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The Aél) loop model

® The elementary face operator: (Nienhuis, Warnaar '93)

- (R + P+ [ 2 (B )

' NIIKNAZNNERAZN
® 1y is the spectral parameter AN | AR AN
. NNRYAAN | YA
® Loop fugacities: UTIT TAY [T AR
RN I AV \VEE R VR V7> \J

m contractible: =2c0sA = -1 BERP NRDHH

_ P 9+1 ENZZdEN=NdIIl
m non contractible: « ANZNAZNANAZN
. —A 11 A 1 [ A
® Vacancies are preserved NR=ZZN R =\Z A
. . . [ TAY T AA 1]

° ights an rtition functions:

Weights and partition functions KRR [ WK WA=
AT ANYA | [ AA

A loop configuration o
on the 12 x 12 torus

o=op [Jwy Z=) Wo
f o
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Crossing symmetry and transfer tangles

e No crossing symmetry: n 7é H
- (O EB)+E+E e (NIR=EN)

- ()R - ([O-E+)
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Crossing symmetry and transfer tangles

e No crossing symmetry: #
smsm?\ (I:' E>+E|+|] ziiz<m+5+§>

- (O (- B8H)

e Two elementary transfer tangles:

TOwu =4 u | ul|--| u t- TONu) = -{A—u|A—ul| -+ |A—u}-

D D D Va Va Va

e The identity strand: E:I = I:[I + |:|

® They are assigned labels corresponding to the two fundamental
representations of s¢(3).
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sl3 representations

® Irreducible representations
and Young diagrams:

) LD
N—— m
n
e Tensor products of
irreducible representations:

(ﬂ’l,i’l)@(l,O) = (m+1)n)
@(T}’l*l,i’l+1)

® (myn—1)
The s{3 weight lattice
e Equivalently:
= 11T T [TT1TT1]
CHEED @0 - FEHCD © HEHRD @ HEERE
~~—~— m N~—— m+1 N~——"m—1 L NM~~— m

n n n+1 n—1
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sl3 representations
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Dilute Temperley-Lieb algebra

m The periodic dilute Temperley-Lieb algebra, pdTLn(e, 3), is the
linear span of connectivity diagrams:

AR AV

m Product of two connectivity diagrams:

m More examples of products for N = 6:

2 N 2@ =0
AN




Lattice models Diagr natic calculus and functional relations

atic calct
O000@0000 0000000000

A smaller algebra

e pdTLy ,(x, B): subalgebra of pdTLy(«, ) with connectivities
that have v preserved vacancies

® The algebra Ay(«, 3) is the direct sum of these subalgebras:

N
An(e, B) = P pdTLy (e, B)

v=0

e Examples: E € pdTLy (0, B) € An (e, B)

:: S ¢ AulB)

® The transfer tangles are elements of Ay (e, 3):

TOO (1), TOY (1) € Ax(a, B)
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The Aél) vertex model

® A configuration of the 15-vertex model: (imbo ‘86)

A

Y

Conclusion
[e]

s1(—u)

I I so(u)
SHNE
,,,,,,,, s1(—u) si(u) =

m The 15 admissible vertices and their Boltzmann weights:

__ sin(kA+u)

sin A
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The Aé” vertex model

e The vector space is (C?)®V, with the canonical basis:

m=() o=@G) w=()

e The R(u) matrix:

si(—u) 0 0 0 0 0 0 o0 0
0 1 0 sp(u) 0 0 0 0 0
0 0 e" 0 0 0 so(u) O 0
. 0 sow) 0 1 0 0 0 o0 0
R(u) = 0 0 0 0 si(—u) 0 0 0 0 =
0 0 0 0 0 1 0 sou) O
0 0 so(u) 0 0 0 e ™ 0 0
0 0 0 o0 0 sw) 0 1 0
0 0 0 o0 0 0 0 0 s(—u)

® The local maps between the loop and vertex models:

i ]
E SN q1/2<Tilj| + q71/2<liT/.| E — T]| + |J/1><~I//|

A — a2l + a7 21L5) D — 10;) D — (0
i i

1lus and functional relations Conclusior



Lattice models Diagrammatic calculus and functional relations
O000000e0 0000000000

Dimers on the hexagonal lattice

® Bijection between dimer matchings and configurations of the
fully packed loop model: (Kondev, de Gier, Nienhuis ‘96)
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Dimers on the hexagonal lattice

® Bijection between dimer matchings and configurations of the

fully packed loop model: (Kondev, de Gier, Nienhuis ‘96)

\/I\/\ /\/I\ /I\/\/
l\/\/ NN NN
ISV OSLe
LA
AJ LA
’I\ /l\/l\ /l\/l\/l\/l\,
~ \/I\ /I\/I\/I\/I\ a

’I\/\ /I\ /l\/l\/l\/l\l

I/\/ \I/\ \I/ N

Conclusion

[e]
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Dimers on the hexagonal lattice

® Bijection between dimer matchings and configurations of the
fully packed loop model: (Kondev, de Gier, Nienhuis ‘96)

PP IES
NESESAEE

A ATA
AR A

® Local maps:

2R 2 R A Vi
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Dimers on the hexagonal lattice

® Bijection between dimer matchings and configurations of the
fully packed loop model: (Kondev, de Gier, Nienhuis ‘96)

ava aanta ava ava ata 294

N W)V VAN W\ V4V V4V VAV ¥

“AVA CV TSNS YT
NA MW Sl M

A
AR

® Local maps:

2R 2 R A Vi

Conclusion

[e]
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Dimers on the hexagonal lattice

® Bijection between dimer matchings and configurations of the
fully packed loop model: (Kondev, de Gier, Nienhuis '96)

R BRRY
YRR

BB /5

® Local maps:

2R 2 R A Vi
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Dimers on the hexagonal lattice

® Bijection between dimer matchings and configurations of the

fully packed loop model: (Kondev, de Gier, Nienhuis ‘96)

\l/l\l/\l/\/l\ /I\/\I/ 'z\‘g,":év‘\' :\"'
NNNYNY Y \I il v AN AN

/l\/\/ NN\
I\/I\/I\/I\/I\ /l I\
/I\/I\ /l\/l\/ NN /I
’I\ /l\/ ~ /l\/l l I\,
SIS
NN NN N
I/k/l\l/l\)\l/ I/I

BB

® Local maps:

2R 2 R A Vi
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Dimers on the hexagonal lattice

® Bijection between dimer matchings and configurations of the
fully packed loop model: (Kondev, de Gier, Nienhuis '96)

1 ] ]

NN N NN !a\‘g,":év‘\' :\" r\\l f_\\ \\
NN \I/ NN \I X2 AN VAlA—A TN
I/\I/\I/ \I/\I/\l/\l/ 4 f\\\\\\_
\I/\I/\l/\l/\ /\I/ \I N I A% T
I/\l/\l/\l/\l/ \l/\ - L — \\ \J f\\_

- VLU U
jeseeee: o

1000008 MAHYHD
\l/\l/ \I/\I/\/\/ \I I €1V fa Y fa U T
NN /X PTARY T,

® Local maps:

2R 2 R A Vi

e Equivalent to the Aél) loop model at « = 3 =1 withu = A = 7/3:

pl=Fi+d++H* N
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Lattice models and representations

e Family of Aél) lattice models:

m Loop model m Dimer model

m Vertex model = RSOS model
One specific A" o, Aset of representations
lattice model of the algebra An/(«, 3)

e To obtain the partition function, one must compute the
eigenvalues of the transfer matrices T"% (1) and T(®V (u)

® Objective: find relations satisfied by T (1) and TV (1)

e By doing the calculations in Ay («, ), we are solving all the
Aél) models at once.
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Inversion identities

® There are two local inversion identities:

> = si(wsy (<) <> = solu)ss(—1) <>

® This is computed as follows:

D -
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Inversion identities

® There are two local inversion identities:

S = si(u)sy(—u) <> = sou)ss(—u) <>

G - OO+ O R+ X+ X0
- S+ 8 + (D
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Inversion identities

® There are two local inversion identities:

@@ = s1(u)si(—u) <> = so(u)s3(—u) <>

e This is computed as follows:

D = OO+ GO+ O+ X0+ X

1 x so(— 1 x so(—
F QO+ SO+ QK+ D+ B
so(u) x 1 so(w)so(—u)  so(u) x1  so(u)so(—u) s1(—u)si(u)
L E

si(—u)so(—u) so(u)si(u) B so(u)so(—u)



Diagrammatic calculus and functional relations
9000000000

Inversion identities
® There are two local inversion identities:

@@ = s1(u)si(—u) <> = so(u)s3(—u) <>

e This is computed as follows:

CD = OO+ GO+ O+ o+ X0

1 x So 1x SO
PSS S
so(u) x1  so(u)so(—u)  so(u) x1  so(u)so(—u) s1(—u)si(u)

+
s1(—u

ol

s1(u)s1(—u)

—u)  so(u)si(u) B so(u)so(—u)

4% ??24}”?*?
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More identities

e Two inequivalent Yang-Baxter equations:

-d v U k- -d v U k-
U—ov x =p u—o SA—u—7 4 =p SA—u—7,
- U U Fk- - U U k-

D D D Va

e Factorisation of the face operator at u = A:

\}\ :J + r+ +

N - A

e A push-through property:

+RY =N\

A+up-
o o | =s1(u) Ga—u
u - A

N
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The fused transfer tangle >0

e Diagrammatic definition:

T>(u) = 1

fo

1U+A

N

N

u+A| -

u+A|l -

u

N

N

u

° is a projector

Fusion hierarchy relation:

fio = (se()Y

T ()T (u + A) = AT () + T (u)

(1,0) ® (1,0)

Similar to the s¢(3) tensor product rule:

0 e g

g ¢ o

(0,1) @ (2,0)
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Identities from s¢(3) spiders

e Two triangle operators: (reminder: B =g +4")

N Rl ZATE v
PP NP

e Two identities:

X[ﬂ KO

where = '7; qq,l and |:[| =q |:[| +q*2

o Identical to identities for s£(3) spiders: (Kuperberg ‘96)

E o2t YL
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Identities from s¢(3) spiders

e Two triangle operators: (reminder: B =g +4")

>< - zgi +q§< +q1>§£ =8| ] +aran]]]

e Two identities:

Kol &X-O©

where []:'f:q’ll and |:[|—q|:[| +q*2|:|

e Identical to identities for s£(3) spiders: (Kuperberg ‘96)

E o2t YL
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Fusion relation for T>°

jector _ AN
e The (2,0) projector: = -5 ‘

o The resulting fusion hierarchy relation:
T ()T (u 4+ A) = AT (1) + foT>°(u)

® The diagrammatic derivation: (ug = u + kA)

2,0 ot U (U (UL}
foT™"(u) = %

U |Up | Up
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Fusion relation for T>°

jector _ AN
e The (2,0) projector: = -5 ‘

o The resulting fusion hierarchy relation:

T )T Y (u+A) = AT () + /T ()

® The diagrammatic derivation: (ug = u + kA)
fOT2,O(u):'ululu1 ':'ululul'ii'ululul'
-1t [Uo |to ] Suglug|ugl 2] Jug [uo [uo b
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Fusion relation for T>°

jector _ AN
The (2,0) projector: = -5 ‘

o The resulting fusion hierarchy relation:

T )T Y (u+A) = AT () + /T ()

® The diagrammatic derivation: (ug = u + kA)
oAU | UL | UT| - o U |UT | UL b 1-u1u1u1-
FoT* (1) = = =
Juo 1o uo Juo|ug|ugt- 2] Jug |uo|uo P
1 AUy | Up | U b
=T )T O +A) — = JoFe b L L
2] | Auo|uo|uo
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Fusion relation for T>°

jector _ AN
The (2,0) projector: = -5 ‘

o The resulting fusion hierarchy relation:

T )T Y (u+A) = AT () + /T ()

® The diagrammatic derivation: (ug = u + kA)
oAU | UL | UT| - o U |UT | UL b 1 o U UL | UT b

TZ’O u) = e —_—
JoT™(u) 1o | uo [uo [ Juo|ug|ugt- 2] Jug [uo |10 PN

1,0 1,0 1 JqUr|Uip
=TT (u+A)——= o w [Acupe X S51(1)

2] Qg [uo >
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Fusion relation for T>°

jector _ AN
The (2,0) projector: = -5 ‘

o The resulting fusion hierarchy relation:

T )T Y (u+A) = AT () + /T ()

® The diagrammatic derivation: (ug = u + kA)
2,0 _-ululul-_-ululul- 1-u1u1u1-
f()T (M) = N = ey (o
-{lo | Uo | Uo Suglug|ugl 2] Jug [uo [uo b

=TT 0 — g (SRR ()’
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Fusion relation for T>°

jector _ AN
The (2,0) projector: = -5 ‘

o The resulting fusion hierarchy relation:

T )T Y (u+A) = AT () + /T ()

® The diagrammatic derivation: (ug = u + kA)
2,0 _-ululul-_-ululul- 1-u1u1u1-
f()T (1/{) = N = ey (o
-{lo | Uo | Uo Suglug|ugl 2] Jug [uo [uo b

=1~ gy SR < ()"
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Fusion relation for T>°

jector _ AN
The (2,0) projector: = -5 ‘

o The resulting fusion hierarchy relation:

T )T Y (u+A) = AT () + /T ()

® The diagrammatic derivation: (ug = u + kA)
fOT2,O(u):'ululu1 ':'ululul'ii'ululul'
-1t [Uo |to ] Suglug|ugl 2] Jug [uo [uo b

- T ) -
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Fusion relation for T>°

jector _ AN
e The (2,0) projector: = -5 ‘

o The resulting fusion hierarchy relation:

T )T Y (u+A) = AT () + /T ()

® The diagrammatic derivation: (ug = u + kA)
fOT2,O(u):'ululu1 ':'ululul'ii'ululul'
-1t [Uo |to ] Suglug|ugl 2] Jug [uo [uo b

- T ) -

=T ()T (u +A) —flTO’l(u)
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The fused transfer tangle TH

Diagrammatic definition:

1 —1
TH (1) = =

—U|e

0 4 u

u

1
is a projector: - ‘ -G @

Fusion hierarchy relation:

T )T (u+ A) = T (u) + of 1 fil

Similar to the s£(3) tensor product rule:
SUB B

(L0 ®(0,1) = (1,1) & (0,0)

o= (=N
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The general case

e General definition:

wd—u-3A|-u-3A| * * « [-u-3A B
ol —u2A|-u-2A| ¢ ¢ ¢ [-u-2A
1
I 2( ) = fuon fuson | oo o |us2n (= = (sk(u)
fof1f2f3 N § f
UAA | utA | oo o | utA
1 U | U u F
|

® The projectors are defined recursively

Conclusion

m The fusion hierarchy relations:
T () T (1) = fiuT™ 5 (110) + fin1 T" "0 (110)
T (10) T (1) = o f 1T ug) + foT™" (o)
T ()T (1) = frura T™" (t19) + 0 Tg" 0T (1t 1)

(ux = u+ kA)

e Each T""(u) is a polynomial in T'

O(u) and T (u)
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Closure relations at roots of unity

® Roots of unity values: B=qg+q ! with ¢# =1 p'eN

m Closure relations for the fused transfer tangles:
TP ) =TV 2 u+A) — o T 30(u+20) +f 1]
T () = o T “2(u) — TP 2(u+ A) + f 1K

(p',0)
e Jand K are tangles that (
are independent of u (p=2,1) / # <><>
A

(r—3,0)

NAVAVAVAVAVAV AVAN
/NONONONONONINN
(NONINONINONINN/
NONINININININN/

® These are two polynomial
equations satisfied by
T%(u) and T%! (1), and by
their eigenvalues
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Y-systems
e Functions in the Y-system:

myn __ qm,n
Tm+1,0m—1,0 O n+1p0,n—1 Tk =T (u + k)\)
tn=-0 1 f—on0 1l £ = " (1 + kA)
0 f 0 0 ¥ T
"o o B =7"(u+ K\

e Universal Y-system equations:

I [0 ) BN’ S )

nl)
mem
tOl_

(I+t1
I+ ()1 o I+ (t)!

e Encoded in this Dynkin diagram (for g generic):

t! I
0

H"O—O™
BO—O™

st
2
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Y-system at roots of unity

e For g%’ =1, the Y-system is finite:

tl

)
)

RO—O™

C

~

e Similar Y-system previously found in complex su(3) Toda theory
(Saleur, Wehefritz-Kaufmann '00)

Diagrammatic calculus and functional relations Conclusior
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Outlook

Overview:

e We derived functional equations satisfied by the transfer
matrices of the Aél) models

® These can be rewritten in terms of a Y-system

Future work:
Solve the Y-system for the eigenvalues
Extract information on the underlying CFT (with W3 symmetry)

Generalize the method to the AézJ models:
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Generalize the method to the AézJ models:

u | =pw)| | +e) |+psw) Ateswly |+ estw) \
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Outlook

Overview:

e We derived functional equations satisfied by the transfer
matrices of the Aél) models

® These can be rewritten in terms of a Y-system

Future work:
Solve the Y-system for the eigenvalues
Extract information on the underlying CFT (with W3 symmetry)

Generalize the method to the AézJ models:

u | =pw)| | +e) |+psw) Ateswly |+ estw) \

+osw)| | | +pr(u) +pg(u)Jf+p9(u)\\

Thank you!
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