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Experimental realisation of the sine-Gordon model

‣ splitting 1d ultracold atom 
quasi-condenstate in two 
coupled subsystems → 
low-energy physics described 
by sine-Gordon model
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‣ interference patterns + 
averaging over many repetitions  
→ direct measurement of multi-
point correlation functions of 
phase field

Schweigler et al., Nature (2017)



Experimental realisation of the sine-Gordon model

Schweigler et al., Nature (2017)

‣ observation of soliton configurations 
(2π phase difference between
left / right boundaries)
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Experimental realisation of the sine-Gordon model

Schweigler et al., Nature (2017)
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‣ observation of deviations from Gaussianity 
(Wick’s theorem) in thermal states

‣ identification of 3 regimes:
‣ effectively free massless
‣ strongly interacting 
‣ effectively free massive



Experimental realisation of the sine-Gordon model

Schweigler et al., Nature (2017)

‣ measurement of the kurtosis (measure of non-Gaussianity)

on thermal (or quench initial) states of the SG

‣ comparison with theory based on 
classical sine-Gordon simulations, 
due to lack of theoretical 
predictions for the quantum model

‣ no comparison possible at low 
temperatures where quantum 
effects become important



Experimental Observation of GGE
time

‣ Quench from gapped to gapless non-interacting phase
‣ Observation of dynamics of correlations 
‣ Non-thermal steady state: more than one temperature needed to describe steady state
‣ Agreement between experimental data and theoretical predictions based on a 

Generalised Gibbs Ensemble

Langen et al., Science (2015)
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Theoretical Motivation

‣ The sine-Gordon model (SGM)

‣ Integrable, yet correlation functions hard to calculate

‣ Results known for:
‣ mass spectrum
‣ S-matrix
‣ form factors of local operators
‣ ground state expectation values of vertex operators
‣ thermal expectation values
‣ ground state 2p correlations

‣ No results for higher order correlations, dynamics of correlations, no explicit results in SGM

‣ Very recent progress: 2p correlations in thermal or GGE states

Dashen Hasslacher Neveu (1975)
Zamolodchikov (1977)

Zamolodchikov Zamolodchikov (1979)
Smirnov (1992) 

Lukyanov Zamolodchikov (1997)

Pozsgay, Kormos, Takacs
Essler, Konik

Pozsgay, Szécsényi (2018)
Cubero, Panfil (2018)

https://arxiv.org/search/hep-th?searchtype=author&query=Sz%C3%A9cs%C3%A9nyi%2C+I+M
https://arxiv.org/search/hep-th?searchtype=author&query=Sz%C3%A9cs%C3%A9nyi%2C+I+M


‣ We developed an implementation of the 
Truncated Conformal Space Approach 
(TCSA) that is suitable for the analysis of 
correlations both in and out of equilibrium

‣ We consider the sine-Gordon model in 
finite system of length L with Dirichlet 
boundary conditions

‣ We calculate 2p and 4p correlation 
functions

for equilibrium states (ground and thermal 
states), excited states and for time-evolved 
states after a quantum quench.

TCSA approach

Kukuljan Sotiriadis Takacs (2018)

Gabor Takacs
(Budapest)

Ivan Kukuljan
(Ljubljana)



‣ Numerical method for the study of QFT 
(integrable + non-integrable)

‣ Based on Renormalisation Group and 
Conformal Field Theory

‣ In contrast to DMRG that works for 1d lattice 
systems, TCSA works for continuous systems 
(1d or even higher)

‣ Introduced by  Yurov & Zamolodchikov (1991)
Later applied to SGM by 
Feverati, Ravanini, Takacs (1998-99)

‣ Captures even non-perturbative effects

Truncated Conformal Space Approach



‣ Problem: 
Diagonalisation of Hamiltonian of a (continuous) QFT in finite volume

‣ Express it as
where        :  known spectrum and eigenstates
and         :  known matrix elements in eigenstates of 

‣ Note:
‣ finite volume → discrete spectrum
‣ apply high-energy cutoff → finite truncated Hilbert space

‣ Diagonalise numerically truncated Hamiltonian matrix

‣ If         is a CFT and          a relevant operator, 
then high-energy spectrum of       same as 
→ numerically calculated spectrum of truncated Hamiltonian 
converges to exact for sufficiently high cutoff

Truncated Conformal Space Approach

truncation 
cutoff 

number of 
states 

17 1212

18 1597

19 2087

20 2714

21 3506

22 4508



‣ Problem: 
Diagonalisation of Hamiltonian of a (continuous) QFT in finite volume

‣ Express it as
where        :  known spectrum and eigenstates
and         :  known matrix elements in eigenstates of 

‣ Note:
‣ finite volume → discrete spectrum
‣ apply high-energy cutoff → finite truncated Hilbert space

‣ Diagonalise numerically truncated Hamiltonian matrix

‣ If         is a CFT and          a relevant operator, 
then high-energy spectrum of       same as 
→ numerically calculated spectrum of truncated Hamiltonian 
converges to exact for sufficiently high cutoff

‣ Calculate expectation values of observables       (also with known matrix elements)
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‣ sine-Gordon Hamiltonian with Dirichlet boundary conidtions

‣  φ-field CFT expansion for Dirichlet boundary conditions

‣ CFT eigenstate basis

‣ CFT Hamiltonian matrix elements

TCSA for sine-Gordon model

vertex operators



‣ Vertex operator matrix elements

‣ Use formula 

‣  φ-field matrix elements

‣ Diagonalise truncated Hamiltonian
‣ Construct ground, thermal, excited and quench dynamics states
‣ Compute expectation values and correlation functions

TCSA for sine-Gordon model



‣ 1st test: 
Compare energy spectrum with exact Bethe Yang  
spectrum at finite size

‣ 2nd test: 
Calculate expectation values of  cosβφ
Compare with exact known results
for two special limits: 

‣ ground state in infinite volume
(Lukyanov-Zamolodchikov formula):

‣ thermal states in infinite volume - 
ground states in a finite cylinder
(Non-Linear Integral Equation)

Perfect agreement at large β (short correlation 
length) as it should

Tests

Bajnok, Palla, Takacs  (2002) ☑
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‣ 3rd test: 
Compare correlations with exact analytical 
results in free massive and massless cases 

‣ 4th test: 
Check saturation of expansion coefficients for 
each type of state in the CFT eigenstate basis

‣ 5th test: 
Check convergence of observables for increasing 
truncation cutoff

Tests

☑

☑

☑



SG ground state correlations

‣ 2p correlations in free massless boson ground state: algebraically decaying

‣ In free massive boson (Klein-Gordon) ground state: exponentially decaying

‣ In sG ground state: much more extended than those of Klein-Gordon ground state 
at mass equal to lightest breather mass



SG thermal states

‣ 4p conn. correlations: 
almost vanishing in 
ground state

‣ increase with 
temperature, but still 
relatively small compared 
to 2p

‣ Analysis of interaction / 
temperature effects on 
correlations



Kurtosis vs. temperature

‣ Numerical calculation of kurtosis (experimental measure of non-Gaussianity) in sine-
Gordon ground and thermal states 

‣ Identification of experimentally observed regimes w.r.t. temperature dependence
Kurtosis:
‣ almost vanishing at low T (cosine potential approx. parabolic ~ free massive excitations)
‣ large at intermediate T (strongly correlated)
‣ reduces at large T (high energy spectrum ~ free massless excitations)
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SG excited states

‣ excited state correlations 
vary significantly with 
energy level

‣ can be explained by 
violation of the
Eigenstate Thermalisation 
Hypothesis due to the 
integrability of SGM



Quantum sine-Gordon: dynamics

‣ Quench dynamics (initial state: excited state at higher energy level)



Quantum sine-Gordon: dynamics

‣ Quench dynamics (initial state: ground state)



Quantum sine-Gordon: dynamics

‣ Quench dynamics (initial state: ground state)

‣ Spectral analysis of time-series:
maximum peak identified as 2nd breather 
moving at lowest velocity allowed by 
Bethe-Yang equations (1st breather not present)



Conclusions

‣ Hamiltonian truncation methods can be used efficiently to compute higher order 
correlation functions in and out of equilibrium (hard problem even for integrable models).

‣ SG ground state correlations more extended than those of Klein-Gordon.

‣ Temperature dependence of kurtosis (measure of non-Gaussianity) in SG thermal states in 
agreement with experimental findings.

‣ Excited state correlations not smooth functions of energy and significantly different from 
thermal ones (non-validity of ETH due to integrability).

‣ SG quench dynamics significantly different from those of Klein-Gordon.

‣ Dominant frequencies for ground state quench: lowest-energy allowed excitation.

Thank you for your attention!


