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Asymmetric Avalanche Process on a ring
(Priezzhev, Ivashkevich, Povolotsky, Hu, 2001)

is a one dimensional stochastic process on a ring evolving in continuous
time
e p particles, N sites; state x(t) = (1,2,5,9,11)
@ Evolution:
> all particles occupy different sites: jump randomly and independently
having waited for P(t(xx) < T) = 1 — e~ T with probabilities L to the
left or R to the right(R+ L =1)
> particle comes to already occupied site the avalanche dynamics starts

Ldt

3 4 5
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Avalanche dynamics

@ with probability ,, n particles go to the site x + 1;

@ with probability 1 — p,, n — 1 particles go to the site x + 1 and one

particle stays at the current site x.

@ occurs instantly

Figure: Totally asymmertic avalanche hopping with probabilities
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Master equation
P:(x) := P(x(t) = x) - probability to be at state x at time t.

Given an initial distribution Py(x), P:(x) satisfies forward Kolmogorov
equation

0t P(x) = LP:(x),
LP(x) =) (t(x' = x)Pe(x") = t(x = x")Pe(x))

x/

t(x" — x) - transition rate

Bethe ansatz integrability condition + positivity of rates (Priezzhev,
Ivashkevich, Povolotsky, Hu, 2001)

1—q"
=1—-[ng=1- -1<g<0
Kn [ ]q 1-g ) q
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Why this process is interesting 7

@ Unstable states may appear randomly

@ specific transition into a totally unstable state, when p approaches p.

and an avalanche never stops in the thermodynamic limit
@ unusual universal scaling behaviour
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Stationary probability measure

1
. . Ps(x) = =
is extremely simple N

Analysis of discretized AAP stationary measure reveals the structure of

avalanches resulting in

N = (1C—p‘7) 7{ (1+ )N [Rg’(zq) B Lg/(z)}d—z_ _
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(it has poles z = —q',i > 0)
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Research Problem

is to investigate the current in the model

@ to develop a technique which allows to analyse higher cumulants of
the current with attention to transition point p = p.

@ to use the connection to random growth interface problems (the
common point here is the universal behaviour at large scales, the
important problem is testing the universality, study the scaling
behaviour of the models in the Edwards-Wilkinson and
Kardar-Parisi-Zhang universality classes and beyond).

@ to find and analyse the scaling exponents and scaling functions for
particle current and diffusion coefficient
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Total distance Y;

Yo =0,
Y: : QxR — Z>g - random variable of total number of jumps made by all

particles
Yt — Yt + Ayh AYt S {1, —].7 n S p}
The behaviour of moment generating function in the large time limit
t — oo is dominated by the largest eigenvalue A(y) of the deformed model
generator

InEe?* X 4"
A(y) = lim L:Z%l,

First and second scaled cumulants:

2y 2
50 5= iy BB EOR2

(Bethe anzatz, Baxter's TQ-equation, (Baxter, 1972, Prolhac, Mallick, 2008))

J:=c = lim
t—00 t
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Mean particle current

Introducing normalized differential

dz 1 (1+t)V

Dy p(t) := 2P

we reproduce the stationary state result
. .R L
Jn = Riny — Ljy

F=(1-q) 74 Dup(2)zg'(za),  jh=(1—q) f Diy p(2)2¢'(2).
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The group diffusion coefficient is

A = RAR — AL, where both right and left parts are given by the formula

A/ (pNJN+2N227§7§DNP )ty

—q'y

+2N227§]§DNP )Di p(y)ty 2 94'(dy)

t—qly

for I € {R, L}, where function ¢(R) = 1,¢(L) = —1 stands for sign and
functions

/ b
aR(y)=(1-q)g'(ay) — p(li’j’ry),

/ I
at(y) =(1-q)g'(y) - ,)(17%'
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Asymptotic analysis in the thermodynamic limit

p; N — co,p/N = p
The critical density is a point of model phase transition p. = 1%‘7.

1—-p)(Rpc+(1—pc)L T
el=pdBectCoral) 4 j528(p), p < pe,
P = Pc,

N(RPC + L(]- - pc))a

in(p) ~
27p(1—
N3/29Ns(p‘p°)ﬁ(l’ = pc)(pcR+ (1= pc)L), p> pe,
where
o [e=12 51"
Jreg( ) pCR—l_(l_pC)LZk[ -1 Pg} Lp(l_p)
> pe(l—pe) —1 1— [pc—l k Pc
Pc
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Crossover function for jy

Result 2: Under the scaling of

g — YN(pe —p)
pe(l—pc)

the particle current is described by

NI

Jn(p) = N(Rpe + L(1 = pc)) F(B) + O(N2),

where

F(B)=1- \/ZB erfec <\%> o5

fe(x) 2 [T e tdt
erfc(x) = — .
VT Jx

2
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Asymptotic analysis in the thermodynamic limit

p; N — co,p/N = p

N3/2 (2(pf£,op)c)4 + A(r;g(p)) ) P < pPc
P = Pc

N7/2(Rpc + L(l - PC)) 71'IJC(l - pr:)7

Apn(p) ~
N e2NEle)ar(p — pe)(Rpe + L(1 = pe)) L4725, p> pe
where
f(p) = VA(Rpe + L(1 — p))(pe(1 — pc))*/2(02 — 2pc(1 = p) — p)

VaA(Rpe + L(1 = pc))
4/ p(1 = p)pc(l = pc) kz_:l

s (P) =

Vale(l=p))*?,
4p, '
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Result 3: Under the scaling of

pc(l = pc)
the group diffusion coefficient is

7
2

An(p) = N2 (Rpc + L(1 = pc)) v pe(1 = pc) G(B) + O(N3)

where the crossover function is

G(8) = Vr(2F(vV2B) — F (8))

— G(B)

-2 [ 2 4
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Current cumulats and statistics of avalanches

Consider particle current as a sum of signed avalanche sizes with the

number of avalanches given by the Poisson process 9:(p) with the arrival
rate p

N:(p)

Yt‘ = Z Si7
i=1

N:(p)
J= lim E—Yt: lim EIET

Jim — AR 2 E (Siin(t;); M- (p), T € [0, t]) = pEs:S,

2\ 2 p) Ne(p)
A = lim E(YD) —E(V)" _ = lim Z Cov(S;, Sj),
t—00 t t—o00 t

i=1 j=1

At low densities Cov(S;, Sj), i # j change the asymptotic behaviour of A.

At high densities the avalanches become large and the greatest

contribution comes from Var(S;).
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From AAP to Ornstein-Uhlenbeck process

Consider AAP with L =0, R =1 in the scaling limit the avalanche size

;
S=> x(k).
k=1

where x(k) is a biased random walk with steps —1,0,1 ( Povolotsky,
Priezzhev, Hu, 2003) performed till the first return to the origin with transition
probabilities

El—(p—ﬁ,gg(l—ua), b=a-1,
Pog=q (1= (p— %)) rat (p—7) (1 —ha), b=a,
(piﬁ):uav b:a+1

for a,b > 1 and the lim,_, ps = (1 — pc). Introducing
XY = (pe(1 = pe)N)H2x([EN]).

dX; = —(8 + X¢)dt + V2dW,,

where W; is the standard Wiener process.
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First passage area for Ornstein-Uhlenbeck process
(Kearney, Martin, 2021)

dX: = —(B + X¢)dt + V2dW;, Xo=a >0

with the time of stop 7 = inf(t € R>¢ : X¢ = 0) is the rescaled avalanche
size. Thus, we are interested in evaluation of the area under the trajectory

of the process X;
-
Afa) = / X, dt.
0
The key idea is to introduce the generating function
X \n
P(s|a) = Ee A = Z (£5)"An(@)

n!
n=0
that satisfy the following ODE

d? d ,
@—(ﬁ—l-a)%—sa P(s|a) =0
with P(s]0) = 1 and lim,_s0 P(s|a) = 0.
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Differentiating the last ODE in s and setting s =0

2
{J’az —(B+ a)m An(@) = —nadn1(a);  Ao(a) =1.

subject to initial conditions A,(0) = 0. It is solved by the recursion
« 1 2 0 1o 2
Anp(a) = n/ e2(#+5) / Z'e3FHA° A, (7)) d7 dz
0 z
that yields the following integral expressions
a 1 o0 1
Ai(a) = / eg(z+6)2/ Z/e—é(z’+ﬁ)2dzldz
0 z
@ 1 2 [ 1 2
Asx(a) = 2/ dz ez th) / dzyzpe~2(21F)
0 z

22 1 2 [ 1 2
/ dzseb(s+9) / dzazge 307,

0 z3

X
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For the moments of the avalanche size we should rescale

Ap(a) — (N3/2\/pc(1 — pc))nAn(a) and set a = 1//pc(1 — pc)N.

Then to the leading order in 1/\/N we obtain

ES ~ NF(B)
ES® ~ N°/? pe(l = pc)

(2(1;(5)) —45F(B) + e np /;o % <erfc <\%>>2 dx>

The result for avalanche size agrees exactly with the crossover function
F(B) while the results for dispersion are agreed only in the dominant
terms.

X
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Thank you!
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