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Motivation: Integrable 1D models
» Heisenberg Spin-Chain

N
Hxxz = —J Z(SXS 1+ S/S +ASPSE)
=

Interacting Bose-Gas (Lieb-Liniger model)
>

H= ZPI+CZ5 Xj — Xj)

i<j

Observables

@lS7(1)S/(0)la) =7 (alp(x,t)p(0,0)|q) =

> inelastic neutron scattering
» Bragg spectroscopy
> Interference experiments
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Motivation: Bethe Ansatz Solution

The eigenstate of N-quasiparticle (magnons, atoms etc) can be written as

. N i
@) = 191, 2. an) = S (1A, ({a})e T o

o

Periodic boundary conditions provide quantization

ekm qJ L Z ascat(ql -
J#i

Hilbert space is given by the ordered sets of integers

<q](9(x, t) (O O ‘C] Z| q|(9]k ‘2 —itEx+ixPy

Ex, P« and (q|OJk) are known by means of Algebraic Bethe Ansatz
la) = B(a1)B(q2) - -- B(qn)[0)
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Motivation: Summation over intermediate states

(a|O(x, 1)0(0,0)|a) = ZI (alOk)[?e~ Rt

» Numerics (ABACUS)
> Field theory (kpx > 1, k2t > 1)

(ko) (mbam meV "' s per Cu?*) Sth) (mbarn mev ' si" per " )
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Left: Comparison between ABACUS and inelastic neutron scattering for KCuF3 . [PRL 111 137205].

Right: The threshold singularities in the Non-Linear Luttinger Liquid.
’ Both approaches are problematic at finite temperature !!!
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Motivation: Hardcore Lieb-Liniger

N2
H:Z Pi +CZ§(X"_XJ')E/dX{W‘FC[w*w]z}
j=1

2m —
i<j

p(x, 1) = (&7 (x, £)1(0,0)) = > [(kl¢pla)|*e™ B~ Fa) =x(Pi=Fa)

k
N ; N+1 .
TR LU RN L PR RS
ey kj*k,‘*fc i1 quql-f,'c
Cc — 00
27 27
ki = —-(n —1/2) 9 =N

p(x,0) ~  det (1 _ 2sin((p=a)) | e—ix(p+q)) ~ det (1 _ EM)

[k kel ™ p—q [k skl ﬂ' p—q

kg =aN/L
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Generalized Sine Kernels

e?miv 1 sinx(q — p)/2
e 2)
0 qa—p

7(x) = det (1 +

Txx = det

— 7,

™ sin % ™

<1 _ wr(g) sin X(p,;q) ~ we(q) eip(x1)2+fq(x+1)> et (1 _ wr(g) sin @

™ sin B34

)

» Random matrices
> Mobile impurity [SciPost Phys. 8, 053 (2020), New J. Phys. 18 (2016), 045005]

> Return probability from the domain wall initial state [DW) = |1t ... 1) ... ])
[J.M. Stephan, J. Stat (2017)]

(DW|e=Hxx [DW) = det (1 _ efp2/4we—q2/4)
7(p—q)
> Persistence of spin configurations [I. Dornic (2018)] ng(q) = 1/ cosh(q)
> Classical integrable systems ng(q) = r(q)

Effective numerical evaluation (F. Bornemann “On the Numerical Evaluation of
Fredholm Determinants” [0804.2543])

b
/ f(a)dg = lim D wif (), det(1+\7):Nlinoodet(5U+\/OT,V(x,,xk)\/¢Tk)

1<i k<N
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Check Nikita's works

Integral operators with the generalized sine kernel on the real
axis

N. A. Slavnov

Theoretical and Mathematical Physics 165, 1262-1274 (2010) | Cite this article

[K. K. Kozlowski, J. M. Maillet, N. A. Slavnov
(J.Stat.Mech.1103:P03019,2011),(J.Stat.Mech.1103:P03018,2011)]

Riemann—Hilbert Approach to a Generalised Sine Kernel and
Applications

N. Kitanine, K. K. Kozlowski, J. M. Maillet £, N. A. Slavnov & V. Terras

Communications in Mathematical Physics 291, 691-761 (2009) | Cite this article
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Sine Kernel (T = 0)

e>™ — 1sinx(q — p)/2>

T(x) =7(x,t =0) = det 1+
() = 7(x,t = 0) (14 =t

[—krkF]

Form-factor presentation

T(x,t) = (@|O(x, )00, 0)la) = Y [(q|Ofk)[?e” AT

ky <kz:<ky

|q): free fermions: q; = 27%; |k): shifted free fermions: k; = 2"("1_”)

Pe=> ki  Ec=>» kij2~ L/kzp(k)dk

The form-factor (overlap):

2 2N 1 2 )
2 _ (2.
@O = (Fsinm) (et 1) = lalP

2 }1{ dk e— itk /2+ikx

S K [2e— tEcHPx — det [ 2
zk:qu ) L cot%Jrcotm/ (k—ai)(k —q;)

> = det(1+V)
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Field theory treatment = Microscopic bosonization (T =0 )
» Form-Factor summation
T(x, t) = > [(q|Olk)[Pe™*PtitEk = det(1 + V)
k

> Orthogonality Catastrophe: |(q|Olkyac)|? = A/N?®
> Soft-mode summation
Ae—tAE+ixAP

(X — k,l:t)o‘(X + k,ct)o‘

7(x, t) ~ Z |<q‘0|k>|2e*ixpk+"fEk — <e\/5¢(x,t)ef\/5<p(0,0)> —
R

» Nonlinear contributions

— it AE+ixAP+ix? /4
0o t) ~ 3 @Ok PPttt ix(@ ki@ k)2 . Be T e

O+IR. \/E(X - kFt)&(X + kFt)a

w

&7 ‘Impurity’ branch

Luttinger liquid

Slavnov (1989); Slavnov and Korepin (1991); A. Shashi, L. . Glazman, J.-S. Caux, and A. Imambekov
(2011); N. Kitanine, K.K. Kozlowski, J.-M. Maillet, N.A. Slavnov, and V. Terras (2009-2012); K.K.
Kozlowski, J.-M. Maillet (2015);
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Combinatorics of orthogonality catastrophe

Generic overlap

N ) on T (ki = k) T (qi — a;)?
[{kvac| >|2 = (Esin v det ! = 3sin s i i>J
vacld L NxN k,‘ —qj - L H(k, — qj)z
iy

Fermi sea integers

27 o N—1 '
k=—(p—v), g=—n, n=-—F—+j-1j=12...N
. 2N s 2y ) .
|<kvac|q>|2:(s'”“") H(lf_y,) _ G -»)GA+1)GHN+1)
™ i r=J G3(N—v+1)G3(N+v+1)

G%(1-v)G2(1 +v)
N21/2

|<kvaC|Q)|2 =

For v = v(k), (v+ = v(Lke), ke =7L/N)

2 _ G2 —v)G(A+wi)(2m) - v(A) —v(p))?
[{kvacla)|® = AR p </[kF’kF]2 ( - ) d)\d,u>
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Static + zero temperature

G2(1 - V)Gz(]' + V) 6721'1/)(
(—2ix)V? (2ix)V?

T(x) =

+v—=rv+72)

Re[7(x0)]

04

02

AAAAAAAAAAA
TUVVVIVYYL
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Dynamics T =0

G2(1 - v)G2(1+v) _pix
T(x,t) = e +
(2i(t — x))V2 (2i(x + t))v2

G2(1 - V)Gz(l/) x — t\ 2V ef/‘(tfx)z/(zt)fz’.ux 27
(Zy e o,

V2(2i(t — x)) @2 (2i(x + )2 \x+t (x/t —1)2 —it

2 2 21 Li(t—x)2 /(2t)—2ivx
G*(— )G (1+u) o (x+t> e lzwg( 2) (v v )
it

v2(2i(t — x))@— (21(x+t x—t (x/t —1)2

Re[t(x,t=50)] Abs[r(1t=50)]
0.2 *
.

|

sepd e
L munmu
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Finite temperature (Static)

7(x) = det (1 L "e(@) (o 1)M)

T P—q

» It is challenging to do microscopic
—cN
cN

» Overlaps are to small ~ e
> Too many soft modes ~ e

» Heuristic approach instead!
Dressing: inhomogeneous and complex valued!!!

e2mivr(a) _ 1

=S v ir(a) = o loB(H(ET )0 (a)

nF;—q) (627\'1'1/_1) =

» Effectively ONE form factor

(e [ ( 19 )
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Relrlx]]

237/ =272/ B

Tr(e "HO(x,t)...)/Tre "™ = (O(z = x+it) .. g1ym = ~{(0(Z)...
CFT prediction for correlation length:
A A —x/¢
= — = =~ — 1 ~ 7“???
7(x) T=0 x? 7(x) (sinh(xT)/T)"* € /€
1€
12
f 2 4 6 8 10 T

14/23



XY spins chain

L

1 1+ 1—17
Hey =—2 3 [T%X"fﬂ + =5 0] 0} + hof
j=1

Spectrum of fermionic (Majorana) excitations

E(q) = \/(h — cos q)2 +12sin? q
Bogolyubov rotation angle
(@) h—cosq— iysing
\/(h —cosq)2 +42sin? g

Finite temperature spin-spin correlation function

TroX, ,o%ePHxy ~ ~ ~
0191t T et <1+V+W> — det (1+v)

T(x) =7(x) = Tre—FHxy = et (det

XY model [A.G. lzergin, V.S. Kapitonov, N.A. Kitanine, solv-int/9710028]

;o x(p—q) )
wr(q) sin 75— W(p,q) = _wr(9) —ipra)x/2 - 1252

V(p,q) = — v snEd -

)

wr(q) = % (1 — /%9 tanh
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Form-factors

with

Vip,q) =

> ki—> ai

0= Sire B A

q

ikl _ 672‘rrn/(k)7 eial — 1.

N+1 k. N
B i)\ ® AL [
2 sin Tv( K; i>j i>j
|(kla)| —A(H i ) Wil N
=1 I H sin?
i=1 j=

)= det (14 V+W)— det (1+V)

[=mm] [—m.7]

2 —+0(e™ ),  W(p,q)=-—

T San

2™ () = 1 — 25 (k) = € tanh %(k)

e27iv(a) _ 1 sin x(p=q) e2miv(q)

™

-1

—i(pt+a)x
e 2

—i(p—q)
2

16/23



2™k = 1 _ 2up (k) = () tanh

BE(K)
2

v(rm) —v(-m)=0€Z

0(p)/2m

ikL e—2‘rrn/(l<)7 el — 1
1.0
0.5 0=1 0=0
> 00
-0.5 o=-1 6=0
-1.0
-3 -2 -1 0 1 2 3 0.0 0.5 1.0 1.5 2.0
P h
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Winding of the effective phase

Total number of solutions

v(k) = vs(k) = v(k) — 57"; T — ek(b40) = (_1)d=2mivs(k)
™

) +..:;...+ " +"?£)"°+
_tF....h.t _tp.....t

For § =1 there is only one! form-factor
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0 <0

qal’”‘a":{QI,w-ﬁau-naaanQL} d=1-n

L—n+1 L

APal,m Z kl*qu+ZQa,~5ﬂ'*/ dq+an,

-

o oo o0 2 = A ] (26 © ) Hya,,

1>

s T ™ 2
T(x) =, det_ [Vs(x+) = K)]exp (:x / Vé(q)dq_%,/ dq7/ dk [W] ) ,

-

where v5(q) = v(q) — 8(q + 7)/(27) has zero winding number and Yj(x) stands for

™

Ys(x) = / %‘Z (efz’”'“(q) - 1) exp (—i(x —8)q + iom — / dkus(k) cot q—/;+,o> .

— -
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eZwiu(k) -1 2wF(k) = eie(k) tanh

BE2(k) T(X) — .A( T, h’,y)e—x/f(Tah»’Y)

Ferromagnetic h <1 (6§ =1)

U T 2
|0g¢4:_%/dq/dk [”(q)V(k)(qk)/%]

. q—k
2sin =

T 17 E(k
f’l:iw—i/u(q)dq:——/dklogtanhL()
27 2

-7

Paramagnetic h > 1 (6 = 0)

17 E(k ht VR + 72 —1
5*1:——/dklogtanhL()+|ogy+, yi:i
2 2 1+~

. ™ ™ 2
2 q 1 —v(k
logA=log ———— —i dqu(q)wff/dq/dk M
BV 12 —1 ed—y, 2 K 2sin 4=

- -7

In agreement with E. Barouch and B. M. McCoy Phys. Rev. A 3, 786 (1971)
Bonus: from Fredholm to Toeplitz and back
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Correlation functions

1.0
0.8} h=0.47,y=0.25, f=1.5
~ 0.6}
E
© 04f
0.2}
0.0
0 2 4 6 8 10
m
20
15
210
05|
00
0.0 05 1.0 15 20 25 3.0

G(m)

0.5

o]

h=0.47, y=-5.0, f=1.5

-0.5

10

0.9

0.8

0.7

0.6

0.5

0.0

20

25

21/23



Dynamics

7(x, £) = det (1 + p(q) e+(p)ef(qg - :7(p)e+(q))

i i in2 (v — gt gta i+ 1)(x —
e_(q) = efxq74tq2’ ei(q) = ,5()% [cot(ﬂ.,,) + iErf (%)]
Erf (%) — Sign(x/t — q)
1 i 1 —27iv
vr(9) = 5 1og [L+ (2™ = 1)o(q)] fe(x/t=q)— 5 log [1 + (2™ = 1)p(q)] 6 (a—x/1).

Im »(p)

_ 1+ 5(z/¢) 1

~ —

0c(2) > € NG

1
log T~ Co — 5A2 log t + i/dkuT(k)(x — tk)

A= i log <1 + 2(cos(27r1/) - 1) (p - p2)>

p = p(x/t)
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Summary and outlook

vVvyvyVvVvyypy

Riemann Hilbert Problem for Fredholm determinant
Phase shift dressing

Different types of soft mode contributions
Universality

Relation with QTM? Thermal form-factors?

Asymptotic for classical integrable models?
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Extra slides
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Bonus: from Fredholm to Toeplitz and back

s
. d ) )
det (1 + 5y> = det Cn—m, ck = / 99 g2miv(a) g—ika
0<n,m<x—1 27
N 27iv(p) _ 1 gin X(P=49) Q2miv(p) _ g x=1
Su(p,q) = 2 o eina=p) A B
R DY 3 Aanbiy

det(1 + AB) = det(1 + B.A)

det (1 +5, + 6\7u> — det (1 + §,,) = e dei i En—m

~ d iV — il +m

& _/ e2mimlae=ika,  y(q) =u(q) -2
27r 27

-

det (1 +5, +5\7y) — det (1 + §V) = det (1 + §V1)

Szegd theorem for Toeplitz determinant [Szegd (1915), Fisher & Hartwig (1969)]

oo
lo det ¢i_; = xk nkpk_
gOSi,jgx—l i—j 0 +HZ; n n

LT (@) -] _ &
vs(q) — vs(p

§ K — > [dq [ 4 =3 nkok—n,

27I'In: et 2/ q/ p|: 2sin 452 :| e

n=1
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Eytan Barouch and Barry M. McCoy Phys. Rev. A 3, 786 (1971)
A= XY,

where:

(1 - )\1_1f2/71) (1 - >\1_1g2/71) (1 - >\2_1le71) (1 - )\g_lg2/71>

=1l (1=a) (1= ") (1=20" ) (1= 032

y H — hjhi_1)(1 — hifkj_1)(1 — g2j&2i—1)(1 — &2ig2j— 1)
ij=1 (1 - fZJfZI (1 - f2j 1f2i— 1)(1 _g2jg21)(1 — 82j—-182i— 1)

(1 - hjgei—1)(1 — hig2j—1)(1 — g2jf2i—1)(1 — g2if2j—1)

(1 — fjg2i)(1 — g2jf2i)(1 — g2j—1f2i—1)(1 — fj—182i—1)

and A1, A\, f, g are defined as

M= {hr [P - =] A, e ={n- [P - (1=} /-
2 1/2 3 3 2 1/2
<';t:V:> A et ()]

W, = {’Yzhz _ (1 _ 72) [’yz + (kﬂ)zﬁfz}}l/z

h+ Wi
fo = > -
1—vy

with
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Field theory treatment = Microscopic bosonization (T =
» Form-Factor summation

7(x,t) = 3" (alOfk) 2™ = det(1 + V)
k

> Orthogonality Catastrophe: [(q|O|kyac)|? = A/N?<
» Soft-mode summation

T0) ~ D lalOlk)Pe ™k =3 3~ (QleV et D|{p, h})({p, h}leVEOO|Q)
IR

k=0 P1;---Pk
ha,...hg
— Ao (Pa—Puac)x (Ve (x) o= VaR(0)y — ée—i("n—f’vac)x
X «@

w

Luttinger liquid

Slavnov (1989); Slavnov and Korepin (1991); A. Shashi, L. . Glazman, J.-S. Caux, and A. Imambekov
(2011); N. Kitanine, K.K. Kozlowski, J.-M. Maillet, N.A. Slavnov, and V. Terras (2009-2012); K.K.
Kozlowski, J.-M. Maillet (2015);

0)
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Soft mode summation

|ooccee ... coooe oo o| ® o
Ho Hq P P
[(Pe, Hulcplk) ol :< g 1 )2 (sinwa)“ﬁ r(p,-fa)zli[r(hﬁa)z
[(vac|cp|k) g2 1<ij<k pi + h; — 1 ™ i1 T2 i T(h)?

1 K
2
Pq—Q:/qu(q)+TZ(Pj+hj—1)
-1 Jj=1
Auxiliary Fermions
&/Mﬂ/’;} = 6nm, {¥n, Ym} = {1/’;,’11);} =0.
Pal0) =0, if n>0, F0)=0, if n<0

[P, Hi) = vy ---¢;k¢1—q1 . P1-q,|0)
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Bosonization

:Zzn ’T7 1/}(2):227%[)”.

nez g
. +./.
o) = 0 (epile) = Y 2 Uity
kez z s
0
V4 Sg(zz) — J(Z)7 90(2) = SD—(Z) — SD—Q-(Z) +J0 |0g2+ NO
i(z) = %, B ZZkJ_

k>0 z =0

i _ Pk, Hk colk 2 i
@[k BUBIIG _ e 01emo- ey, ) P, e #-1210)
P

1
AP = _/qu(q), z = e\271'iy/L
-1
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Bosonization

2
> oir(Pa—@) (P Hileo k) o _iyap S (ol

o [(vaclcp K)ol 7,

= VAP (g|eFre+(DeFre—(2)|0y = efyAF’<0‘eFf[<P+(1)

S 9|y, Hylepkaf? = [(vaclcplk) o2
s = {wv. - = B —
k> Mk|Cp|K)Q PIR/Q z)Fi NFJE (1—e27”'/L)Fi

Pr Hy (1-

[P, Hi) (Pic, HleF+#

iyAP
e-@ljoy = &~ .
(1-2)
A e iyAP

> P UP Hileplk) o =
Py, Hy

(—2keiy)Ft

,Zleiyl&F

» Any soft modes excitations

» Non-linear bosonization

~0) =
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From Fredholm to Toeplitz1

sin x(p—q) x—1 x—1
S e B e
2 n=0 n=0
N e2miv(p) _ 1 sin X(p a)
5.(p,q) = ~ ST AgB
(p,q) o <in Z qnOnp
) e2miv(p) _q
Aqn = elqn7 Bnp - 7an(p)eimp
2T
det(1 + AB) = det(1 + BA)
— T dq 27iv( —i(n—
3) _ _ a9 wiv(q) _ i(n—m)q
det(145) = _det  (Gom+Tom)s  Tom= [ Lan(q)(e™(d-1)emil0mn.

For a, = 1 the matrix T, transforms into the Toeplitz one

__ d )
det (1 +53> = det Cn—m, ck = / 9 g2miv(q) g=ika,

0<n,m<x-—1 27

-
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From Fredholm to Toeplitz2

det (1 +38, +5\7y) ~ det (1 +§V) - %det (1 13, +a5\7y) (

o=
i
SVi(p.q) = & T — 1 ie1)p/2 g ix-1)a/2
27
We choose ag(q) =1 — ae=*9 and an(q) =1 for n > 1
Cop — QCx C_1 — QCx—1 . C_x+4+1 — (C1
Cc1 co C—x+2
det (1 +5, + 046\71,) = det (1 + 33) = det
Cx—1 Cx—2 co
C1 <o cee Cox42
Q@ ... Cox43
6det<1+§+ 5V.) | (~1)%det | ' det &
- « =(— € = —
Oa Y v a=0 . e . Ognﬂﬁgxflcn m

C  Cx—1 .- a
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From Fredholm to Toeplitz3

det (1 14+ 5\7y> ~ det (1 + Sy) = det &

™ ™
&= — / 99 2niv(q) g-i(ki1)a _ / 99 2niva(q) g—ika
27 27

-7 -7

q+7
2w

vi(q) =v(q) —

det (1 +35, +5\7y) ~ det (1 + §V) — det (1 T §V1)

Szegd theorem for Toeplitz determinant [Szegd (1915), Fisher & Hartwig (1969)]

oo
lo det ¢i_; = xko + nknk_
gOSi,jSX*l i—j 0 ; n n

vs(a) = 5~ Z kne'"

n=—o00

1 f o7 @-wvp)]’ &
_E/dq/dp |:Vf52qsm qu :| :an,,k,,,,

n=1
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Fredholm determinants

T(x) = det (1 + \7)

Vf(q):/dq’V(q, a)f(d)

» Infinite dimensional determinant

~ 1
det(14+ V) = lim det (&; + ~ V(x;, )
et(1+V) N ©€ (”+ N (i Xk)) 1<i k<N

> Effective numerical evaluation (F. Bornemann “On the Numerical Evaluation of
Fredholm Determinants” [0804.2543])

b N
/ fla)dg = lim > wif(x),  det(1+V) = lim det(d;++/w;V (i, xi)v/x)
a N—>o<>k:1 N— oo

1<i k<N
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