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Notation and definitions

@ Throughout, + will distinguish the orthogonal and symplectic cases.

502, with upper sign.
g2n = . .
sp,, with lower sign.

@ The gl, invariant R-matrix (Yang'68),
P n n
R(u) :=1— € End(C" ® C").

@ The g, invariant R-matrix (Zamolodchikov'78),

]R(u)::I—E— @

u K—U

€ End(C?" @ C2"),

where Q = Pt, Q? =2nQ and k = nF 1.



The orthogonal /symplectic open spin chain

@ The state space of the chain is given by,
M= Li(A1) ® -+ @ Le(Ar) @ Mey1(p)-
e Each L;()\;) is a highest weight g2, module of weight

(k;,O,...,O) for 502y,
N——
N\ — n—1
' (1,...,1,0,...,0) for sp,,.
Hk,—/ H,k_/

@ My, 1(n) is a one-dimensional vector space corresponding to one of
two distinct diagonal boundary types

diag(1,...,1,—-1,...,—1,1,...,1) g2p D g2qg
——— —— —— ——
K = P 2q P
diag(1,...,1,~1,...,-1) gl
——— —— ——
n n



The monodromy matrix

e The double-row monodromy matrix S(u) € End(C?" ® M) is
Sa(u) = Lar(u) - Lag(u) Ka(u) Log(rs — u) -+ L33 (k — u)

o Lax operators £,;(u) € End(C?" @ L;()\;)) are constructed via
fusion and satisfy

Rab(u — V) Ea,-(u) Eb,-(v) = Eb;(v)ﬁa;(u)Rab(u — V).

o Boundary Lax operator K(u) € End(C?") is a diagonal matrix .

@ The monodromy matrix S(u) satisfies the reflection equation

Rap(u=v) Sa(u) Rap(u+v) Sp(v) = Sp(v) Rap(u+v) Sp(u) Rap(u—v).
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Problem

Diagonalise 7(u) := tr S(u) on the spin chain M.




The symmetry relation

@ The entries of S(u) are not algebraically independent, which is in
part summarised by the symmetry relation (Guay—Regelskis'16),

(u) = S(k—u) | tr(K(u)) S(u) — tr(S(u))

2u— K 2u — 2K

SH(u) =7S(k—u)+ >

where v = +1 or v = —1, depending on the boundary type.
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part summarised by the symmetry relation (Guay—Regelskis'16),

(u) = S(k—u) | tr(K(u)) S(u) — tr(S(u))

2u— K 2u — 2K

SH(u) =7S(k—u)+ >

where v = +1 or v = —1, depending on the boundary type.

e Multiplication by a certain scalar factor S(v) = g(u)S(u) leads to a
“boundary independent” symmetry relation

)S(H—U):l: S(u)  trS(v)

2u—k 2u—2k

St(u) = — <1 +

2u— K
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Nesting procedure - gl, open spin chain

o In the gl, case,

S (y) =

@ As an (n—1) x (n— 1) matrix of operators, D(u) satisfies
ab (U= V) Da(u) Ry (utv) Dp(v) = Dp(v)Rop(u+v) Da(u)Rop(u—v).
o Creation operators B, (u;) give rise to the Bethe vector:

®(u) = By (v1) -+ Ba,(Um) - q);h...,am-
where u = (u1,...,Un) and a1, ..., any label auxiliary spaces, each
being a copy of C", and @), . "is a "nested" Bethe vector for the

residual gl,_; open spin chain (Belliard—Ragoucy'09).



Nesting procedure - g, open spin chain

@ For go,, we split the matrix S(u) into four n x n submatrices:

@ As an n x n matrix of operators, A(u) satisfies

Rap(u — v)As(u)Rap(u + v)Ap(v) = Ap(v)Rap(u + v)As(u)Rap(u — v)
+Rap(u — v) Ba(u) Uap(u + v) Co(v)
+Bp(v) Uap(u + v) Ca(u) Rap(u — v),

with the gl -invariant R-matrix R(u), and U(u) := —P/u— Q/(k — u).
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Top level of nesting - creation operator

e B(u) matrix contains creation operators for the top-level
excitations, that correspond to nt" root vectors of go,.

o We reinterpret B(u) as a row vector in two auxiliary spaces,

Bsa(u Z bp-is1j(u) © & @ ¢ € B(u) ® (C")" @ (C")

ij=1

Bethe vector with m top-level excitations,

u) = (Hﬂa,a,(ul H Raja,( uj — )) : <1>5131,...5,,,3,,7-

j=i—1

where u = (u1,. .., upn) and ®za, 5,0, € (C")¥*" @ M.




Symmetry relation in block form

@ In block form, the symmetry relation gives a linear relation between
the A and D blocks of S(u),

>A(n— u) + 2A(u) B {trA(u)}u’

u—=~r 2U— K

D'(u) = — <1 +

2u— K

where brace brackets denote symmetrisation

{f(u } (u) + f(k — u).

@ In particular, the rescaled transfer matrix may be written in terms of
the block A of S(u) only:

2u — 2k
g(u)

T(u) :=trS(u) = {p(u) trA(u)}u.

where p(u) = 1/(2u — k).
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Exchange relation

Using the symmetry relation, the AB exchange relation may be
written

{p(V)Aa(V)}VB%al(U) = 65181 u){p aalal V u)}v
+1{p(v)551a1( )} Res {p aala1(W; U)}W,

p(u) u—v w—ru

where

S‘Qalal( v, u ) 1a(u ) a1 (R_U_V)Aa(v)

x R (u—v+1)RE (k—u—v+£1).
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Exchange relation for multiple excitations

Acting with the transfer matrix on the Bethe vector we find

(v) <Hﬂa ) TT Rus(- =)

j=i—1

x {p(v) tr Sy(viu)}" - @50 Gman + UWT,

where S!(v; u) is the nested monodromy matrix,

Si(v; u) H - v)HRﬁia(n—ui—v)
i=1
1
v) H R: (ui—v=£1) H Ri.(k—ui—v=£1)

and UWT stands for the unwanted terms.



Reduction to gl, open spin chain

The nested spin chain has the state space

M = Vs @@ Vo, [1(M) @ -+ @ Ly(Ae) @ My (1)

e Vj, V,, are auxiliary spaces, all being copies of C".

e L%(\;) C Li(\;) are subspaces annihilated by the C block of §(u),
and are gl,-irreps with the same weight ;.

® My (1) = Myy1(p) is the one-dimensional “reduced” boundary
space with the same weight p.

The nested monodromy matrix S.(v; u) satisfies the reflection
equation on the space M,
Rap(w — v)Sh(w; u)Rap(w + v)Sp(viu) - M =
Sp(vi u)Rap(w + v)Sh(w; u)Rap(w — v) - M’
+ e s- M.
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Solution for the gl, open spin chain

The transfer matrix of the gl, nested system has eigenvalue
(Belliard—Ragoucy’'09)

(v u):zzv‘zui( Rk Fi(v)

x h Fr(v— & u) H (v — 52 ulkY)
j=1

M) =) R =AW [ ui+lv—rtu+1

Jj=1

v — u v—k+u

and the u}k) satisfy Bethe equations given by

Resvﬁu}k)+k/2r(v; u)=0.
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We have 7(v) - W = A(v) ¥V where,

@ The eigenvalue of the transfer matrix is given by
A(v) = {p(v)o(V)T(v)}",

@ The Bethe vector is given by,

V= <i1;1155,-a,-(ui)

@ The u; satisfy the Bethe equations, obtained by demanding the
unwanted terms vanish on the Bethe vector,

1

H Raje":,-(—ui - Uj)> . ¢51a1,...5mam-

j=i—-1

Resy ., A(v) = 0.
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Conclusions and Outlook

@ We presented a nested algebraic Bethe ansatz method that allows
us to study the spectral problem of the so, and sp,, open spin
chains with diagonal boundary conditions at the same.

@ We used fusion procedure to construct Lax operators for symmetric
$0o,-irreps and skewsymmetric sp, -irreps.

@ The top-level nesting yields an gl,, open spin chain.
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Work in progress: a trace formula for the Bethe vector.
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Thank you !



K (u) matrices

® gop — gl, case
a
pa(u) = ... = polu) = 14—,

® gon — G2p D Poq Cases
_ P—q—2uKi;

for 1<i<n,
p—q—2u

pi(v)

@ 504 — S0 D S0 case

,“@)_(1+z><1+5>, m00—<1+z)(—1+5),

@ $09, — S$02,_2 D 0o Case
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Bethe equations

18 () An ()N () =
= o= =)

o(k — uj 2uj — K —

H UJ;UI Uj,U,‘)
o(uj) 2“1_“4“1 FH(uj, ui) f (”_UJ’U’)

,lq;—uj (n—l),u,-) . f+(Uj+n—1,Ui)
XHf+ K/_UJ ( 1),U,') ff(Uj—(n_l)vui)

f (H—UJ L ,(n 1))
X H (" 1))

2
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