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I ASEP and KPZ fluctuations
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II Bethe ansatz and Riemann surfaces
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KPZ fluctuations in 1 4+ 1 dimension

universal statistics random field h(x,t)
time evolution of probabilities integrable

Interface growth Directed polymer Random unitary dynamics
heightyh(z,t) in random medium entanglement entropy
S free energy (Nahum—Ruhman—VijayiHaah 2017)
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(Takeuchi-Sano 2010) S emath X
Driven particles 1D classical / quantum fluids Localization
current with few conservation laws conductance g
normal modes hydrodynamics (Prior-Somoza-Ortuiip 2005)

(Van Beijeren 2012, Spohn 2014)
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Kardar-Parisi-Zhang (KPZ) equation

Stable thermodynamic phase growing inside metastable phase
KPZ equation 8;h(z,t) = vd2h(z,t) — A (0zh(z,t))? + VD &(x, t)

Gaussian white noise ¢ (£(xz,t)) =0 th(z,t)

(E(x, t)E(2", 1)) = 0(x — x")o(t — 1) -
Boundary conditions for system of size ¢ -~ oz

e periodic h(x + 4,t) = h(x,t) 0h = —

o open 9;h(0,t) = p_  d:h(4,t) = pyt 1- (%) v

Singular non-linear stochastic PDE (Hairer, Kupiainen, Gubinelli-Perkowski)
Only one parameter \ after rescaling space, time, height in finite volume

LLarge scale behaviour: two fixed points under renormalization group flow
e Edwards-Wilkinson X — 0 (repulsive) z =2 interface at equilibrium

e KPZ fixed point A — oo (attractive) z=3/2 irreversible evolution

Universality (at fixed points, but also RG flow EW — KPZ)



Asymmetric simple exclusion process (ASEP)

Continuous time Markov process
L sites, N particles, exclusion Q ‘q
L O
Total time-integrated current
Q(t) = Y (H;(t) — H;(0))
(190 = 3~ (cleM | Ry 1 4
% (o] [e]e] | | |e|e|e]| ||
e
M(~) ~ Hxxz twisted and non-Hermitian A= (24 q¢1/2)2>1

KPZ equation at large scales for typical height fluctuations when 1 —qg ~ A/\/Z
e Edwards-Wilkinson fixed point A — 0: SSEP ¢=1 A—1~MN/L
e KPZ fixed point A = co: TASEP ¢ =0 (A — o) sufficient

Conditioning on small / large height for ASEP beyond KPZ regime
= crossover phase separation / conformal invariance (Karevski-Schitz 2017)



KPZ fluctuations in finite volume: several approaches

KPZ fixed point in finite volume: random field h(x,1t) r=x+1

flat ho(z) = O
Initial condition h(x,0) = hg(x): { sharp wedge hg(z) = —|z|/0
stationary hg(x) = b(x) Brownian bridge

General n-point statistics P(h(x1,t1) > u1,...,h(xn, tn) > un)

TASEP: expansion over Bethe eigenstates

e Euler-Maclaurin asymptotics: singularities, very tedious (P. 2016)

e Riemann surfaces: analytic continuation eigenstates = simpler expressions
same kind of structures TASEP and KPZ (P. 2020)

TASEP: integral formula for propagator = rigorous approach (Baik-Liu 2018)

Replica method: continuum = attractive §-Bose gas (Brunet-Derrida 2000)



II Bethe ansatz and Riemann surfaces

—~

CA-—y)t =N 1N ~ C




Bethe ansatz for TASEP

ASEP 0O<g<1l (A>1) TASEP ¢ =0 (A — >0)
1 — y:\L N . _
equations 1 —qy; 1 4Y5 — Yk ]
- N 1-g ~ 1—¢q N Yj
Eigenvalue E 2 =1 (1_yj 1—qyj) 2 5=1 T—y;
Eigenvector ¢ (¥) S As(Y) H ( f‘q%j_)%(j) det (yj_k(l B yj)xkevxk) .
O'ESN J J>
Gaudin det. (a | (( 1y, )L ﬁ qyi— yk>> é\f: Y,
S S e |o
(W (@) (D)) v 99 \T=ayy) (2 i) ) SN+ (L - Ny,

“Mean field" Bethe equations for TASEP: parameter C = eV [[1'_, yu

= compact Riemann surface Ry

Symmetric functions of N Bethe roots y; = meromorphic functions on Ry



Bethe root functions y;(C)
CA-y)t+(-DVyN =0

Generalized Cassini ovals

C111 —ylF = [yV il

Cl<[C«] O] =|C |C] > |Cx

L solutions y;(C) analytic in C\ R~

Generators of analytic continuations

AO,AQQ: Y — Yk Aoo AO _2,
Ve, o0

Group G =S ° 1 7
— XL —1] [ 4—1 ,

iff L, N co-prime Aco Ag” 9]

Domains y;(C\R™) L=12 N=4
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Riemann surface Rq1 ~ C for a single Bethe root

L sheets glued together along cuts (—oo, Cx),

Riemann surface R

(Cx,0) according to analytic continuations of y; = [C,j], C €C, jel[1,L]

Meromorphic function y on Ry  ldentifications

y([C, 4]) = y;(O) y~1(0) =[0,1] = ... = [0, N]
vy 1(co)=[0,N+1]=... =10, L]
R y_1(1)=[oo,1]=...= [0, L]
Covering map m1 : R1y — C y_l(—lLip) = [Cx — i€, 1] = [Cx + i€, N]
m1([C,5]) =C

Riemann-Hurwitz formula: genus

g =d(gny — 1)+ 14+ 33 erlep — 1)

Euler charac. xy=2—-29g=V — E+4 F
for graph on M linking ramif. points

— [Cy —ie, N+ 1] = [Cy + i€, L]

Covering map 7 : M — N degree d
Ramification index ey, p € M:

winding number w(circle around p)

Ramification points p € M: ep > 2
= branch points ©(p) e N

R1: genus g =0 < Ry ~C Riemann sphere



Riemann surface R for sym. functions N Bethe roots

Eigenstate: choice N Bethe roots among L N Riemann surface Ry: [C, J]
Symmetric functions s(y;,(C),...,y;,(C)) CeC,Jc|1,L], |J] =

Covering map my = Ry —C TASEP height fluctuations: trr, =Y

[C,J] — C ¥
Several connected components Genus Q @ “
if L and N not co-prime
L\N 1 2 3 4 5 6 7 8 9 L\N 1 3 4 5 6 7 8 9
3 1 1 - 3 O 0 -
4 1 2 1 - 4 O 0 O -
5 1 1 1 1 : 5 O 0 0 o0 -
6 1 2 3 2 1 - 6 O 0O 0O 0O 0 -
Ve 1 1 1 1 1 1 - ’ O 01 1 0 O -
3 1 21 6 1 2 1 . 3 O 0 21 2 0 O
9 1 1 4 1 1 4 1 1 9 o o1 7 7 1 O O -
10 1 21 3 11 3 1 2 1 10 O 0 4 8 7 8 4 0 O




IIT Height fluctuations of TASEP

PO, (1) > Hy, L€ [1,n]) = T x )

i n

Cy, : : .
00 G (P (10 1P+ (Ho=He ) HAUG D (1t (2GR -Nel(Co1) )

=7 ((C’e —Cyy1) ol Iy F N([CeBr])M([CEHBr]))



Generating function of TASEP height

Height H;(t) at site i and time ¢t /v\

Height increments H;(t) — H;(0) € N \W

Initial height H;(0) = Y, (X —n))

One-point generating function average height

L
<e”yzz’=1(Hz'(t)—H¢(0))> =y <C|etM(7)|Po> M(~v) ~ Hxxz
ce2

Markov property (memoryless) = generating function at times 0 <t1 < ... <tpn

S~ o (H; (tg)—H; (0 -
<e£§1w( ) —Hi,( ))> 5 C|( H(e YeSiy o(te—te—1) M(X = g’Ym/L)>)eg 1 | Pp)

Ce2 {=n

S;|C) = (% Zj-\le[mj]i) IC) with [x]; positions counted from site i



Expansion over eigenstates of M (v)

Eigenvectors |¢(v)) of M(~) eigenvalue E,(v)
translation eigenvalue /L pP. c 2nZ

Mo(L~y) = elrSopi(~) e=L750 counting current between sites L and 1 only:
Eigenvectors |0 (7)) = el750y,(v)) with Sp|C) = ( S 1%) C)

T (t) Q2] o e(tﬁ—tél)Erf( Z_:EVm/L)_i(ié—if—l)Prg/L
r—17ve H; (t _ —~
<e (=1 0 >p0 7"1,...,27;71: (61;[1 <¢7”‘e( 5 ym) w%( % ,mi)> )

m=~ m=/
<c

c ur, (f) >) <¢791 (mzijl %m) ‘PO>
nH (99 ( zimvz@) o mizg o))

Gaudin det. (¥(¥)|v(y)) + Slavnov det. (¢(w)|yY(y)) = scalar products
(Bogoliubov 2009, Motegi-Sakai 2013, P. 2016)
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Bethe ansatz formula for the generating function
Initial condition Co:1 <29 < ... < 2@ <L

n
(y(@ ...,y%)) solution of the Bethe equations with fugacity Y. ~vm/L

m=/

(1)\k—1 (1) —x(o)
det ((yj )P =y )gke[[l,N]] 1

= (I3 :
R e AT U AT

<eZ?:1 Ve Hz'g(te)>

, (51 D o=t Hivzl 0 ) N N
n e —pTm v n 2
(m 0191 TR
(ezl va TR 1( (6)—y£€+1)) (=1 j=1 kzj—l—l( ’ )

Niy . . (6)
(1—e)e —L (HN Y (,5)(1 _ y§€))1+ze—25—1) exp ((tg —ty_1) Z;V T (5))

N(N 1)( eZ%zwﬂm HN y(£+1)

n
< 11
(=1

(£)
L <N Yj N (£)
(W =1 N—I—(LJ—N)y](-@) L5 (N + (2 = Ny;™)

Large L asymptotics in KPZ regime: doable using Euler-Maclaurin but tedious
Better approach: write before probability in terms of functions on Ry



Probability of the height

Generating function (gy = €7) = probability
n 504y,

(ML) = (115 )etm,0 = 10+ vec ) [T 4

(=1U,=0
_ <o> s dgy < & z£<tg>>
= P t + Uy, € [[1 =
(Hi(t) = peelLnl) = ¢ (gj v W) I1 o
14

Change of variable gy — Cyp = (IT}} —, 9m) H 1yj(ﬁ)
(£)

C1 T (LL n_ Y; )

Jj=19j

Jacobian det(acggm)hme[[l’n]] =

Exponential representation: y;-(C) — _é jy\zj_|_((/8;(_1N?)JL(.((Jg))
J
Hév_ f(y(g))

14 14 . : :
H;V 1 Hk_j+1 (y( ) y]g )) — exp(/J...) integration on Riemann surface Ry

Hév i 1( ) _ (E-I-l))




Exponential representation 1: integrand

L and N co-prime = R has a single connected component
Domain wall initial condition {9 =k + 1 — N

P(H;,(ty) > Hy,f € [1,n]) = ﬁc |<.”<|Cl|d((’;1i7;)y;dc? ( 11 > )

(=1J,C[1,L], |J|=N
Cy,J . : :
o QT (12 () Gty (5D a0

=3 (Gl — ) €0 b FHICE DutlCeran. )

Arbitrary paths from O =[O, [[1, N]] to [Cy, Jy] on Ry
Path (O,0) — ([Cy, Jil, [Cg-1, Jeg-1]) for ([CpB, -], [Cop1 B, -]) € Ry X Ry

: 1
C,J)=-14+
| | e 7D Z N+ (L — N)y;(C)
Meromorphic functions on Ry J 1
C,J]) =—-N+
n([ ) jEEJ o)

exp([...) also meromorphic on Ry, Ry X Ry: periods € 2ixZ and residues € 7Z



Exponential representation 2: trace over my

L and N co-prime = R has a single connected component
Domain wall initial condition z% =k + L - N

i dCy...dCp [ 2

P(H;,(tg) > Hyp, £ € [1,n]) _% . ( 11 S )

o | | |

[} e ([)Ne] & (—L]gv M([C,-])2+(He—He_1>%+(t£_tg_l)(n([CL, h_Nau(c. ])))
=1

=3 (Gt — Ciy) et F F IO DB D)

Contour integrals around O in the complex plane C

_ Ex.: eVC branch cut in C
> over my: Ry — C

Trace
C 1 o—/C .
JoCl1,L], |Jo|=N e\/_—l- e—VC analytic in C

Remark: Positions ¢y appear only through the condition H, — Hie(O) c 7



Exponential representation 3: general initial condition
General initial condition 1 < 2% < ... <2 <L

Extra factor ©, ([C1, J1]): symmetric Grothendieck polynomial

(0)

det ((y]A(C'))lC H(L =y, (O >k Ae[[1,N]

O Cy41,---57 = | |
:C((D, T 5\?)([ U1 In) = HmNzl HA:,{+1 (ij(c) - yjff(C»

Domain wall initial condition xl(co) = k-4

Gl 1) = exp (ML =D [ENAE )

Stationary initial condition: same weight for each {x,go),k e [1,N]}

~14exp (- oLy ;5N 4R w1, D)
[OG

Ostat([C, J]) =



Pole structure on R of the integrand

Poles of function g([C, J]) on Ry # poles of differential g([C, J])dC on Ry

1 1
——= =5 pole
Ex.: loc. param. B =+/C around branch point 0 = Y& ”
—= =2dB not pole
VC
dCi...dC °
P(H; (1) > Hp e TLnD) =SSR (TS0 ) FUCL Al (G )
| n|<...<| 1| T /—1 JgC[[].,L]]
| Je| =N
Function f Diff. d%i;;,?n £([C1, 1], - - -, [Cny Tn])
Cyp=20 Multiple pole Multiple pole
Cyp = o0 Essential singularity Essential singularity
Cyp = Ck Simple pole Regular point ~» also after trace
[Cy, Jg] = [Cp41,Jp41] Simple pole Simple pole

Open question: How much does pole structure constrain function f 7



IV g— > = KPZ fluctuations

dv
Pat(h(y, 3t) > z) = /C*'” ~Tiav(x, £ v)



KPZ scaling limit (ty,ip, Hp) — (79, xp, hy)

L3/2
Infinite genus limit L — oo ty = \/Tf)(li_p)
Ry — Rkpz N — oo with ig:(l—Qp)tg+$gL
disconnected space N/L ~p

Hyp= p(1 —p)ty+ HoL + \/p(l — p)L hy

Only sheets J = Jp g contribute: particle-hole excitations at edge Fermi sea
Jp = ([1, NIN((1/2= H_)U(N+1/2— H{)))U((N+1/2—P)U(L+1/2-P))

5 1 1 { 11 4 11 3 9 — 1
2 22 2 3 T2 7222 2 bP=EhRUP-CZT;
P H . . H=H UH_ CZ+}3
. k
pPNA-p)tNC=e" = wlC, Jppul) ==/ xp ™) Lis(z) =Y 1 %
Li (_eV) 4i 3/2 1— 3 2 4i 3/2 1V 3/2
xpa(v) = — 56% + Zaep( ) (3 2i5a)” + ZaeH( ) (3 dira)

Connected components Rkpz labelled by symmetric difference A = PSS H



KPZ in finite volume with sharp wedge initial condition

Connected components RKPZ N — “Lis/» minus some branch points”

P(h(fclatl) > U,y - - -, h(mnatn) > ’U,n)

n c1t+im duq ™ dvn _Aq,.. An
—= | | E E / ' — .. / . — :$1,-7--7377n (V]_, e ooy I/n)
c1—im 2im cn—im 217

(=1 N/C7Z+1/2 PycZ+1/2
PeﬂAfz@

e Je b av (ot DX A0y D= (e DXL, DA ([v,- 1))
=1

=2 gy BN B DX AL T, D)

Integrals from O — integrals from OA, properly regularized = momentum

—A AN
—931}77 (v1, Vn)
mn .
> .0 2im(xp—2p_ 1) Ducad, 0= acANA, O
(B 5 ) B (A B B
AECAg f:]_
|Agl=]Ap\Ay|
n—1 (1 — eVe+17 V)| Agl/2 (1 — e¥e—Vet1) | Brt1]/2
X

=1 (L ="V, A, o Ve 1) VA Ay, 041\ Ay (V0 Vi41)



KdV solitons 777

Flat initial condition: only connected component A = () of Rkpz contributes
Same particle-hole excitations at both edges Fermi sea = zero // momentum

C—|—i7T d]/
One-point distribution  Pgat(h(y, 3t) > x) :/ —7(x,t; V)

c—im 2im

u(zx,t) = 202 log 7(x,t) solution Korteweg-de Vries equation 40ju = 6udu+ d3u

3tx(V)—ax' W)+ [V dux! (v)? Lic /5(—eY)
N — € 00 B : __ _“lsp2
T(x,t;v) = (1e) 1/ det(1— M (x,t;v)) (V) Nor-
/!
eana(V)—I—Qtng(V)—l—Q f—yoo dv ﬁa&)g . _
Kernel M(z,t;v),p = R OICHOETIO) ka(v) = \/4|7m\/1 —

Infinitely many solitons in interaction, with velocities —kq(v)?2 = 2v — 4ira

Other initial conditions: KP 7 functions (Baik-Liu-Silva 2020)
KPZ fluctuations on R: KdV / KP 7 functions (Quastel-Remenik 2019)

Classical integrability hidden within KPZ: completely unexpected 7707



Short time limit: KPZ fixed point on R

grows as t1/3 at short time N recover KPZ on R
— system size when t - o0 t=0 Essential sing. o—ct™2/3

Baik-Liu-Silva 2020

Correlation length {

One-point Tracy-Widom distributions (= largest eigenvalue random matrices)
(©.@)
Foue(s) = exp (— [ du(u— )¢ (w)

e Flat interface hg =0 = F s
0 GOE Painlevé II  ¢"(uw) = 2¢3(w) + uq(w)

e Droplet hg = |x|/0 = FGUE

F s) =det(l — PsKaiPs) Airy kernel
e Stationary hg Brownian = Fggr GUE(s) ( STA s) |
Kaij(u,v) = /O ds Ai(u + s) Ai(v + s)

Spatial correlations droplet = h(x) = A>(x) — ﬁ Airy-> process

N x N GUE Dyson’s Brownian motion dr; A 1 fj

= non-intersecting Wiener processes du 2N N Z Ak v N

AN(QuN2/3) 2v' N
N—00 N_1/6

Eigenvalues A1 (u) < ... < Ay(u) As(u) =




Long time |limit: large deviations

( . . . h(x,t)—t
h(x,t) 1 oas Typical fluctuations Gaussian 71'1/4\/15/_2_>NO’1
t t—00

N\

Large deviations P(h(z,t) = jt) ~ e t90)
l0g(esh @Dy~ te(s) + 109 0(s; ho)
t—00

Essential sing. e~

Exact formulas e(s) = x(v(s))
s exp(% f_yc()? dvx”(v)2) Wwith
(14ev ()14 (v (s))

x(v) = — Li5/2(—e“)/\/ﬂ
X' (v(s)) =s

0(s;0) =

Matrix product representation stat. state = non-intersecting Brownian bridges

%

i) = o <tol <o < ) s,
S, hg) = 3 A, 0
P(b% { <B3|... <b%, <b%{,6f<b] <...) EXD(S)IWwb_l
WW
(Mallick-P. 2018)

Direct derivation exact formulas 0(s; hg) from Brownian bridges 7
Higher eigenstates and Riemann surface Rkpz for Brownian bridges 7



Further directions

Yj

Transition KPZ/CFT when H > 1
" e - EQ©)) 4

Pt

........ IRk k

Open boundaries 9;h = oo: spectrum = RMC - RMS (Godreau-P. 2020)

+ Large deviations Lazarescu-Mallick 2011
+ Bethe equations Crampé-Nepomechie 2018

Crossover EW-KPZ: ASEP 1 — g~ \/VL .f g/

e Riemann surfaces 7

— . ]
e Duality for large deviations EW fixed point A — 0O ' \
Lis /o KPZ fixed point A — oo = / k |

Eigenvectors 7

CFT



Conclusions

Bethe ansatz TASEP
Covering map Ry — C
P(y,C) =0 + sym. y;

L —>00 || g—

KPZ fixed point in finite volume
Riemann surface Rkpz Li5/2

Probability of the height
[Ca]
j{d(] trrelo ¥

Hidden classical integrability
KdV / KP solitons 777




