "26#

B. Numerical approach

In order to compute the memory function associated

with .(q,t) we use the method described in Ref. 14, which
we summarize here only briefly.

1. Discretized memory function equation

We start from the discretized version of the memory

function equation "26# which reads

."q,n$1 #!."q,n #

/t
"! +

k"0

n

/t!"n!k ,q#."k ,q#. "27#

Applying a unilateral z transform, which is defined by

F%"z #" +
n"0

0

f "n #z!n "28#

for an arbitrary discrete function f (n)1 f (n/t), the differ-
ence equation "27# can be solved for 2%(z):

2%"q,z #"
1

/t2
" z."q,0#

3%"q,z #
$1!z# . "29#

The above considerations show that the one-sided

z-transform plays the same role for discrete signals as the

Laplace transform for continuous signals.

2. Autoregressive model

For Eq. "29# to be useful one needs the z-transformed
autocorrelation function 3%(q,z). As described in Ref. 14,

this can be accomplished by using an autoregressive "AR#
model for the underlying dynamical variable,

'("q,t #" +
k"1

P

ak"q#'("q,t!k/t #$4"q,t #. "30#

Here P is the order of the AR process, /t is the sampling
time step, and 5ak(q)6 are constants which depend para-
metrically on q. The signal 4(q,t) is white noise of zero
mean and variance 72(q). The parameter sets 5ak(q),7

2(q)6
have been obtained from the MD data using the Burg algo-

rithm which is efficient and stable.20,21 Within the AR model

the one-sided z transform of the autocorrelation function of

the dynamical variable under consideration has the simple

form

3%"q,z #" +
k"1

P

%k"q#
z

z!zk"q#
$z$%$zk"q#$ . "31#

Here ,%k(q)- are constants depending parametrically on q,

%k"q#"
1
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,

"32#

and 5zk(q)6 are the roots of the characteristic polynomial

p"z;q#"zP! +
k"1

P

ak"q#zP!k.

Inserting Eq. "31# into the general expression "29# yields an
explicit expression for the z-transformed memory function.

Applying polynomial division yields the memory function in

time, using that 2%(z)"+n"0
0 !(n)z!n.

Finally, we note that .AR(q,n)1.AR(q,n/t) is a mul-
tiexponential function

.AR"q,n #" +
k"1

P

%k"q#zk"q# $n$, "33#

and that its Fourier spectrum, which is defined as

SAR"q,:#"/t +
n"!0
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It is important to note that there is no continuous transi-

tion from !FBD(t) to the memory function for normal Brown-
ian dynamics. Equation "17# shows that !̂FBD(s)$s

1!%, such

that !̂FBD(0)"0 for any % with 0#%#1. In contrast,

!̂FBD(s)"1/& for %"1, such that !̂FBD(0)"1/& . In the latter
case

!BD" t #"&!1'" t #. "23#

This is exactly the definition of the memory function for

classical Brownian motion.

III. SIMULATION STUDY OF LYSOZYME

A. Dynamical variable

In order to study the collective internal dynamics of a

lysozyme protein in solution we use the fluctuation of the

Fourier transformed particle density as dynamical variable,

'("q,t #"("q,t #!)("q,t #*

with ("q,t #"+
j"1

N

wi exp, iq"Rj" t #- . "24#

Here Rj is the position of atom j and wj is a weighting factor

which is chosen to be proportional to the coherent neutron

scattering length of atom j.19 The choice of wj allows to

compare later with experimental data. The autocorrelation

function of '((q,t) is the intermediate scattering function

."q,t #")'("q,t #'("!q,0#* , "25#

and the associated memory function is defined through

d

dt
."q,t #"!!

0

t

d&!"q,t!&#."q,&#. "26#

B. Numerical approach

In order to compute the memory function associated

with .(q,t) we use the method described in Ref. 14, which
we summarize here only briefly.

1. Discretized memory function equation

We start from the discretized version of the memory

function equation "26# which reads

."q,n$1 #!."q,n #

/t
"! +

k"0

n

/t!"n!k ,q#."k ,q#. "27#

Applying a unilateral z transform, which is defined by

F%"z #" +
n"0

0

f "n #z!n "28#

for an arbitrary discrete function f (n)1 f (n/t), the differ-
ence equation "27# can be solved for 2%(z):

2%"q,z #"
1

/t2
" z."q,0#

3%"q,z #
$1!z# . "29#

The above considerations show that the one-sided

z-transform plays the same role for discrete signals as the

Laplace transform for continuous signals.

2. Autoregressive model

For Eq. "29# to be useful one needs the z-transformed
autocorrelation function 3%(q,z). As described in Ref. 14,

this can be accomplished by using an autoregressive "AR#
model for the underlying dynamical variable,

'("q,t #" +
k"1

P

ak"q#'("q,t!k/t #$4"q,t #. "30#

Here P is the order of the AR process, /t is the sampling
time step, and 5ak(q)6 are constants which depend para-
metrically on q. The signal 4(q,t) is white noise of zero
mean and variance 72(q). The parameter sets 5ak(q),7

2(q)6
have been obtained from the MD data using the Burg algo-

rithm which is efficient and stable.20,21 Within the AR model

the one-sided z transform of the autocorrelation function of

the dynamical variable under consideration has the simple

form

3%"q,z #" +
k"1

P

%k"q#
z

z!zk"q#
$z$%$zk"q#$ . "31#

Here ,%k(q)- are constants depending parametrically on q,
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,

"32#

and 5zk(q)6 are the roots of the characteristic polynomial

p"z;q#"zP! +
k"1

P

ak"q#zP!k.

Inserting Eq. "31# into the general expression "29# yields an
explicit expression for the z-transformed memory function.

Applying polynomial division yields the memory function in

time, using that 2%(z)"+n"0
0 !(n)z!n.

Finally, we note that .AR(q,n)1.AR(q,n/t) is a mul-
tiexponential function

.AR"q,n #" +
k"1

P

%k"q#zk"q# $n$, "33#

and that its Fourier spectrum, which is defined as
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has ‘‘all-pole’’ form
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ρ(q, t) =
�

α

exp(iq.Rα(t))Density 

Collective motions 

[1]   G.R. Kneller and K. Hinsen. J. Chem. Phys., 115(24):11097–11105, 2001.
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SAR!q,"#!
$t%2!q#

&1"'k!1
P ak!q#exp!"i"k$t #(&1"'m!1

P am*!q#exp! i"m$t #(
. !35#

Here " is a continuous variable with !"!#)/$t . Spectral
estimation by fitting of an AR processes to a given time
series is known as the maximum entropy method.20

3. Simulation

To analyze the memory function associated with *(q,t)
we have performed molecular dynamics simulations of one
lysozyme molecule in a solvent of 3403 water molecules for
a total length of 1.2 ns after equilibration. An NpT ensemble
at ambient temperature !300 K# and normal pressure !1 atm#
was created using the extended systems method implemented
in a velocity-Verlet integrator. The simulation was run using
the simulation library MMTK !Ref. 22# and the AMBER94
force field23 with an integration time step of 1 fs.

In order to extract the memory function from the mo-
lecular dynamics trajectories we used autoregressive models
of orders P!400 and P!1000, with a sampling step of $t
!0.4 ps. The corresponding maximum relaxation times P$t
are thus, 160 and 400 ps, respectively. In order to ensure a
sufficient statistical accuracy of the numerical calculations
the value of P$t should be clearly shorter than the simula-
tion length of 1.2 ns.

IV. RESULTS AND DISCUSSION

Figures 3 and 4 show the extracted memory functions
and the corresponding fits of the FBD model !15# for two q
values (q!10 nm"1 and q!16 nm"1). Here q+!q! and the
numerical results for each q value have been obtained by
performing an isotropic average over the memory functions
corresponding to 30 different q vectors in a q interval of
$q!0.2 Å"1, centred on the respective q value. The fits of

the FBD model have been performed by minimizing a
weighted sum of errors for the memory function and corre-
sponding model spectrum, SFBD(q,"). The memory func-
tions are effectively considered for t#5 ps, since the relative
statistical error becomes too large beyond that limit. The re-
sults show a satisfactory agreement of MD data and the FBD
model. It should be noted that the memory function, which is
reliably known only for relatively short times, is consistent
with the behavior of S(q,") over the whole frequency range.
For very small frequencies the FBD model must be consid-
ered a model for the trend of the dynamic structure factor,
and collective vibrational modes lead to oscillations about
that trend. In order to estimate the numerical accuracy of the
AR model we show in Fig. 5 a comparison of calculations
with 1000 and 400 poles. In both cases q!10 nm"1, as in
Fig. 3. The memory functions in the short time regime,
which has been used to fit the FBD model, can be considered
identical and their numerical deviation may be used to esti-
mate error bars. As one would expect, there is a systematic
deviation of the spectra for low frequencies, since the slow-
est motions are better described with a memory function of
long range. In this context we refer to an earlier study where
we have shown that the memory function obtained from the
AR model decays exponentially for t$P$t .14 Within certain
limits the fits of the memory function are insensitive to the
length of the time window used. One can, for example, use a
time window of 10 ps instead of 5 ps. It must, however, been
emphasized that it makes no sense to include too many
points, since the memory functions attain rapidly a statisti-
cally nonsignificant range where they oscillate around zero.
On the other hand, one cannot use a time window signifi-
cantly shorter than 5 ps, since too few points are included in

FIG. 3. Log-log plot of the coherent dynamic structure factor of lysozyme
as a function of frequency for q!10 nm"1. The solid line represents the
simulation results and the dashed line the fitted FBD model. The parameters
of the fit are ,!4.0 ps and -!0.5.

FIG. 4. As Fig. 3, but for q!16 nm"1. The parameters of the fit are here
,!3.1 ps and -!0.6.
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3. FRACTIONAL FOKKER-PLANCK EQUATION 97
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FIGURE IV.8. Left: The function Eα(−[t/τ ]α) for α = 1/2 (solid

line), the stretched exponential exp(−[t/τ ]α) for α = 1/2 (dashed-

dotted line), and the normal expoential exp(−[t/τ ]). The inset

shows the memory function associated with Eα(−[t/τ ]α). Right:
Fourier spectra associated with the correlation function shown

in the left part.

Ordering the eigenvalues λn such that λ0 < λ1 < λ2 . . ., where λ0 = 0, it fol-

lows from the proportionality relation (IV.56) that also λα,0 < λα,1 < λα,2 . . .,
and in particular λα,0 = λ0 = 0. This shows that the equilibrium solution of a

FFPE is the same as the one of the corresponding standard FPE,

Peq(y) = lim
t→∞

P (y, t) = P0(y) (IV.58)

3.3. Correlation function and its Fourier spectrum. From the general

form (IV.57) of the solution of a FFPE one can derive a formula for the cor-

relation function

cyy(t) =

� �
dy0dy yy0P (y, t|y0, 0)Peq(y0)

=
∞�

n=1

��
dy yPn(y)

�2

Eα (−λα,nt
α) . (IV.59)

which is the generalisation of (II.159) for normal FPEs.

From the Laplace transformed form of Eα (−λα,ntα) the Fourier transform

of the autocorrelation function can be straightforwardly derived, noting that

f̃(ω) = 2�{f̂(iω)} for even functions f(t) = f(−t). One obtains [47]

c̃yy(ω) =
∞�

n=1

��
dy yPn(y)

�2

Lα(ω; τα,n), (IV.60)

Model memory 
function

SAR!q,"#!
$t%2!q#

&1"'k!1
P ak!q#exp!"i"k$t #(&1"'m!1

P am*!q#exp! i"m$t #(
. !35#

Here " is a continuous variable with !"!#)/$t . Spectral
estimation by fitting of an AR processes to a given time
series is known as the maximum entropy method.20

3. Simulation

To analyze the memory function associated with *(q,t)
we have performed molecular dynamics simulations of one
lysozyme molecule in a solvent of 3403 water molecules for
a total length of 1.2 ns after equilibration. An NpT ensemble
at ambient temperature !300 K# and normal pressure !1 atm#
was created using the extended systems method implemented
in a velocity-Verlet integrator. The simulation was run using
the simulation library MMTK !Ref. 22# and the AMBER94
force field23 with an integration time step of 1 fs.

In order to extract the memory function from the mo-
lecular dynamics trajectories we used autoregressive models
of orders P!400 and P!1000, with a sampling step of $t
!0.4 ps. The corresponding maximum relaxation times P$t
are thus, 160 and 400 ps, respectively. In order to ensure a
sufficient statistical accuracy of the numerical calculations
the value of P$t should be clearly shorter than the simula-
tion length of 1.2 ns.

IV. RESULTS AND DISCUSSION

Figures 3 and 4 show the extracted memory functions
and the corresponding fits of the FBD model !15# for two q
values (q!10 nm"1 and q!16 nm"1). Here q+!q! and the
numerical results for each q value have been obtained by
performing an isotropic average over the memory functions
corresponding to 30 different q vectors in a q interval of
$q!0.2 Å"1, centred on the respective q value. The fits of

the FBD model have been performed by minimizing a
weighted sum of errors for the memory function and corre-
sponding model spectrum, SFBD(q,"). The memory func-
tions are effectively considered for t#5 ps, since the relative
statistical error becomes too large beyond that limit. The re-
sults show a satisfactory agreement of MD data and the FBD
model. It should be noted that the memory function, which is
reliably known only for relatively short times, is consistent
with the behavior of S(q,") over the whole frequency range.
For very small frequencies the FBD model must be consid-
ered a model for the trend of the dynamic structure factor,
and collective vibrational modes lead to oscillations about
that trend. In order to estimate the numerical accuracy of the
AR model we show in Fig. 5 a comparison of calculations
with 1000 and 400 poles. In both cases q!10 nm"1, as in
Fig. 3. The memory functions in the short time regime,
which has been used to fit the FBD model, can be considered
identical and their numerical deviation may be used to esti-
mate error bars. As one would expect, there is a systematic
deviation of the spectra for low frequencies, since the slow-
est motions are better described with a memory function of
long range. In this context we refer to an earlier study where
we have shown that the memory function obtained from the
AR model decays exponentially for t$P$t .14 Within certain
limits the fits of the memory function are insensitive to the
length of the time window used. One can, for example, use a
time window of 10 ps instead of 5 ps. It must, however, been
emphasized that it makes no sense to include too many
points, since the memory functions attain rapidly a statisti-
cally nonsignificant range where they oscillate around zero.
On the other hand, one cannot use a time window signifi-
cantly shorter than 5 ps, since too few points are included in

FIG. 3. Log-log plot of the coherent dynamic structure factor of lysozyme
as a function of frequency for q!10 nm"1. The solid line represents the
simulation results and the dashed line the fitted FBD model. The parameters
of the fit are ,!4.0 ps and -!0.5.

FIG. 4. As Fig. 3, but for q!16 nm"1. The parameters of the fit are here
,!3.1 ps and -!0.6.
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Fractional BD and protein dynamics under 
pressure : neutron scattering & MD

Quantify the influence of non-denaturing pressure on the 
internal dynamics of proteins in terms of fOU parametersAuthor's personal copy

medium was heavy water which was isolated from the sam-
ple by a Teflon piston (see Fig. 1). The strong scattering by
the pressure cell was corrected for. Moreover, QENS data
were corrected for detector e!ciency, normalized to the
integrated vanadium intensity, converted to the energy
scale as well as converted from constant scattering angle
h to constant momentum transfer q.

2.2. Simulations

The simulated system consists of one lysozyme molecule
and 3403 H2O molecules in a box of dimensions
6.15 · 4.10 · 4.61 nm3. The protein structure was taken
from the Brookhaven protein databank [12] (code 193L
[13]), to which the hydrogen atoms were added according
to standard criteria concerning the chemical bond structure
of amino acids. This leads to 1960 atoms for the lysozyme
molecule and to 12,169 atoms in total for the simulated sys-
tem. All simulations have been performed in the thermody-
namic NpT-ensemble, using the program package MMTK
[14] with the AMBER94 force field [15] for molecular sim-
ulations of proteins. Within the AMBER force field the
H2O molecules are modeled by the TIP3P potential. Since
we were not interested in the solvent dynamics, we avoided
the adaptation of the TIP3P potential to model heavy
water, which was used in the experiments, and simulated
light water instead. We note that only the dynamics of
the slow, large amplitude motions of a protein is influenced
by the solvent [16], and one can consider that it is essen-
tially the viscosity of the solvent which has a major e"ect
in this context. Since the viscosities of light and heavy
water are similar, the replacement D2O ! H2O in the sim-
ulation is thus justified.

The long-range electrostatic forces and energies have
been computed with a modified Ewald summation proce-
dure [17]. In contrast to the experimental conditions, where
each lysozyme molecules carries a charge of 11e (pD 4.6),
the simulated lysozyme molecule was kept neutral to ensure
global neutrality of the simulated system. This is necessary

because the system is too small to model protein–protein
interactions and the bu"er realistically. The trajectories
used for this article have been recorded with a sampling
step of Dt = 0.04 ps. The water trajectories were not stored
and for subsequent analyses global translations and rota-
tions of the simulated lysozyme molecule have been filtered
out by performing for each sampling time step an optimal
superposition of the molecular structure with the corre-
sponding initial structure [18]. The generated trajectories
thus describe only the internal dynamics of the simulated
lysozyme molecule.

3. A simple model for protein dynamics

To interpret both the simulated and experimental data,
we use the fractional Ornstein–Uhlenbeck (OU) process
[19] as an analytical model for the atomic motions in a pro-
tein. The model describes anomalous di"usion in a har-
monic potential, where the latter accounts for the fact
that atomic motions in a protein are confined in space.
The anomalous di"usion describes slow, non-exponential
structural relaxation in the functional dynamics of pro-
teins, which has been observed in the past on the microsec-
ond to second time scale by fluorescence correlation
spectroscopy [20] and by kinetic studies [21]. The existence
of fractional Brownian dynamics in proteins on the nano-
second time scale has been recently demonstrated by anal-
yses of molecular dynamics simulations [22] and the
fractional OU process has been introduced in [23] for the
interpretation of QENS spectra from proteins. It can be
considered as an extension of a simple harmonic protein
model, which has been used in the past to describe elastic
neutron scattering profiles, in particular to extract the
‘‘resilience’’ of the protein under consideration in terms
of an average force constant [24]. The fractional OU pro-
cess adds to this a description of the relaxation dynamics,
which is measured in QENS experiments.

3.1. Time-dependent mean-square displacement

The most elementary quantity to be considered in the
context of di"usion processes is the time-dependent
mean-square displacement (MSD),

W !t" :# h$x!t" % x!0"&2i; !1"

where x is the position of the di"using particle and the
brackets indicate a thermal average. In case that the
dynamics of the particle is confined in space, the MSD will
tend to a plateau value, which is given by 2hx2i. This fol-
lows simply from definition (1), assuming a stationary sto-
chastic process, such that W(t) = 2(hx2i % hx(t)x(0)i),
where hx2i is finite due to the confinement. Using that
any position autocorrelation function hx(t)x(0)i tends to
zero for t! 1, one obtains thus limt!1W(t) = 2hx2i.
For the fractional OU process one has

hx!t"x!0"i # hx2iEa!%$t=s&a"; 0 < a 6 1; !2"

Fig. 1. Scheme of Ti–Zr high pressure cell.
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The convolution product (17) for the measured dynam-
ics structure factor can be written in the following form,
using S as the model (14),

Sm!q;x" # exp!$q2hx2i"

% !l & r" '
X1

n#1

q2nhx2in

n!2p
!LD

a;sn & r"!x"

( )

: !21"

Here LD
a;sn!x" # !La;sn & l"!x" is the convolution of a gener-

alized Lorentzian with a normal Lorentzian, for which an
analytical form can be given. Defining

~x #
!!!!!!!!!!!!!!!!!!!!!!!!!
x2 ' !Dq2"2

q
; / # arg!Dq2 ' ix"; !22"

one obtains [33]

LD
a;s!x" #

2 !~xs"a cos/' cos!(a$ 1)/"f g
~x !~xs"a ' 2 cos a/' !~xs"$af g

: !23"

In contrast to La,s, its convolution with a normal Lorentz-
ian stays finite at x = 0 if D > 0. This point is important if
one aims at evaluating the convolutions in (21) by the e!-
cient Fast Fourier Transform technique [34], as we did for
the fits presented in this article. With this method singular
functions cannot be treated and we refer to [33] to handle
the case of D = 0. It is worthwhile mentioning that the lat-
ter method can be easily generalized to include also global
di"usion, but the FFT technique is more e!cient.

4.3. Results

We start the presentation of the results with the analysis
of the MD simulations. The most basic quantity to con-
sider is the time-dependent mean-square displacement.
Fig. 3 shows the neutron-weighted average atomic MSD
of lysozyme and the fit of the model function (3). The
atomic weights are chosen to be the squared incoherent

scattering lengths. We note that the MSD computed from
MD is the sum of the MSDs in the x-, y- and z-direction,
and expression (3) must thus be multiplied by 3 for the
fit. In the latter only two of the three parameters of the
model, s and a, were used and the mean square position
fluctuation hx2i has been fixed by a separate analysis of
the MD trajectory. The resulting fit parameters can be read
o" from Table 3. It is important to emphasize that the
model parameters are quite strongly correlated, in particu-
lar hx2i and s. Therefore a good estimation of hx2i is crucial
even to estimate tendencies of s with pressure. In this con-
text we found that the direct calculation of hx2i from the
MD trajectories is less reliable than the calculation from
the EISF via expression (13) in the limit q ! 0. For ambi-
ent pressure this procedure gives a very similar result as the
direct calculation, but for p = 300 MPa the direct calcula-
tion yields a value which is about 10% smaller than the
one obtained from the EISF. This small di"erence leads
even to a slight shortening of s with pressure instead to
the lengthening seen in Table 3, and the fit is clearly less
good. If all parameters are left free in the fit, one also finds
a lengthening of s with pressure, and the resulting para-
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Fig. 3. Average atomic mean-square displacement of lysozyme in solution obtained fromMD simulation at p = 0.1 MPa and at p = 300 MPa (solid lines).
The broken lines correspond to a fit of the model according to expression (3). See Table 3 for the resulting parameters. More explanations are given in the
text.

Table 3
Parameters for the fractional Ornstein–Uhlenbeck process obtained from
fits to the simulated MSDs and to the simulated intermediate scattering
functions

0.1 MPa 300 MPa

hx2i (nm2) a s (ps) hx2i (nm2) a s (ps)

MSD 6.17 · 10$3 0.54 31.75 4.74 · 10$3 0.54 39.08

Finc(6 nm, t) 4.68 · 10$3 0.53 13.48 3.94 · 10$3 0.50 19.43
Finc(10 nm, t) 3.96 · 10$3 0.51 8.86 3.28 · 10$3 0.49 13.58
Finc(20 nm, t) 2.57 · 10$3 0.52 2.53 2.21 · 10$3 0.45 4.39
Finc(22 nm, t) 2.41 · 10$3 0.50 2.3 2.08 · 10$3 0.44 3.64

The value of hx2i is fixed according to Eq. (13).
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displacements depicted in Fig. 4 for t > 100 ps illustrates
this point. Such a behavior indicates free di!usion and is
clearly an artefact, since the motions of atoms in a protein
are confined.

4.3. Collective dynamics

In Fig. 5 we show the results for the coherent dynamic
structure factor for lysozyme in solution at p = 1 bar (thin

black line) and p = 3 kbar (thick grey line). The coherent
dynamic structure factor is here defined as Fourier trans-
form of c(q, t) with respect to time. To interpret the data
in terms of an analytical model we use again the fractional
Ornstein–Uhlenbeck process, except that the dynamical
variable is here the Fourier transformed atomic density,
i.e. a dynamical variable describing collective motions,
and not the position of a single atom. Using this model,
we assume that there is an e!ective force proportional to
dq which drives the latter back to zero, i.e. to a homoge-

Fig. 3. Left: Secondary structure of lysozyme and di!erence distance plot for the Ca-atoms at ambient pressure and at p = 2 kbar given in Ref. [23] (with
permission from Elsevier). The coloring scheme uses red for a reduction of the distance under pressure and blue for an increase. Right: The corresponding
di!erence distance plot obtained from the MD structures averaged over the respective trajectories.
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Fig. 4. Mean square displacement of lysozyme in solution obtained from
MD simulation at p = 1 bar (diamonds) and at p = 3 kbar (circles). The
fitted solid and broken line display, respectively, the mean square
displacement according to the model of fractional Brownian dynamics
for p = 1 bar (a = 0.51, sa = 32.03 ps) and p = 3 kbar (a = 0.55,
sa = 29.41 ps). The corresponding horizontal lines indicate the plateau
values which have been estimated by a separate calculation from the MD
trajectories.
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Fig. 5. Fourier spectrum of the autocorrelation function c(q, t) for the
atomic density fluctuation of lysozyme at jqj = 10 nm!1. The thin black
line corresponds to p = 1 bar and the thick grey line to p = 3 kbar. The
broken line corresponds to a fit of the model spectrum (2.18) correspond-
ing to the model of fractional Brownian motion for dq(q, t), and the inset
shows the corresponding memory functions.
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FIGURE IV.5. Schematic view of a neutron scattering experiment.

2.6. Correlation functions in neutron scattering. Thermal neutron scat-
tering is a powerful method to study the structure and the dynamics of con-
densed matter systems on the atomic scale [47, 48]. It is particularly useful for
comparison with MD simulations results since both techniques are sensitive
to the same time and length scales. Direct comparisons can be made since the
neutrons interact with the atomic nuclei in a a sample, which are the simu-
lated objects in MD simulations. The point-like neutron-nucleus interaction
for atom α is characterised by a coherent scattering length, bα,coh and an inco-
herent scattering length, bα,inc.

To better understand how analytical models can be used for the interpreta-
tion of neutron scattering data, some basic facts about neutron scattering need
first to be known.

2.6.1. Differential cross section. Fig IV.5 gives a schematic view of a neutron
scattering experiment. The neutrons, which are produced by nuclear fission or
spallation processes, arrive with a well-defined momentum k0 unto the sample
and leave with momentum k after the scattering process. More precisely, k and
k0 are momenta in units of �, and the respective energies are E = �2k2/(2m)
and E0 = �2k2

0/(2m). Here m is the neutron mass and k and k0 are the moduli
of k and k0, respectively. In the following q and ω denote, respectively, the
momentum and energy transfer in units of �, which are defined as q = k0 − k
and ω = (E0 − E)/�.

In most neutron scattering experiments, each detector records a spectrum
of the neutrons, which are scattered into the respective solid angle element

Explore the structure and the 
dynamics of condensed matter at the 
atomic scale (nm,ns)
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motional heterogeneity of the atoms this function is in general not Gaussian in

q. A gaussian form is only obtained for one tagged atom.

As already indicated, neutron scattering allows also to measure correla-

tions between different different atoms, however, only in an averaged form.

Defining the weighted N -particle density

ncoh(r, t) =
1√
N

N�

α=1

bα,cohδ(r−Rα(t)) (IV.37)

which leads to the spatial Fourier transform

ρcoh(q, t) =
1√
N

N�

α=1

bα,coh exp(−iqT · Rα(t)) (IV.38)

we can define the coherent intermediate scattering function measured in neu-

tron scattering,

Icoh(q, t) = �ρ∗coh(q, 0)ρcoh(q, t)� (IV.39)

2.6.3. Simple models and neutron scattering. When interpreting neutron scat-

tering experiments in terms of simple models one must be aware that only an

averaged picture of the atomic dynamics in the system can be obtained. In

analytical models the inherent motional heterogeneity of the atoms must be

accounted for by considering effectively one single “representative atom”.

Another important point in the experimental setup of a neutron scattering

experiment is that the measured spectra are recorded as a function of the scat-

tering angle θ and the energy transfer ω. Using simple scattering kinematics,

i.e. E0 = E + �ω and k0 = k + q, one can easily show that

q = k0

�

2− �ω

E0
− 2

�
1− �ω

E0
cos θ. (IV.40)

In case that �ω � E0, the elastic approximation holds, where q ≈ qel and

qel = 2k0 sin

�
θ

2

�
. (IV.41)

In this case one has a on-to-one relation between the scattering angle and q and

the differential scattering cross section yields directly the dynamic structure

factor, which is the quantity of interest.

2.7. Some simulation results for lysozyme. Let us now look at some re-

sults one obtains from the MD simulation for lysozyme in solution described

in Section 1.1.1 of this Chapter 4. All analyses described below have been ob-

tained from a 1.2 ns trajectory, where global translations and rotations of the

lysozyme molecule have been removed. The resulting atomic trajectories are

thus confined in space.
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dΩ. The number of neutrons per unit flux which is scattered into a certain
solid angle element dΩ, and whose energy transfer is in the interval [ω,ω + dω]
defines the differential scattering cross section,

∂2σ

∂Ω∂ω
≈ k

k0
{Scoh(q, ω) + Sinc(q, ω)} (IV.32)

which is measured in neutronn scattering experiments. Here Scoh(q, ω) and
Sinc(q, ω) are, respectively, the coherent and incoherent dynamic structure fac-
tor, which are each time Fourier transform of corresponding intermediate scat-
tering functions,

S(q, ω) =
1

2π

� +∞

−∞
dt exp(−iωt)I(q, t) (IV.33)

The appropriate indices “inc” and “coh” may be added here, and the above
definition is also used in other contexts than neutron scattering.

2.6.2. Intermediate scattering functions. Using the definitions of the preced-
ing sections, we can define the quantities measured by thermal neutron scat-
tering. The incoherent intermediate scattering function measured in neutron
scattering experiments is given by

Iinc(q, t) =
1

N

N�

α=1

|bα,inc|2�ρ∗α(q, 0)ρα(q, t)� (IV.34)

For systems containing a large proportion of hydrogen atoms, the incoherent
scattering of the latter dominate and one measures effectively the average in-
termediate scattering function of all hydrogen atoms in the sample.

If the atomic motions are confined in space, such as for internal protein
dynamics, the incoherent intermediate scattering function tends to a plateau
value, which has a proper name in neutron scattering: Elastic Incoherent Struc-
ture Factor (EISF). The latter is a static average,

EISF (q) = lim
t→∞

Iinc(q, t) =
1

N

N�

α=1

|bα,inc|2�|ρα(q)|2� (IV.35)

In the Gaussian approximation – a strict validity of a Gaussian model can
rarely be assumed for real systems – the EISF takes a particularly simple form

EISF (q) ≈ 1

N

N�

α=1

|bα,inc|2 exp

�
−q2

3
�u2

α�
�

(IV.36)

assuming isotropic motion. Here it has been used that limt→∞Wα(t) = 2�u2
α�,

where �u2
α� is the position fluctuation of atom α. It should be noted that due to

Single particle dynamics 

Structure and collective dynamics

S(q,ω) =
1
2π

� +∞

−∞
dt exp(−iωt)I(q, t)

d2σ

dΩdω
=

k

k0
S(q,ω)

Neutron scattering - ns time scale
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FIGURE IV.11. Dynamic structure factor for the fractional OU

process for α = 0.5. The ω-axis and the ordinate are on a loga-

rithmic scale. The series (IV.81) has been truncated after n = 20.

obtained from (IV.57). In analogy with (IV.59) one writes

I(q, t) =

� �
dx0dx exp(iq[x− x0])P (x, t|x0, 0)Peq(x0)

=
∞�

n=0

����
�

dx exp(iqx)Pn(x)

����
2

Eα (−λα,nt
α) . (IV.77)

In contrast to eq. (IV.59) the sum in (IV.77) runs from 0 to∞, since the term with

n = 0 does not vanish here. This term yields in effect the elastic incoherent

structure factor (EISF),

EISF (q) =

����
�

dx exp(iqx)P0(x)

����
2

. (IV.78)

If the dynamical model is the fractional Ornstein-Uhlenbeck process, the

intermediate scattering function takes the form

I(q, t) = exp(−q2�x2�)
∞�

n=0

q2n�x2�n

n!
Eα (−nηαtα) (IV.79)

Since the EISF is a static average, we obtain the same result as for the normal

OU process – see Eq. (IV.43),

EISF (q) = lim
t→∞

I(q, t) = exp
�
−q2�x2�

�
(IV.80)
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In the limit where α tends to 1 we have Eα (−nηαtα) → exp(−nηt), and

since exp(−nηt) = exp(−ηt)n, the series in (IV.79) represents the function

exp(q2�x2� exp[−ηt]). One retrieves thus the intermediate scattering function

corresponding to the standard OU process given in (IV.42). In the general

case, where 0 < α < 1, a closed form cannot be given, since Eα (−nηαtα) �=
Eα (−ηαtα)n

.

The dynamic structure factor is obtained by the Fourier transform (IV.33),

inserting expression (IV.79):

S(q, ω) = exp(−q2�x2�)
�

δ(ω) +
∞�

n=1

q2n�x2�n

n!

1

2π
Lα(ω; τα,n)

�
(IV.81)

The generalized Lorentzians Lα(ω; τ) are given by (IV.61). Combining (IV.56),

(IV.62) and (II.164) one finds that the relaxation rates are given by

τα,n =
τ̃

(nητ̃)1/α
(IV.82)

Fig. IV.11 shows the dynamic structure factor given in Eq. (IV.81) for α = 0.5,

using the first 20 terms in the series. The convergence has been checked em-

pirically. One notices that the dynamic structure factor has a very weak q-

dependence.

4.6. Fitting neutron scattering data. Let us now see how the model (IV.81)

fits to experimental data. For this purpose we take the reference data from

Doster et al. for myoglobin [61]. These data have been obtained from a hy-

drated myoglobin powder. This type of sample has been often used in the past

in order to suppress global translations and rotations of the proteins. In this

way only the dynamics of interest, namely the internal dynamics of proteins is

seen in the neutron scattering experiments.

4.6.1. Using the EISF. Expression (IV.81) depends formally on three param-

eters, which are α, τ , and the position fluctuation �x2�. Since the integral� +∞
−∞ dω S(q, ω) cannot be obtained with certainty from experiment, there is

even a fourth fit parameter – the amplitude of S(q, ω). The dynamic struc-

ture factor can nevertheless be fitted with three parameters, since the position

fluctuation can be obtained separately from a measurement of the EISF. The

latter has the Gaussian form (IV.80) for the model discussed here. Fig. IV.12

shows the EISF obtained from a hydrated myoglobin powder for T = 277 K
and T = 320 K. The curves have been re-plotted from the data presented

in [61]. The solid line represents the EISF at T = 300 K obtained from an MD

simulation of a single myoglobin molecule [62]. Global translations and rota-

tions have been subtracted prior to the calculation of the EISF.

It should be noted that q is to be considered as an experimental parameter

and that the elastic approximation (IV.41) is strictly valid for the EISF, since
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where Lα(·; ·) are the generalised Lorentzians

Lα(ω; τ) =
2τ sin(απ/2)

|ωτ | (|ωτ |α + 2 cos(απ/2) + |ωτ |−α)
, 0 < α ≤ 1 (IV.61)

The relaxation times τα,n are defined as

τα,n = λ−(1/α)
α,n , n �= 0 (IV.62)

with λα,n from Eq. (IV.56). Note that Lα(ω; τ) is singular at ω = 0 if α �= 1.

This is due to the fact that Eα(−(t/τ)α) is a self-similar function which has no

characteristic time scale. The limiting behaviour for large frequencies is

Lα(ω; τ) ∝ ω−(1+α)
(IV.63)

In contrast to the generalised stretched exponential, Eα(−tα), whose

Fourier spectrum have in general a simple analytical form – but not the func-

tion itself – the inverse is true for the normal stretched exponential, ψSE(t; α) ≡
exp(−tα). The α = 1/2 is one of the exceptions for which the Fourier spectrum

of the latter can be computed analytically. In this case the Laplace transform
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and the corresponding Fourier spectrum is again obtained from the relation

f̃(ω) = 2�{f̂(iω)} for even functions f(t).
The right part of Fig. IV.8 shows the Fourier spectra of E1/2(−|t|1/2),

exp(t−1/2), and exp(−t) which are depicted in the left part. One recognises

that the Fourier spectrum of E1/2(−|t|1/2) is almost featureless. This illustrates

the self-similarity of dynamical processes described by FFPEs – any zoom on

the frequency scale yields a similar pattern of the Fourier spectrum.

4. Fractional OU process and applications

4.1. Description of the model and solution of the FFPE. We try now to

find a simple analytical model which aims to describe with a few parameters

the diffusive dynamics of an atom in a protein. The model must describe a

stochastic process which leads to confined motions in space and to the non-

exponential relaxation processes seen in Figs. IV.6 and IV.7. A candidate is the

fractional version of the OU process discussed earlier. The latter is a model for

diffusive motion in a harmonic potential which is schematically depicted in the

left part of Fig. IV.9. Due to the form of the potential the resulting motions are

confined in space. One can imagine that the anomalous diffusion described by

its fractional counterpart is caused by a highly irregular, “rugged” version of

the harmonic potential, which is shown in the right part of Fig. IV.9. A similar

qualitative description of the potential energy surface for a protein has been
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At this point one can make use of the relation

Eα (−tα) =
1

2πi

�

C

ds
exp(st)

s(1 + s−α)
, (IV.52)

where Eα(z) is the Mittag-Leffler function [58]

Eα(z) =
∞�

k=0

zk

Γ(1 + αk)
(IV.53)

One recognises that Eα(z) is a generalised exponential, where the Gamma
function Γ(1 + αk) replaces the factorial k! in the series representation of a
normal exponential function. The functions Eα (−tα) may be considered as
generalised stretched exponential functions, where the normal stretched exponen-
tial is defined as exp (−tα) and has been used in the Kohlrausch-Williams-Watt
model for dielectric relaxation [59]. The left part of Fig. IV.8 shows the func-
tions Eα (−tα) and exp (−tα) for α = 1/2 together with a normal exponential
function, exp(−t). Here it has been used that [58]

E1/2

�
−t1/2

�
= exp(t)erfc(t1/2). (IV.54)

The memory function shown in the inset will be discussed later. The gen-
eralised stretched exponential functions decay monotonically to zero with
t→∞, and for large times one can make the approximation

Eα (−λα,nt
α) ≈

λ−1
n,αt−α

Γ(1− α)
(IV.55)

Using the above relations and the rescaled eigenvalues

λα,n := τ̃ 1−αλn (IV.56)

the inverse Laplace transform of (IV.51) can be cast into the form

P (y, t) =
�

n

Pn(y)Qn(y0)Eα (−λα,nt
α) (IV.57)

Due to (IV.55) the solution of a FFPE has thus by construction an algebraic
long time tail. In the limit α → 1 each generalised stretched exponential
in (IV.57) is replaced by exp(−λnt), and one retrieves the eigenfunction repre-
sentation (II.156) for the solution of a standard FPE. The transition from a FPE
to its fractional counterpart leads thus to the replacement of exp(−λnt) −→
Eα (−λα,ntα) in the eigenfunction expansion of the general solution.

If the Fokker-Planck operator describes a system close to thermal equilib-
rium, it possesses only negative eigenvalues, except for one which is zero and
which is associated to the eigenfunction P0(y) = Peq(y), representing the equi-
librium density. The corresponding left eigenfunction is given by Q0(y) = 1.

λn = nη

Anomalous diffusion
in a harmonic 

potential
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Within the model the intermediate scattering function
has the form

I!q; t" # exp!$q2hx2i"
X1

n#0

q2nhx2in

n!
Ea $%t=sn&a! "; 0< a6 1;

!10"

where sn is given by

sn # sn$1=a: !11"

Static correlation functions obtained from the model are
the same as for the standard OU process. In the context
of neutron scattering this concerns the elastic incoherent
structure factor (EISF),

EISF!q" # lim
t!1

I!q; t" # exp!$q2hx2i"; !12"

which has Gaussian form. In reality the Gaussian approx-
imation holds strictly only for q ! 0 [30]. Calculating hx2i
via

hx2i # $ ln!EISF%q&"=q2 !13"

one obtains a strongly q-dependent position fluctuation.
Fig. 2 illustrates this aspect. Therefore, in the following
hx2i, as well as the parameters a and s of the fractional
OU process are considered q-dependent.

The dynamic structure factor associated with the inter-
mediate scattering function (10) reads

S!q;x" # exp!$q2hx2i" d!x" '
X1

n#1

q2nhx2in

n!2p
La;sn!x"

( )

;

!14"

where La,s(Æ) is the generalized Lorentzian [22]

La;s!x" #
2s sin!ap=2"

xs !xs"a ' 2 cos!ap=2" ' !xs"$a! "
; 0 < a 6 1:

!15"

4. Data analysis and results

4.1. Fitting simulated time correlation functions

The ‘‘natural’’ quantities for the analysis of MD simula-
tions are MSDs and time correlation functions, which can
be directly computed from the trajectories. In the present
study we used the MD analysis package nMoldyn for this
purpose [31]. To fit expressions (3) or (10) to the corre-
sponding simulated functions one needs thus to evaluate
functions of the type Ea($ta). We found the following pro-
cedure satisfactory. Starting from the decomposition (5) we
perform the variable change u = ka to obtain

Ea!$ta" # 1

pa

Z 1

0

du
sin!pa"

u2 ' 2u cos!pa" ' 1
exp!$u1=at";

!16"

where the integral is evaluated numerically. The variable
change k ! u leads to a well-behaved, non-singular inte-

grand and allows to compute Ea($ta) for large arguments
t, where the series expansion (4) converges extremely
slowly. The method can be tested for the special case
a = 1/2, for which an analytical solution is known:
E1=2!$t1=2" # exp!t"erfc!

!!
t

p
" [25].

4.2. Fitting QENS spectra

The model introduced in Section 3 describes internal
protein dynamics and to be useful for the interpretation
of QENS spectra of protein solutions the e!ects of global
di!usion and of finite instrumental resolution must be
incorporated. Neglecting multiple scattering e!ects and
absorption, and assuming that global di!usion of the lyso-
zyme molecules and internal motions are decoupled, we
write the measured dynamic structure factor as convolu-
tion product (defining !f ( g"!x" #

R'1
$1 dx0f !x$ x0"

g!x0"):

Sm!q; t" # !S ( l ( r"!x": !17"

Here S stands for the dynamic structure factor of the mod-
el, l is a Lorentzian describing translational di!usion (D is
the di!usion constant),

l!x" # 1

p
Dq2

!Dq2"2 ' x2
!18"

and r is the resolution function, which is well described by a
Gaussian,

r!x" #
exp $ x2

2r2

" #

!!!!!!
2p

p
r

; !19"

with r > 0 and a half width at half maximum (HWHM) of
DE ) 1.17r. Both r(Æ) and l(Æ) are normalized such thatR'1
$1 dxr!x" # 1 and

R'1
$1 dxl!x" # 1.

From light scattering experiments one can estimate the
relevance of translational di!usion for QENS spectra. In
the work of Nystrom and Roots [10], which has been per-
formed in similar conditions, the di!usion coe"cient at
p = 0.1 MPa and p = 300 MPa is found to be D =
1.45 · 10$4 nm2/ps and D = 1.25 · 10$4 nm2/ps, respec-
tively. The width of the corresponding Lorentzian being
Dq2, we obtain for q = 20 nm$1 and p = 0.1 MPa a width
Dq2 = 0.038 meV, which is comparable to the instrumental
resolution. To estimate the influence of rotational di!usion
on the measured QENS spectra we use the di!usion con-
stant for rotational di!usion [32], assuming that the protein
under consideration has spherical shape,

cr #
kBT
4pga3

: !20"

Here a is the radius of the protein and g is the shear viscos-
ity of the solvent (water). For lysozyme, which has a radius
of a = 1.45 nm, one obtains cr = 1.06 · 108 s$1 at T =
293 K. This corresponds to a width of 7 · 10$5 meV, which
is far below the instrumental resolution. Rotational di!u-
sion needs therefore not be considered in the model.
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and the MSD takes the form

W !t" # 2hx2i 1$ Ea!$%t=s&a"! ": !3"

Here Ea(z) is the Mittag–Le!er function [25]

Ea!z" #
X1

k#0

zk

C!1' ak" ; !4"

where C(Æ) denotes the generalized factorial [26]. One recog-
nizes that for a = 1, where C(1 + ak) = C(1 + k) = k!, the
exponential function is retrieved from expression (4), i.e.
E1(z) = exp(z). In this case the fractional OU process be-
comes the well-known Markovian OU process [27–29].
As indicated in [23], the fractional counterpart is character-
ized by non-Markovian memory e"ects, which lead to non-
exponential correlation functions.

Expressions (2) and (3) show that the proposed model
contains three parameters:

(1) the position fluctuation hx2i,
(2) the parameter a indicating the deviation from Mar-

kovian behavior,
(3) the time scale parameter s.

3.2. Relaxation rate spectrum

The function Ea($[t/s]a) appearing in (2) and (3) can be
considered as a ‘‘stretched’’ generalized exponential func-
tion. The non-exponential character of this function can
be most easily visualized by writing it as a superposition
of normal exponential functions. Using for simplicity a
dimensionless time variable we have

Ea!$ta" #
Z 1

0

dkpa!k" exp!$kt"; !5"

where pa(k) is a normalized and positive distribution func-
tion, which is of the form [21,23]

pa!k" #
1

p
ka$1 sin!pa"

k2a ' 2ka cos!pa" ' 1
; 0 < a < 1: !6"

In the limit a ! 1 we have [23]

lim
a!1

pa!k" # d!k$ 1"; !7"

in agreement with lima!1Ea($ta) = exp($t).

3.3. Modeling incoherent neutron scattering

We consider in the following the dynamic structure fac-
tor for incoherent neutron scattering:

S!q;x" # 1

2p

Z '1

$1
dt exp!$ixt"I!q; t"; !8"

where I(q, t) is the incoherent intermediate scattering
function, which depends on the position of the scattering
atom

I!q; t" # hexp!iq%x!t" $ x!0"&"i: !9"

Here q = jqj is the modulus of the momentum transfer
which the neutron transfers to scattering atom in the scat-
tering process. Within the model we assume that the system
under consideration is isotropic and that the protein
dynamics, which is seen in incoherent neutron scattering,
can be described by one ‘‘representative’’ atom. In this case
it su#ces to consider one coordinate of the scattering atom,
which is chosen to be the x-coordinate. In view of the pre-
dominance of incoherent scattering by hydrogen atoms, the
representative atom in the model is a representative hydro-
gen atom.

0 20 40 60 80 100
0

0.2

0.4

0.6

0.8

1

0.1 Mpa
300 MPa

EI
SF

q [nm-1]

0 20 40 60 80 100
0

0.002

0.004

0.006

x2
[n

m
2

]

q [nm-1 ]

!
"

Fig. 2. Simulated EISF of lysozyme for p = 0.1 MPa (bullets) and p = 300 MPa (squares). The inset shows the position fluctuations derived from
expression (13).
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EISF (q) ≈ exp(−q2�x2�(q))

Account for translational diffusion 
and instrumental resolution

where σ is a parameter proportional to the magnitude of the atomic position fluctuations.

Setting µ = λσ2
the above definition leads to

EISF (q) =

� ∞

0

dµ w(µ) exp(−µq2), (19)

where w(µ) is the rescaled distribution

w(µ) =
1

σ2
p
� µ

σ2

�
. (20)

Assuming a Gaussian model for individual atomic motions, w(µ) can be considered as

distribution function for atomic position fluctuations.

In the following we suppose that p(λ) is given by the shifted Gamma distribution
14

,

p(λ; α, β) = p0(λ− α; β), α > 0, (21)

where

p0(λ; β) = θ(λ)
(βλ)β

λΓ(β)
exp(−βλ), 0 < β <∞, (22)

and θ(.) is the Heaviside unit step function. Expression (17) shows that ψ(t) is the Laplace

transform of p(λ) and also the moment generating function of the latter. For the distribu-

tion function (21) the function ψ(t; α, β) has a simple analytical form,

ψ(t; α, β) = exp(−αt)

�
1

1 + t/β

�β

. (23)

Knowing that limβ→∞(1 + t/β)β = exp(t), one sees that

lim
β→∞

ψ(t; α, β) = exp(−[α + 1]t). (24)

Consequently

lim
β→∞

p(λ; α, β) = δ(λ− [α + 1]), (25)

where δ(.) denotes the Dirac distribution. The cumulants associated with p(λ), which are

obtained through

ck{p} := (−1)k ∂k ln(ψ(t))

∂tk

����
t=0

, k = 1, 2, . . . , (26)

are here found to be

ck{p} =






1 + α if k = 1,

(k−1)!
βk−1 if k = 2, 3, . . . .

(27)
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meters are very similar to the ones found by imposing hx2i
obtained from the EISF. In view of these findings the fitted
values for a and s for the MSD at p = 300 MPa, which
have been published in [35], must be considered erroneous.

Fig. 4 shows the intermediate scattering function and
the fitted model for q = 6 nm!1 and q = 20 nm!1 for the
two pressures of p = 0.1 MPa and p = 300 MPa, respec-
tively. The corresponding model parameters are listed in
Table 3. The fits were performed with expression (10),
using eight terms in the sum. As already indicated, I(q, t)
has been fitted by using the q-dependent position fluctua-
tions shown in Fig. 2.

Fig. 5 displays experimental QENS spectra at q =
20 nm!1 and the corresponding fit of expression (21),
which accounts for finite instrumental resolution and for
free translational di!usion of the lysozyme molecules in
the solution. As for the fits of the simulated intermediate
scattering functions, the position fluctuations have been
read o! from Fig. 2. The fit parameters a, s and the di!u-
sion coe"cient D are given in Table 4 for two q-values:
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Fig. 4. Fit of the simulated incoherent dynamic structure factor (solid
lines) with expression (10) (broken lines) for p = 0.1 MPa (upper part) and
p = 300 MPa (lower part). The parameters are given in Table 3.
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Fig. 5. Log–log plot of experimental QENS spectra for q = 20 nm!1

(bullets) at ambient pressure (top) and at p = 300 MPa (bottom) as a
function of x (angular frequency). The solid lines represent the fits of the
analytical model defined in Eq. (14) using the parameters given in Table 4.

Table 4
Parameters obtained from a fit of expression (21) to the experimental
QENS spectra

Sinc(20 nm
!1,x) Sinc(22 nm

!1,x)

0.1 MPa hx2i (nm2) 2.57 · 10!3 2.41 · 10!3

a 0.35(2) 0.40(2)
s (ps) 3(2) 3(1)
D "nm2 ps!1# 0.53(3) · 10!4

300 MPa hx2i (nm2) 2.21 · 10!3 2.08 · 10!3

a 0.52(1) 0.55(1)
s (ps) 5.2(2) 4.7(3)
D "nm2 ps!1# 0.50(3) · 10!4

The value of hx2i is fixed according to Eq. (13).
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Fig. 6. Fitted model parameter s as a function of q for p = 0.1 MPa and
p = 300 MPa. The black squares and the circles correspond to the analysis
of the MD data at 0.1 MPa and at 300 MPa, respectively. The black
and white triangles correspond to the fits to the experimental QENS
spectra.
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tively. The corresponding model parameters are listed in
Table 3. The fits were performed with expression (10),
using eight terms in the sum. As already indicated, I(q, t)
has been fitted by using the q-dependent position fluctua-
tions shown in Fig. 2.

Fig. 5 displays experimental QENS spectra at q =
20 nm!1 and the corresponding fit of expression (21),
which accounts for finite instrumental resolution and for
free translational di!usion of the lysozyme molecules in
the solution. As for the fits of the simulated intermediate
scattering functions, the position fluctuations have been
read o! from Fig. 2. The fit parameters a, s and the di!u-
sion coe"cient D are given in Table 4 for two q-values:
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Table 4
Parameters obtained from a fit of expression (21) to the experimental
QENS spectra

Sinc(20 nm
!1,x) Sinc(22 nm

!1,x)

0.1 MPa hx2i (nm2) 2.57 · 10!3 2.41 · 10!3

a 0.35(2) 0.40(2)
s (ps) 3(2) 3(1)
D "nm2 ps!1# 0.53(3) · 10!4

300 MPa hx2i (nm2) 2.21 · 10!3 2.08 · 10!3

a 0.52(1) 0.55(1)
s (ps) 5.2(2) 4.7(3)
D "nm2 ps!1# 0.50(3) · 10!4

The value of hx2i is fixed according to Eq. (13).
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Within the model the intermediate scattering function
has the form

I!q; t" # exp!$q2hx2i"
X1

n#0

q2nhx2in

n!
Ea $%t=sn&a! "; 0< a6 1;

!10"

where sn is given by

sn # sn$1=a: !11"

Static correlation functions obtained from the model are
the same as for the standard OU process. In the context
of neutron scattering this concerns the elastic incoherent
structure factor (EISF),

EISF!q" # lim
t!1

I!q; t" # exp!$q2hx2i"; !12"

which has Gaussian form. In reality the Gaussian approx-
imation holds strictly only for q ! 0 [30]. Calculating hx2i
via

hx2i # $ ln!EISF%q&"=q2 !13"

one obtains a strongly q-dependent position fluctuation.
Fig. 2 illustrates this aspect. Therefore, in the following
hx2i, as well as the parameters a and s of the fractional
OU process are considered q-dependent.

The dynamic structure factor associated with the inter-
mediate scattering function (10) reads

S!q;x" # exp!$q2hx2i" d!x" '
X1

n#1

q2nhx2in

n!2p
La;sn!x"

( )

;

!14"

where La,s(Æ) is the generalized Lorentzian [22]

La;s!x" #
2s sin!ap=2"

xs !xs"a ' 2 cos!ap=2" ' !xs"$a! "
; 0 < a 6 1:

!15"

4. Data analysis and results

4.1. Fitting simulated time correlation functions

The ‘‘natural’’ quantities for the analysis of MD simula-
tions are MSDs and time correlation functions, which can
be directly computed from the trajectories. In the present
study we used the MD analysis package nMoldyn for this
purpose [31]. To fit expressions (3) or (10) to the corre-
sponding simulated functions one needs thus to evaluate
functions of the type Ea($ta). We found the following pro-
cedure satisfactory. Starting from the decomposition (5) we
perform the variable change u = ka to obtain

Ea!$ta" # 1

pa

Z 1

0

du
sin!pa"

u2 ' 2u cos!pa" ' 1
exp!$u1=at";

!16"

where the integral is evaluated numerically. The variable
change k ! u leads to a well-behaved, non-singular inte-

grand and allows to compute Ea($ta) for large arguments
t, where the series expansion (4) converges extremely
slowly. The method can be tested for the special case
a = 1/2, for which an analytical solution is known:
E1=2!$t1=2" # exp!t"erfc!

!!
t

p
" [25].

4.2. Fitting QENS spectra

The model introduced in Section 3 describes internal
protein dynamics and to be useful for the interpretation
of QENS spectra of protein solutions the e!ects of global
di!usion and of finite instrumental resolution must be
incorporated. Neglecting multiple scattering e!ects and
absorption, and assuming that global di!usion of the lyso-
zyme molecules and internal motions are decoupled, we
write the measured dynamic structure factor as convolu-
tion product (defining !f ( g"!x" #

R'1
$1 dx0f !x$ x0"

g!x0"):

Sm!q; t" # !S ( l ( r"!x": !17"

Here S stands for the dynamic structure factor of the mod-
el, l is a Lorentzian describing translational di!usion (D is
the di!usion constant),

l!x" # 1

p
Dq2

!Dq2"2 ' x2
!18"

and r is the resolution function, which is well described by a
Gaussian,

r!x" #
exp $ x2

2r2

" #

!!!!!!
2p

p
r

; !19"

with r > 0 and a half width at half maximum (HWHM) of
DE ) 1.17r. Both r(Æ) and l(Æ) are normalized such thatR'1
$1 dxr!x" # 1 and

R'1
$1 dxl!x" # 1.

From light scattering experiments one can estimate the
relevance of translational di!usion for QENS spectra. In
the work of Nystrom and Roots [10], which has been per-
formed in similar conditions, the di!usion coe"cient at
p = 0.1 MPa and p = 300 MPa is found to be D =
1.45 · 10$4 nm2/ps and D = 1.25 · 10$4 nm2/ps, respec-
tively. The width of the corresponding Lorentzian being
Dq2, we obtain for q = 20 nm$1 and p = 0.1 MPa a width
Dq2 = 0.038 meV, which is comparable to the instrumental
resolution. To estimate the influence of rotational di!usion
on the measured QENS spectra we use the di!usion con-
stant for rotational di!usion [32], assuming that the protein
under consideration has spherical shape,

cr #
kBT
4pga3

: !20"

Here a is the radius of the protein and g is the shear viscos-
ity of the solvent (water). For lysozyme, which has a radius
of a = 1.45 nm, one obtains cr = 1.06 · 108 s$1 at T =
293 K. This corresponds to a width of 7 · 10$5 meV, which
is far below the instrumental resolution. Rotational di!u-
sion needs therefore not be considered in the model.
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slow dynamical regime ➡ slowing down
large scale motions are particularly concerned. The effect 
disappears for motions localized within a radius of about 1.5  ̊A.

fast dynamical regime ➡ acceleration
The effect progressively decreases with increasing 
localization of the observed motions.

A more detailed analysis of fast (20 ps) and 
slow protein dynamics (1 ns)
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Simulating the protein dynamics seen 
by NMR spectroscopy

Express NMR relaxation rates/NOEs in terms of 
the Fourier spectrum of the N-H reorientational 
time correlation function

Jii(ω) =
� ∞

0
dt cos ωt cii(t)

cii(t) = Cii,R(t)Cii,I(t)

global rotation internal dynamics C(t) =
4π

5

2�

m=−2

(−1)m�Y2,−m(θ(0),φ(0))Y2,m(θ(t),φ(t))�
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N-H  reorientational correlations in the peptide
planes of calbindin seen by MD simulation

trajectory 1 ns 
Δt=40 fs
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collective motions
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lysozyme

res 104
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res 104

try fits with 1 & 2 exponentials
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res 104

Rotational fractional Brownian dynamics

CI
ii(t) = S2

ii + (1− S2
ii)Eα(−[t/τ ]α) Eα(z) =

∞�

k=0

zk

Γ(1 + αk)
,

0 10 20 30 40

t [ps]

0.7
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0.8
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0.95

1
C

(t
)

α=0.3, τ=0.8 ps, S2=0.7fOU :
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!
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1
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1.5
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p!!" 104, "#0.287153, $#0.812073

λ

lysozyme

0 < α < 1

Eα(−(t/τ)α) =
� ∞

0
dλ p(λ) exp(−λt)
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Again Redfield’s theory

A. Abragam, Principles of Nuclear Magnetism (Clarendon Press, Oxford, 1961)

Compute experimental quantities from MD 
simulation
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analytical expression for J(ω) = FT [C0(t)CI(t)]

J(ω) =
S2τ0

1 + (ωτ0)2
+ (1− S2)

2
a

(aτ)α cos β + cos[β(1− α)]
(aτ)α + (aτ)−α + 2 cos βα

C0(t) = exp(−t/τ0)

a =
�

ω2 + (1/τ0)2, β = arg(1/τ0 + iω),

2 4 6 8 10
!

0.2

0.4

0.6

0.8

J!!"
JLG(ω)

JLG(ω)

2
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R1 [s-1]

(Experimental data from : M. Buck et al. Biochemistry, 34(12):4041–4055, 1995.)
V. Calandrini, D. Abergel, and G. R. Kneller,  J. Chem. Phys., vol. 133, p. 145101, 2010.
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Estimating correlation times in NMR
cii(t) = Cii,R(t)Cii,I(t)

global rotation internal dynamics

CI(t) = S2 + (1− S2)Eα (− [t/τ ]α)CR(t) = exp(−[t/τ0])

τtot =
� ∞

0
dt c(t) = J(0)

α = 1 α = 0

The form of CI(t)
matters !

3

nential functions pML(λ)

Eαii(−[t/τii]αii) =
� ∞

0

dλ pML(λ) exp(−λt), (4)

where pML(λ) > 0 and
�∞
0

dλ pML(λ) = 1, since
Eαii(0) = 1. As outlined in ref. 5, the relaxation rate
spectrum can be obtained from Eq. (4) by an inverse
Stieltjes transform [29], yielding

pML(λ) =
τi

π

(τiλ)αi−1 sin(παi)
(τiλ)2αi + 2(τiλ)αi cos(παi) + 1

, (5)

where 0 < αi < 1. For αi = 1, pML(λ) is a Dirac dis-
tribution centered at λ = τ−1

i
, since the ML reduces

to a single exponential. As a consequence of the self-
similarity of Eαi(−[t/τi]αi), none of the moments of this
distribution are finite, which implies that a typical mean
relaxation rate does not exist. On the contrary the me-
dian is well defined and it has been proven in reference
25 that it corresponds to λ = τ−1

i

Within this phenomenological approach one can derive
an analytical expression for the spectral density functions
Jii(ω) pertaining to each residue. The latter is obtained
from the Fourier transform of the total autocorrelation
function Cii(t) = CROT(t)CI

ii
(t). Assuming for CI

ii
(t) the

expression given by Eq. (3), one has [25]

Jii(ω) =
S2

ii
τ0

1 + (ωτ0)2
+(1−S2

ii
)
1
a

(aτi)α
i

cos β + cos[β(1− αi)]
(aτi)α

i
+ (aτi)−αi + 2 cos βαi

(6)

with cos β = (τ0a)−1, sinβ = ω/a and a =
�

τ−2

0
+ ω2.

For ω = 0 Eq. (6) reduces to

Jii(0) ≡
� ∞

0

C(t) dt = S2

ii
τ0 + (1− S2

ii
)
τi( τi

τ0
)αi−1

1 + ( τi
τ0

)α
i

. (7)

Setting the above expression equal to the corresponding
expression obtained in the framework of the Lipari-Szabo
approach, J(0) = S2τ0 + (1 − S2)τeff [1 + τeff/τ0]−1,
one obtains the relation between the effective relaxation
times τeff of the model-free and the parameters of the
fOU model

τeff,i = τ(
τi

τ0

)αi−1, 0 < αi ≤ 1. (8)

The calculated internal autocorrelation functions
CI

ii
(t) are fitted to expression (3). For all the residues

the fit has been carried out either by leaving S2
ii

free to
vary and by keeping S2

ii
fixed to the value directly calcu-

lated by MD trajectory,

S2

ii
=

4π

5

2�

m=−2

| � Y m

2 (θi(t)φi(t)) � |2, (9)

while αi and τi are left free to vary in both cases. Some
examples of the fits based on the first strategy are given

in Figure 1, while the parameters obtained from both
types of fit are summarized in Figure 2.

Notice that the fitting procedure requires the numer-
ical evaluation of functions of the type Eα(−[t/τ ]α) for
0 < α < 1. Since for large arguments the series (2) con-
verges slowly, we used their integral representation based
on the relaxation rate spectrum, Eq. (4). This procedure
has proven to be satisfactory in references 24 and 12,
noting that α should not be too close to 1. We note in
figure 2 that the most important differences between the
two types of fits corresponds to the residues for which the
minimization procedure provides α ∼ 1, which is numer-
ically not safe. Elsewhere the two fits are qualitatively
in good agreement despite minor differences in the more
flexible regions where the two sets of order parameters
are slightly different . We remark that the values of τi

are in general much smaller than the effective times τeff,i

obtained by Buck et al. from the analysis of experimental
data using the Lipari-Szabo model. This is not a contra-
diction since the physical meaning of the two parameters
is different; τeff,i corresponds to the integral of the in-
ternal time correlation function while τi is the inverse of
the median of the distribution of relaxation times. Using
equation (8) and the fit parameters of the fOU model one
can calculate the equivalent effective time to be compared
with the one estimated by Buck and coworkers. The typ-
ical values of τeff,i range from about 0.05 to 500 ps, in
agreement with the experiment (data not shown).

In order to calculate the 15N spin relaxation rates for
each residue i, we used the Redfield theory [1]. Within
this theoretical framework and under the hypothesis that
cross-correlated interference effects between close 15N
nuclei are negligible [3, 4], longitudinal and transverse
amide15N relaxation rates (R1i and R2i) and 15N{1H}
heteronuclear Overhauser enhancement factors (ηnhi)
are given in terms of the spectral density functions Jii(ω),
pertaining to each residue:

R2 i = d2

�
2Jii(0) +

3
2
Jii(ωn) +

1
2
Jii(ωh − ωn)

+3Jii(ωh) + 3Jii(ωh + ωn)
�

+c2

�4
3
Jii(0) + Jii(ωn)

�

R1 i = d2

�
3Jii(ωn) + Jii(ωh − ωn) + 6Jii(ωh + ωn)

�

+2c2Jii(ωn)

ηnh i = 1 +
γH

γN

d2

R1

�
6Jii(ωh + ωn)− Jii(ωh − ωn)

�

(10)

where

d2 =
µ2

0h̄
2

16π2

(γHγN )2

10r6

nh
and c2 =

(γNB0∆σN )2

15
.

In the above expressions, ωi is the Larmor frequency of
the i atom (with i =H, N), rnh is the average NH dis-

!tot = S2!0 + (1 ! S2)
!(!/!0)!!1

1 + (!/!0)!

!I,e!

! ! !I,e! ! !0
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• Anomalous free diffusion can be understood on the basis of a memory 
function-based «cage» model which fits well the MSDs observed for 
diffusing molecules in membranes.The long-time tails of the VACF and its 
memory function can be predicted from the asymptotic behavior of the MSD.

• Fractional Brownian Dynamics is robust model for the description of 
experimental and simulation data on internal protein dynamics. A physical 
picture can be provided on the basis of the cage model.

Conclusions
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