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Introduction
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Quantum integrable systems:

1. interacting particles with 6-function
2. spin chain and spin ladder

3. Hubbard, supersymmetry t-J, Kondo
4.1,, Chiral Potts, vertex,

5. long range interaction (1/r, 1/r?)

Methods:
1. coordinate Bethe ansatz
2. algebraic Bethe ansatz or quantum inverse scattering method

3. T-Q relation

4. others: functional Bethe ansatz, asymptotic Bethe ansatz,...



Besides the integrable models with U(1) symmetry, there exist some

integrable models without U(1) symmetry.

Examples of U(1) symmetry-broken integrable models:
1. non-diagonal boundary problems
2. anti-periodic boundary conditions

3. XYZ model with odd sites number

Due to the U(1) symmetry-broken, there is no obvious reference state.

Traditional Bethe ansatz does not work.
Although the model has been proved to be integrable, the exact solutions are

difficult to obtain.
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» separation of variables (SoV) method

H. Frahm, A. Seel and T. Wirth, Nucl. Phys. B 802 (2008) 351;

H. Frahm, J.H. Grelik, A. Seel and T. Wirth, J. Phys. A 44 (2011) 015001,
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G. Niccoli, J. Phys. A 46 (2013) 075003;

N. Kitanine, J.-M. Maillet and G. Niccoli, J. Stat. Mech. (2014) PO5015.

» modified algebraic Bethe ansatz method

S. Belliard and N. Cramp’e, SIGMA 9 (2013) 072;

S. Belliard, Nucl. Phys. B 892 (2015) 1;

S. Belliard and R.A. Pimenta, Nucl. Phys. B 894 (2015) 527;
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» off-diagonal Bethe ansatz



The central idea of Off-D Bethe ansatz

Yang-Baxter equation and reflection equation
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Framework of Off-D Bethe ansatz
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Off-diagonal Bethe ansatz [PRL 111, 137201 (2013); NPB 875, 152 (2013);

NPB 877, 152 (2013); NPB 886, 185 (2014)]

Thermodynamics ODBA [NPB 884, 17 (2014)]
Nested ODBA [JHEP 04, 143 (2014)]]
Hierarchic ODBA [JHEP 02, 036 (2015)]

Beyond the A Lie algebra [JHEP 06, 128 (2014)]

E(letrieve eigenstates [NPB 893, 70 (2015); JSTAT P05014 (2015);

JPA 49, 014001 (2016); JHEP 05, 119 (2016)]



Eigenstates of spin torus

Hamiltonian

N
H = — Z( n—l—l T O-n n—l—l + cosh 770- n—l—l)

anti-periodic boundary condition

T __ T Y _— —
ON+1 = %1, IN41 = 7915 On41 = 701




Transfer matrix
t(u) = trologlo(u)) = B(u) + C(u)

Olnt(u)

o

|
H = —2sinhn — —N cothn
u=0,{0;=0} 2

Monodromy matrix

.]ﬂ[:l('u-) — R[}N(ﬂ- — 9\)?0 N_l(-u. — 9;\;_1) . R(}l ('H- — 91)

R-matrix

sinh(u + n)
_ 1 sinhwu  sinh 7y

R(u) =

sinh 7 sinhn sinhwu
sinh(u + n)



Functional relations

Au+im) = (=1)V 1A (u),
A(u), as function of wu, is a trigonometrical polynomial of degree N — 1,

AB)A(G; — ) = ~a(0)d(8; — ). j=1.--.N.

a(u) = H;\"Zl sinh(uv — 6, + 1)

d(u) = alu — n)



T-Q relation

N = j-u.Q(u _ }7) _—u—-n g/, Q(U + 57) - ﬁ.(-u.)d(-u.)
Alu) = alu)e O() e d(u) O(u) c(u) O u)
o S

T, N . NN L
c(u) = e NTHLi=0=) _ pmumn=2 =1 (05=A9)

Bethe ansatz equations

Aia(A)Q(N; — 1) — dA)e TN, + 1) — e(A))a(A\;)d(A;) = 0.



Orthogonal basis of the Hilbert space:

<9.p1._ O 93}-1*1‘ — <O‘ H(_T(Hpj) 1 S D1 < D2 < ve e <& Pn i: i?\"rl.
j=1
- | T 5/, | <q<qp<-<q, <N.
Oy 05,0 = | B(6,)0). <q < In <
=1

0) = @j=y| 1), (0] = (T ;@521

From the commutation relations, we know that above states are the

eigenstates of operator D bar

> - - ~ " sinh(u — @ ; n)
D(u)|0,,.---.6,,) = d(u) H b

j=1

‘9p17°" fgpn>f

sinh(u —6,,)

n

(B0, | D(u) = d(u) | |

j=1

sinh(u — 6, +n)

sinh(u —6,,)

<9p1.' o 1 H-j’)n "



Total number of the right (or left) states & completeness

Orthogonal relations

T

<9p1r T Qpn ‘991.' T 9@-}?1-> - fn(epl.- Ty 91:-”) 5-7?1.-11 H 6pj_qj_-

J=1
_ n ~r sinh(0,, — 0, +n)
fn( Jn 0 ) p (Up < y:
3 11 H H “ ;!;[I Slllh(epl - H-p;c)
N sinh(u — 6;)
= (0[0) = 1 hw) = || ==
fo = (0]0) di(u) g sinh 7

Thus these right (or left) states form an orthogonal right (or left) basis of the
Hilbert space,

and the eigenstates of the system can be decomposed as a unique linear

combination of these basis.



Retrieving the Bethe states
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Due to the fact that the left states

{Bpr. bpln =0, N, 1<p <p<--- < p, <N}

form a basis of the dual Hilbert space, an eigenstate | W> of the transfer
matrix is completely determined (up to an overall scalar factor) by the

following set of scalar products

=



Write the eigenstates as the form of Bethe state

D)
‘/\1A'\> = = J
llf“Aﬂ

{\;} are the Bethe roots, | Q> is the reference state to be

Q2 {0;})

determined so that the scalar products between Bethe state
and basis satisfy the conditions

n

Oy Ol M Aw) = [ [ A,

[=1

From - -
A(0;) = a(h;) e 0@

J
we obtain the following requirements on the reference state

T

<9P1' T H'Pn ‘8_2 {Hj}> — H (‘!(9-});)69})5

[=1



The solution of the reference state: the g-deformed coherence state

O: {h1) = _ 0
‘ { }r'}> ; [”q]‘ — [[}ql ‘ >
where
1 — QQI
g = 1— ¢’ 0]g =1,

ot =g 1l =1g---[Ug, qg=¢",

o~

B~ = lim {(2 sinh 7 e_“)N—l eZiz1 O B(u)}

U— 100

N
= (N—1)n N 2 : -1 _=
B_:E A e%zkzl—klakgl_e_%zkz1gk

=1

Then we conclude that the Bethe state with the corresponding reference state
is an eigenstate of the transfer matrix provided that the Bethe roots satisfy
the associated Bethe ansatz equations.




Homogeneous limit

0= dim o) =S B0 — 5 B,
1m —
Sl [=0 I—0 [[]q]
N e
B” = lm B = Z e% 03 it % o, e~ 3 iz 9F
10;—0} — _

Therefore, the homogeneous limit of the Bethe state gives rise to the eigenstate

of the corresponding homogeneous transfer matrix.

In contrast to that used in the algebraic Bethe ansatz scheme, the reference

state is no longer a pure product state but a highly entangled state (actually

a g-spin coherent state).




Eigenstates of the trigonometric su(3) spin chain

with antiperiodic boundary condition



b(u) ) c(u) ) a(u) = sinh(u +n)
blu) d(u) (u) = e3 sinh
d(u) b(u)
R(u) = a(u) b(u) = sinh u
b(u) c(u) d(u) = ¢~ 3 sinhn

R15(0) = sinh n P, o,

Initial condition :

Unitarity : Riyy(u)Rop(—u) = py(u) x id,  py(u) = —sinh(u + n) sinh(u — n),

Crossing-unitarity : R (u) RS (—u — nn) = po(u) x id, pa(u) = — sinh usinh(u + n7n).

Ris(—n) = —2sinh -'IJPE).

Fusion conditions :



twist matrix

001
g=1100]. andg®=1
010

the R-matrix is invariant with g, that is to say, the R-matrix and g-matrix

satisfy the Yang-Baxter equation

g0 9o Roor (1) 95 * 95" = Roor ().

The anti-periodic boundary conditions of this case is (n=3)

k.l L k.l —1 . - .
Ex =gk g, kil=1--n



monodromy matrix

To(u) = Ron(u —On)Ron—1(u —On—1)- - Rotr(u — 61)

transfer matrix

f(u) — tro {_f‘j{] 'Ti:] (U)}

The Yang-Baxter equation lead to the fact that the transfer matrices t(u) with
different spectral parameters are mutually commuting: [t(u), t(v)] = 0.

The Hamiltonian with the anti-periodic boundary condition can be obtained
from the transfer matrix as

Olnt(u)
ou

H = sinhn

U-:U,{Qj }:{:}



Now we derive the operator product identities or the functional relation which

are crucial to obtain eigenvalues of the transfer matrix.

By using the fusion, we obtain closed operator identities
t(0;)t(0; —n) = t2(0;),
t(0;)t2(6; —n) = t3(0;)
fused transfer matrices _ _
g<12> = P;£1 )9192Pf£1 )_-
to(u) = tria{g<1o>T<12-(u)}, Terso(u) = Py T (u)To(u — ) Py,
J<123> = P, Py
J<123> 321 91929317391 »

t:ﬂ("li-) — IL'"?‘IQB{9{123::-']1{123} (U)}
T 193~ (u) = Prjfg_l)Tl (w)To(w —n)T3(u — 2-'3'])R3(2_1).

ts(u) = Det,/I'(u) x id.
N

Det,T'(u) = H sinh(u — 6; + n) sinh(u — 6, — n) sinh(u — 6, — 2n).
I=1



Next, we construct the eigenvalues of the transfer matrices.

The commutativity of the transfer matrices t(u) and t,(u) with different
spectral parameters implies that they have common eigenstates. Let | W>
be a common eigenstate of {t_(u)}, which dose not depend upon u, with
the eigenvalues A_(u). We have

A(Qj)Am(Qj — n) — Am+1(9j)7 m = 1:2: J — 1: T 7N7
N 2

Ag(u) = H sinh(u — 6, +n) H sinh(u — 6, — kn),

=1 k=1

297 di

3 (_1)NA(«U;)? Ao(u+im) =e 3 Ag(u).

ANu+im) =e
A(u) — b {11(1)€(N_1)1L+[2(1)€(N—3)u+_._+1§)6_(N_1)u}7

Ao(u) = o= % {11(2)6(217\7—1)1.5_|_12(2)6(2N—3)u_|_____|_IQ(?\;€—(2N—1)U,};

where {I).]j=1,...,N} and {I!?}|j=1,...,2N} are 3N constants which are
eigenstate dependent.



The above relations allow us to express the eigenvalues in terms of
inhomogeneous T — Q relations.

Alu) = Zy(u) + Za(u) + Zs(u) + X1 (u) + Xo(u)

Q" (u—1n) QP (u+n)Q™ (u—n)

+ e e S 3 d(u)

— ¢35 {eq“ e“a(u)

Q@ (u) 00 (W)™ (1)
b St o Gty
tatu)dly QC(;(EEQ(L?;; C; (1{E?S?)L) }
where
H sinh(u — 6, + 1), H sinh(u — 6)) = a(u — n).
=1

= Hsinh(u — A, i=1,2,34,

fitw) = fie + fiTlem folu) = fy7 e,



The eigenvalues of the fused transfer matrices are

Ao(u) = Zy(u) 28 (w) + Zi(w) 25 (u) + Zo(w) 25 (u) + Xi(u) Z5(w) + Zi(u) X5 (w)

As(u) = Zy(u) Z§(u) Z§(u)

where ZE"F)('&L) = Zj(u— In), XED(u) = X,(u— In)



02 QP +1) A - _
BAEs: wye e T 0 a()\ﬁl))—“ =0, j=1,---,N,
QW(A;") Q(z (A7)
), @Y = fi(A)
1N QWA — )+ d(A?) =0, j=1,---,N,
: Q)
. (2) /\(5) 4+ )\(“})
e HQUOD ) o) TR ) g Gy
.M )
wse” +a(N;)——— (4) =0, j=1.---.N,
Q“ o g ﬂ( )
e(f.;]e_(;)_x(l)_kxtli) + 6—29"')((”4')((2)—)((3)‘ .1(+) _ 0
wae” ¥ (_%_‘%4‘9—)('“4)({2)+,\'(3)—X(4J —|—w§(_4”+0 x B =Ny
+(32(_)__|:\,.'__q {(f_XH]_X(Q-}_‘_X(.';-}_‘_‘,i\.'”fl(—) + (ﬁ_{_r\,(Q)_X(ﬁ)_r\,(-l)_J\,r._,}fig_)} _ 0.
wge O XTI L 20010=F-Ox DX @ x® XD 4Ny
+63—2®+;\"-r;{ 26——1+3\(1 +x® )(H-) + qulfz—gl XD 4xB) 4@ L Ny )té—)} — (.
c—c_-ilC—%-F":)—xm—l—x(?)—f\"n 4+ w:%e—%—l—%—)—x“]—)((2}4—,\'(")—N-.‘r;fl(—) =0,
N N
i (¢) ; 9
0=> 6, x"=> N i=1234 N, =Ny,=Ny=N, =N,
=1 =1

The BEAs ensure that the T-Q relations indeed satisfy the asymptotic behavior,
periodicity properties and have no singular points.



Next, we construct the eigenstates of the transfer matrices.

Steps:
1. Find an orthogonal basis of the Hilbert space of the system;
2. Express the eigenstate as the linear combination of these basis;

3. Calculate the coefficients.



First, we construct a nested separation of variables (SoV) basis of the Hilbert

space.
| A(u) Bo(u) Bs(u)
monodromy matrix T(u) = | C2(u) D2(u) D2(u)
C3(u) D3(u) D3 (u)

transfer matrix t(u) = Ba(u) + D3(u) + C*(u)

For two non-negative integers m, and m such that m, <m <N, let us introduce m

positive integers P = {p,,..., p,,} such that

I1<p1<p2a<---<pmy <N, L <Pmg+1 < - <pm <N, and p; # p

For each P satisfies the above condition, let us introduce left and right states

parameterized by N inhomogeneity parameters {6} as

By 0

me; 9???124—1.‘ o

' .‘QIJm‘ — <O|02(9P1> Y 02(9pm2> CB(QP-HIQ—IJ) T C?)(me) ’

|9p1.- T .-Q-p-m.g? 9?17124—1-‘ T -‘me> — B-‘E(Q-pm> T B-‘%(megﬂ) BQ(Q;DmQ) T 82(9p1)|0> ;

O = (1,---.1],  [0)=]1,1,---.1)



It is easy to check that the above states are eigenstates of the operator D;3(u)

sinh(u — 6, + 1)
sinh(u — 6,,)

(Q-pl s " Qp.mg : Qp.m_2+1_- "t me‘ D% (u‘) — d‘(“‘) H
[=mo—+1

X <l9p1.' RN HijQ; 9}’377;24—1 3" " gp-m‘ y

e .
; | sinh(u — 6,, + 1)
D (u) ‘9331-‘ T -‘mez’ Q'P-mzﬂ-‘ o .-me> = d(u) H sinh(u —pg(:? )
I=mo+1 P

X ‘QPI-‘ no -‘meg; 9Pm-2+17 T -‘me> :



Total number of the linear-independent left (right) states is

N m N AT
Z m)! _ Z N om _ ?)i-\.-’
N —m)!m! o (m —ma)lms! (N —m)!m!

e

m=0 mo=0 m=0

Orthogonal relations between the left states and the right states

<9p1a T me:z; meQ+1: T me quv T quz, quf2+1 " qu;> — Om,m’ 0773,2,777,{2
m
X H Opk.,-qk_ Gm(epu B meg ’9197712+1: T :9 m):
k=1

where the factor G, is given by

= = sinh(#, — @, +n)
C;?n (le 2T HP”‘Q Hme-i-l P T 0'}}?71) - H sinh Ui dpk (9'}?,&) (1(9[-)1;) H ‘:;]-_llhl[(}z —plg )
k=1 I=11#k Pk P

m | , m sinh(f. — 6 _
X H sinh nd, (0,,) a(b,,) { H ﬂn_l( D pl_+ )

sinh(d, —#@
k=mao+1 [=ma+11#k ( Pr Pz)

y H sinh(6,, — 6, —n) N
L sinh(6,, — 6,,) ) di(u) = H sinh(u — 6)

k=1,k#l



Thus these right (left) states form an orthogonal right (left) basis of the Hilbert

space, namely,

m

TE5 D) D) PR

m=0mo=0 P m p 17 Pma

Pmo+12 B Hp?n)

;0

Pmoy )y Y Pmoy41 T ?9p771.> <9p17 Tt me.g; 9p771.2+17 R Hpm. 7

x|6y, -, 0

Meanwhile, direct calculation shows that actions of the monodromy matrix
elements on this basis become drastically simple. Here we list some of them

relevant to construct eigenstates of the transfer matrix,

u—BPI

_ | | | : " sinhne 3 d(u)
(Opy - Opms Opmg s Opun | D:_%(“-) = Z : :

sinh(u — @
I=ma+1 ( Pl )

m

H sinh(u — 6, +n)sinh(6,, —0,, —n)

% _ _ _
sinh(u — 6, ) sinh(6,, —0,,)

k=mo+1.k#l

X (B, Opms s O Oppy 15 Oy 0

P41 'Hpm"




mo . u—p;

| S h n e~ 3 d(U)
Do) — sin
5(u) Z sinh(u —#6,,)

<9'Pl.'”°.'9 0

'Y Pm

Pmag 9}ng—|—1 y 7 7

y ﬁ sinh(6,, — 6, + 1) ﬁ sinh(u — 6, +1)

sinh(6,, —0,,) sinh(u — 6y, )

k=1,k#l k=ma+1
X <9p1.' T 9}33—1? tg1041+1.' T 9}Jm2 Pmo+1 B 9}7m-:'91'-)l|
"L sinhne” — (u)
<9'P1.' R meg:-‘ Q'ng—l—l.' T, Hpm| B_‘_J,('u-) — Z Sill}l(u o 9 ) a'({gpl)
[=mo—+1 ' ' pi
y ﬁ sinh(u — 6,, + n)sinh(6, — 6, —n)

b P LAl sinh(u — 6,,) sinh(6,, — 6,,)

= sinh(6, —0, —1
XH (Pl Pa 7)(9})19

0 .
K 'me 1 pmg-i—l N
sinh(f,, —6,.)

.0

Pi—1°

0

Pi+10 'g'pm|

u— 9?3 m i .
N Z sinhne™ "3 d(u) H sinh(u—#,, +n) sinh(#, =0, —n)

sinh(u — 6,,) sinh(u —0,,)  sinh(6,, — 0,,)

I=mao+1 k=ma+1.k#l

mo . _'9130_9131 ma .
sinhnpe™" 3 sinh(6,, —#, —n)
8 Z sinh(6,, —0,.) a(by,) ginh}EQ —pb )
1" 1 P * Pa Pr

k=1k%a

¢

bl ng ?

o=

X <9P1.' T 9pa—1 ? le-' Hpa—l—l.' e ; meg—i—l.' :

o .'9?31—1.' 0

Piy1s 79'Pm|.'




N u—bp
(9 ) . 9_) .. f | (*B(u) _ Z e 3 L d(u)
T e et S sinh(u —6,,) d,, (6,,)

l=m—+1

y H sinh(u — 6, +1n) sinh(6,, —0,,)
sinh(u —#,,) sinh(6,, — 6, +n)

k=ma—+1
X <9p17 e 9}37?12: 9'ng+1? Tt 9131717 9}‘33|
. Zy\: i u=0py ﬁ sinh(u —#,, +n) sinh(d,, —¥0,,)
S smh (v —6p,) it sinh(u — 6, ) sinh(6, — 60, +n)
Op1 —%a m . .
y sinhnd(u)e™ 5 ﬁ sinh(6,, —6,,) sinh(6,, —0,, +n)
d,, (0,,)sinh (8, —6, —n) L e sinh(6,, —0,, +n) sinh(d, —¥0,,)
XOpys s Opoys Opys Opons gme; Q'sz—kl.'- o s Opa |-

<9p11"' '9

_pmg 1

(9'}?1:"' 9

pmg !9ng+1? e .‘-Qp?n‘ B?- (QPI) -
)
)

j)m2_|_1‘ LI

[=m-+1,--- N, and i.j = 2.3,
[=m+1,--- N, and 1= 2.3,
[=m+1,--- N, and 1 =2.3,
[=m+1,---, N, and 1 =2.3.

D (0|6 .0

Pmoy ? meg—l—l? T

Oi(gpg)wlvp e 9

Pmg meg—l—lf o



Some remarks:

1.

In the rational limit, the resulting basis serves as the SoV basis for the
associated rational spin chain model.

We have checked that each basis vector for the su(3) case is an off-shell
Bethe state obtained via the nested algebraic Bethe ansatz by replacing the
Bethe roots with some sets of the inhomogeneity parameters.

This observation provides an efficient way to construct similar nested SoV
basis for general high-rank quantum integrable models.

From explicit expressions of actions of the monodromy matrix elements on
this basis, one can see that in the basis, the operators have no
compensating exchange terms on the level of the local operators, which
allow us to compute correlation functions for quantum spin chains
associated with higher-rank algebras.



A general off-shell Bethe state is
‘)\lr Ty /\-m:. /\gl)_- Ty /\-;(i.)—mg> — B'i-l (/\l) o B (/\m) F” i ‘0>
where {F} are the vector components of a nested off-shell Bethe state

i1, i)Y

1 11, Jim
BOM) - BON,L, 000 =33 ) Fie

with creation operator and reference state associated with su(2) chain

The above Bethe sate is a linear combination of the vectors

‘H I Hp -0 SRR Hpm> Bg(epm) T Biﬂ(gp.mﬁl) BQ(HijQ) e BQ(HM)‘O)

P1? mo? " Pmo+41"
However, if the parameters {A, I=1,..., m} are particularly chosen as {)\|=6p|,
|=1,..., m} and
then the nested parameters {A.1), n=1,..., m-m,} have to take the values in
the chosen set of {A,, I=1,..., m} (e.g., {A V=6, n=m2+1,..., m}),
the corresponding linear combination becomes drastically simple such that

only one term such as the right state does remain.



Now, we construct the eigenstates of the su(3) spin torus

Let |W> be a eigenstate of t(u), which does not depend upon u, with an

eigenvalue A(u).

Due to the fact that the left states form a basis of the dual Hilbert space, the
eigenstate |W> is completely determined (up to an overall scalar factor) by the

following scalar products

Fmg.-m—-mg(epy T Hpmg; Hpm2+1r T Hp.m_) — <Hp1f T H}ng; Hpm2+1r T H-p.m_|lp) y

L<p1 < <Pmas 1 <Pmpr1 < <pm <N, pj#pr, 0<may<m<N.



Let us consider the quantities

Op1s  Opmy i Opmgrrs s Oprn [T(Opri )| W)

Acting t(6,,,1) to the right gives rise to the relation

i&(g'pm—l—l) Fﬂl‘? I =112 (Qpl-' "t meg; Qp-m-g—l—l-' T gp-m.) —
(9101.‘ T -‘91'-1??1.2; meg—l—l-‘ T me ‘t(gf-)m—kl)‘lIJ) .
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where the scalar products are given by
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The values of scalar products

En(Bpys - bpn) = > G (Opy o+ Op |0+ O )

1<p) <---<p), <N

m N m A ( 0 ;) N
- [=1"*\"p Hizl a(@k) _
X H H sinh(6,, —6p, +1) g N (0|W) ,
a=1k=m+1 fm(gpi-‘- T QP;n) H}c:m+1 A(Q'Pk)
where
.m,_ -r‘n,_ sinl U — Vg - sinh (1. — v
G (U1, -+ om|ug, e uy) = || 1—{1&_1 ?111 (e, — vy, - 1) sinh (t, —vy) det M.
1 sinh(u; —uy) sinh (v —v;)
e m .
: sinh(6,, —6,, +n
fm(Opry - 0p,) = Hsmh ndy, (6p,)alby,) H (O —Opi+11) :

simnh(é.,, —6,
=1 k=1k+#l ( P Pk)

M is an m X m matrix with matrix elements

Uy —’Uk

sinhne™ 3

MO:_,!'*G —

: a.k=1,---.m.




Therefore, the eigenstate of the transfer matrix corresponding to an eigenvalue

A(u) is
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Now, we consider the homogeneous limit.

1. The T -Qrelation and the associated BAEs have well-defined homogeneous

limits.

2. Inthe homogeneous limit, the resulting eigenstate becomes the eigenstate of

the homogeneous quantum spin chain.

3. We have checked that such a limit of the state does exist for some small N. For

an example, here we present the limit of the N = 2 case.
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It is conjectured that the eigenstate for generic N has a well-defined homogeneous

limit.



Trigonometric su(n) spin torus



R matrix

T T

R(u) = sinh(u + n) Z E*F s EFF 4 sinh u Z EFF g B
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n n
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+Slllh n ( E e n u + E e o U) Ek- N/ R Ez‘k'_.

k<l k>l

twist matrix g = | . and ¢g" =1

A(u)  Ba(u) -+ Bp(u)
- W - Diu

C™(w) DX (u) --- Dlu)



functional relations:

A(Qj)Am(Qj—n) :Am+1(6’j); m = 1 ,n—l, J: 1N

An(0;+Fkn)=0, k=1,--- m—-1, m=1,---,n—1, j=1,---

n—1

A, (u) = )" 1H sinh(u — 6; +n) H sinh(u — 6, — kn) x id,
A (u+im) = e_m(%)’:”((—1)N)T”'Am(u), m=1,---,n—1,

e T2 “Am(u) xemN=bu oo S 400, m=1,---,n—1.

The above relations can completely determine the eigenvalues

of the transfer matrix.

J. Stat. Mech. (2016) 073104



For the su(n) spin torus, let us introduce n-1 non-negative integers m,,m,,....m_

such that . T

Nested SoV basis
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Please note that the number of the operators Ci(u) (or B,(u)) in the above
expression is m;.



These states are the eigenstates of operator D" (u)
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For generic values of {6}, these right (left) states form an orthogonal
right (left) basis of the Hilbert space, and any right (left) state can be

decomposed as a unique linear combination of these basis.

Using the similar method, we can obtain the explicit expressions for the

operators {D".(u), D', (u)|i =2, ..., n}, B_(u) and C"(u) in the basis.

The operators take some simple forms without compensating exchange

terms on the level of the local operators.

These resulting simple forms allow one to construct eigenstates of the

transfer matrix of the su(n) spin torus via its ODBA solution.



Conclusion & Perspective

ODBA is a universal method to treat the one-

dimensional quantum many-body systems. W

Junpeng Cao - Kangjie Shi

Off-Diagonal
Bethe Ansatz

small polaron: NPB 898, 276 (2015) for Exactly
Solvable

Models

AdS/CFT: JHEP 10, 133 (2015)
T, model: JHEP 09, 212 (2015)

Thank you for your attention!



Eigenstates of open XXX spin chain

S [ ——
Hamiltonian
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Transfer matrix

tO) (u) = try (KJ (u)To(u) Ky (U-)TU('U'))

To(w) = Ron(u —ﬁ) o Rop(u — 9_1) = ( (%E:j g%z% ) :

o) = Anfust)-ooFovteet) = 0" (200, WS )

oy p+u 0 def [ Iy (u) Kip(u)
Ko{u) = ( 0 p—u ) B ( Ky (u) Ki(uw) )
K*(u) = ( qg+u+n &lu+mn) ) def ( I&:fl (u) h:fa(:u.) )

E(u+mn) g—u—mn



Functional relations

Analyticity:  A(u), as a function of u, 1s a polynomial of degree 2N + 2.

Crossing symmetry :  A(—u—1)=A(u).

N
Initial condition: A(0) =2pg[[(1—-6;)(1+86;) =A(—1).
J=1

Asymptotic behavior : A () ~2u” ™2+, u — oo,

Aq(8))
(1—-26;)(1+26;)

=a(6;)d(0;—1). j=1.--.N,

A(6;)A(8;—1) =



The inhomogeneous T-Q relation

Each eigenvalue of the transfer matrix can be given in terms of

the following inhomogeneous T-Q relation

Aw) = (=1)" 221;12?? (u+p)(v/1+Eu+ q)a(u)d(—u — ??)Qg(;)m
Y 3 = p+ (VI E (a4 1) — galou — i) T
£2(1 = /1T E@)ufu+ )2 ‘S{iﬁ“)d(‘“ =




Bethe ansatz equations

[ SR B~ B |

Bethe ansatz equations

Aj (N —p+n)(V1I+E (N +n) —q)a(=A; —n)d()\;) Q(\; +n)
(Aj+m) (Aj+p) (V1+E2 A+ q)a(A;) d(—=A; —n) Q(A; —n)
= ()N (VI+& -1 2N\ +n)al=A — )d()‘j')‘

(Aj+p) (V1+EN+9 QN —n)

1+

j=1,...,N.

All the above results have well-defined homogeneous limit {6,}-0.

The eigenvalue of the Hamiltonian is
- dInA(u)
du u=0,{0;=0}

N2 I (1482
p q




Study the eigenstates:

1. Construct the orthogonal basis of Hilbert space of the system.

2. Decompose the eigenstates as the linear combination of the basis and obtain
the coefficients from the eigenvalues.

3. Express the eigenstate as the form of Bethe states and obtain the Bethe-like

eigenstates.



Gauge transformation

| P I————— == B ]

In order to obtain the states, we introduce the gauge transformation

U:(g \/Tg?q)
¢ —/1+e-1

K*-matrix can be diagonalized as

Ctw) = UK (U1 = g+ V1+&(u+n) 0 )
Ko = okt U = (VO e
def [ Kifi(u) 0
- U0 R )

Double-row monodromy matrix

T(w) = UT(uw) K (u)T() U™ =UT() UMUK () U UT (u)U ™!
= T(-u.)K’_(-u.)f(u.) = ( él(( )) g(( )) )



Gauge transformation

Local states

), = 1/1+£2+1 EI 1 n I
n i E o ne n=1,...,
\/@—1 1 T
2)n = o n=1,... N
2) e | Ty U e
Dual states

(U = & [+ (V1+82 =1)({ [n,
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Orthogonal relations

<(1|jb>k_ — Oa..,b Oj?k_: (I.?b: 132: jk — 1: 4\1’



Orthogonal basis of the Hilbert space

e R —

Noting that operators C form a commuting family, [é('u-) _. C(-v)] = 0,
we can use their common (dual) eigenstates to construct the basis of right (left)

Hilbert space.

|9131.'"'.'9Pn>> — A(le)' (

D). 1<pr<pp<...<p, <N,
((—0g1. - =] = (QD(=by)...D(—by,). 1<qa<q@p<..<g<N

Q) = ®?;1|1>;ir Q| = ®}i1<2

The above states are exactly the eigenstates of C bar

j.

Clu)|fp,,. ... 0,)) = hlu,{6,.....0,, )|0p.....0,))
(b, . ...,—0, |C(u) = B (u,{=0,,....=0,, H){=bp.....,—0, |




Orthogonal basis of the Hilbert space

B~ B |

Orthogonal relations between the left states and the right states

9;01.- SO 9-pn>> — f?E.O)(Qpl.' SR H'P-n)5:’7"1"—:’1—1}\?6{@1¢+---.q-n1}§{pla-+-1j'3n}-'

<<_H€}1.‘ R _qu

0 otherwise,



Orthogonal basis of the Hilbert space

Total number of the right (or left) states & completeness

N v
— {);?\-'T
Z (N —n)!n!

n=>0

Thus for generic values {8}, these right (or left) states form an orthogonal

right (or left) basis of the Hilbert space (or its dual).

And any right (or left) eigenstate can be decomposed as a unique linear

combination of these basis.



Retrieve the eigenstates

The eigenstates can thus be expressed as

0,
f?l Pn 9} 1___?9} |-.
szn . Qpn) << Pn+1 » PN D

n=0 p Pl

with p; < --- < p,and p,+1 < --- < pN.

Now, we should calculate the expansion coefficients F_ -



Retrieve the eigenstates

Let {((¥| be a common eigenstate of the transfer matrix +% (u)

(W] 1) = ((F] A©) (),

Consider the quantity



Retrieve the eigenstates

Acting to right

(IO )i - Op))

_|_]{;2(9Pn+1) <<1I‘|T)(9Pn+1) A(9P3)|Q>

Using the commutation relations and D(#

we obtain the recursive relation
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Al (Qpnﬂ)pn(gm: T Q'P-n) - 26 1
Pn+1




Retrieve the eigenstates

The above recursive relation allows us to determine F_ as

_ - (29.)j + n)A(O)(Q.)j) _
RI-(QPI?"'?QIJR) — {l I I : (9 ) FU
]

(26, + n) K (0p,) + nk,

J=1

Fo = ((¥|Q) is an overall scalar factor.

|

1(9}31: JORI F)Pn) — <<1Ij|9p1: JERR 9}'3'!1))

= {ﬁ(—l)”(epj £ p)at,,)d(~,, — )2 }_)”)} Fo.

Q(6
(%)

Then the eigenstates are determined completely.



Retrieving the Bethe states

Next we prove that the Bethe states are the eigenstates.

For each solution of the BAEs, the left Bethe states are

Reference states 0) = ®J}-’:1| T>? (0] = (4 |j®i



Retrieving the Bethe states

Because we have obtained an orthogonal basis of the Hilbert space,
we can decompose the Bethe states as the unique linear combination

of these basis. The expansion coefficients are

Because

C(u)|b,,,. ... 0p.)) = h(u,{0,,,.... O I)|Opys - - Op,.)) -

Then we should calculate the product

O10pys -+ Op,))



The scalar product (016,,,....6,.))

| S ]

From the definition of orthogonal basis and using the commutation

relations, we obtain following recursive relation

<O|9P1r I Qpn+1>> — (_l)Nj{l_l(Q'PnJrl)a(QPnH)d(_gpn+1 T n)<0|9p1.- SR Qpn».-

The solution is

<0|9le? JER 913n>> — {

J=1

(‘UN(HP;; +p) ﬂ-(Hpj)d(_ij - T])} <0|Q>r

n = 0,....N, 1<pi<ps<...<p, <N.



Retrieving the Bethe states

Then we obtain the expansion coefficients of Bethe states as

o v o Q)
B<A1 ..... )‘N|9p1 ..... H;U-n>> — {H(—l) (Hpj+p)a.(9.pj)a’.(—9pj—r]) Q(Hpj) }<O|S2>

j=1

n = 0,....N, 1<p<py<...<p,<N.

Comparing these expansion coefficients with the expansion coefficients of the
eigenstates by the basis of the Hilbert space [equation (%)], we find that, up to a

constant, they are the same.

Therefore, the Bethe states are the eigenstates of the transfer matrix provided

that the Bethe roots satisfy the Bethe ansatz equations.
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