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SU(2) scalar products

SU(2)-invariant models

e Define f(A\, pu) = (A—p+1)/(A—p) and g(A, u) = 1/(A — p). The R-matrix is

FOuw) 0 ‘ 0 0
_ 0 1 g\, 1) 0
0 0 0 FOuw ) o

o Represent the entries of the R-matrix by
Jg
tajo

[Rasum)] """ = A e

igJp

Jo
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SU(2) scalar products

Algebraic Bethe Ansatz for SU(2)-invariant models

o The monodromy matrix is

AN B(M
nw=( 20 oo ),

and satisfies the intertwining relation

Raﬁ (>\7 ,U)’T& (A)Tﬁ (M) = Tﬁ (M)Ta (A)Raﬁ (>\7 M)

o Introduce the pseudo-vacuum states |0), (0| and let the operator entries act
according to the rules

AN|0) = a(N)[0),  D(N)[0) =d(A)[0), C(N)[0) =0, B(XN)|0)#0
(OJA(A) = a(M)(0],  (O[D(A) = d(M){0], (0|C(N) #0, (0|B(A) =0

where a(X),d()\) are constants.
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SU(2) scalar products

Algebraic Bethe Ansatz for SU(2)-invariant models

o The transfer matrix is 7 (z) = A(z) + D(z). Eigenvectors of 7 (z) are given by

AL, ..., Ae) = B(A1) ... B(A)|0)

O 1] = (0[C(Ag) ... C (A1)

with {A1,..., \¢} satisfying the Bethe equations

Michael Wheeler Factorized SU (3) scalar products



scalar products

Specialization to SU(2)-invariant XXX model

o Consider an XXX spin-chain of length L. The monodromy matrix becomes

Ta()\) - Ral(Av/wl) s RaL()‘v/wL)

R

w1 wr,

o The pseudo-vacuum states |0) and (0| are chosen to be

L

O=a*=J[[1t o],

i i=1

L
o =1t =11 o

L —wi +1)/(A = wy).

=

e For this model, we have r(\) =
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Definition of scalar product

o The scalar product S({\},|{\B},) is defined as

SUATYe{APYe) =

o In the model just defined

B
AL

B
1

SHACYe{ABY) =

AT

G,

»

=1 dAE)d(NP)

»
» —

Vo Vo Vo ¥V, V. ¥V,




scalar products

Sum expression for SU(2) scalar product

o The scalar product can be expressed as S({A\“}|{\P}) =

B c c C B B B, C C |\ B

ZHT()\I )HT(/\II) H FO A H FO@LAD) ZOARIAD Z(Ar [AD)
\B PN AP Ag ABANE

where Y is over

C C C B B B C B C B
A= U {dnh {37 = {Ar P U {An} such that [A;| = [A7 [ [An] = [Aq]

A

_ Hf,g:lo‘i —wj + 1) %
[hcicij<eOi = X)) (wj — wi)

Z({Aye{w}e) = !

VYo Vo Yo Vo ¥V,

1
det ( >
i —wj + DN —wj) /1<, 4

e




scalar products

Slavnov’s determinant expression

o When one set of variables {\P} satisfy Bethe equations

c B A8 £ AP */\;’3 +1 c
SHATHAA }):Z(—) ! HH )\3_7)\'3_1 HT'()\H)
AB =1\ 1 J Ne]
x [T o5 aD T FOGADZOGIAD 2O AT
)\IC,)\IC; ABAE

o This can be summed to a determinant S({\®}, {\P}) =

1 14 14
det (M (H(/\f A7+ 10)r(A) = [TOF = A7 - 1)))
J ‘ 1<i,j<e

k#j k#j

IT Q5 =xH0r2 =29
1<i<j<¢t

Michael Wheeler Factorized SU (3) scalar products



SU(2) scalar products

Partial domain wall partition function

e Consider taking the limit

SO = 5, lim (W aPSOONTY) W

B
o>
o Performing this limit, we obtain the sum
c
S({A“YH{oo}) = > OPITIH T roFAg
{ACI={AFIU{r§} G A NG

o In determinant form

det (A9 1r(A) = (AF + 1))
[I OF -2

1<i< <t

1<i,j<¢t

SHX“Y oo} =

Michael Wheeler Factorized SU (3) scalar products



alar products

Partial domain wall partition function

o The partial domain wall partition was given its name in

o It comes either as a limiting case of a scalar product,

1 1 1 1 1 1 1 1
A A A A A A A A
1 2
AP >
>
1 2
>
1 2
B
A >
2 1
]
AT >
2 1
>
2 1
c
g >
1 1 1 1 1 1 1 1
wq wr,
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Partial domain wall partition function

o It comes either as a limiting case of a scalar product,

2 1
ING >
2 1
»
2 1
Ay >
A A A A A A A A
1 1 1 1 1 1 1 1
wy wr,
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Partial domain wall partition function

@ or as a limiting case of a domain wall partition function.

2 1

Tr_g >
2 1

>

>

2 1

>

>

2 1

>

>

2 1

zq >
2 1

c

AT >
2 1

>

>

2 1

c
Y >
1 1 1 1 1 1 1 1
wy wr,
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2) scalar products

Partial domain wall partition function

@ or as a limiting case of a domain wall partition function.

2 1
» >

2 1

»

2 1

A¢ >
A A A A A A A A
1 1 1 1 1 1 1 1
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SU (3)-invariant models

o The R-matrix is R(()lg(/\7 IDES

FO ) 0 0 0 0 0 0 0 0
0 1 0 g(X, ) 0 0 0 0 0
0 0 1 0 0 0 g(X, ) 0 0
0 g(X\, n) 0 1 0 0 0 0 0
0 0 0 ‘ 0 F(N, ) 0 ‘ 0 0 0
0 0 0 0 0 1 0 g(\, 1) 0
0 0 g(X\, p) 0 0 0 1 0 0
0 0 0 0 0 g(X, @) 0 1 0
0 0 0 ‘ 0 0 0 ‘ 0 0 Foum /g
and we define R((fﬂ) (A 1) = Rag (X, ).
o We will also use of the R-matrix R_ *(1 )()\ n) = (R(l)( ,—))®8, given by
is
tajo ; :
[R5 0um] "7 = x e fo
BIg
g
1

Factorized SU (3) scalar products



SU(3) scalar products

Nested Bethe Ansatz for SU(3)-invariant models

o The monodromy matrix is

V() = ( t21(\)
t31(N)

where we have defined

B () = ( t1a(V)

t12(A)  t13(N) (1)
t22()\) t23()\) — < ) B€1)(A) >
t32()\) t33(>\) o (’7 <)‘) D5 ()‘)

t22(/\)

tis(N) )s  DEYON) = < t32(})

taz ()
tiz(k) >5

o The intertwining equation is

REIO = T8 T () = TEV (T8 VR — )

Michael Wheeler
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SU(3) scalar products

Nested Bethe Ansatz for SU(3)-invariant models

o We also need monodromy matrices which are SU(2)-invariant, namely
T (e, - A1) = DG ()RR, (i Me) - - Reloy (1 M)

:( 1 B<2)(M|{>\}z))
T\ COul{at) DO(ul{re) ),

and

T (A1, Aelw) = RE, (A1) - RS, (1, 20) DS ()

- ( B ({A}e|p) )
“\ OOkl DA}l
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SU(3) scalar products

Nested Bethe Ansatz for SU(3)-invariant models

o The transfer matrix is 7 (z) = t11(z) + t22(x) + t33(x). Eigenvectors of T (z)
are given by

Yo, {udm) = BE) (). B ) BP (ua[{A}e) - BP (i [{210)10) @ [2°) 0

ik, (Al = (210 ® OICP (A elpm) .. €2 (A }elu) O (o) ... OF) ()

with {A1,...,A¢} and {u1,..., um} satisfying the nested Bethe equations

m

¢
A Aj+1 .
Tl()‘i)E H/\Z N IHf(Hk,/\i) V1i<i<dé
j=17% 7 T T k=1
‘
az (i) i — gy 41 1 )
ro(p;) = = - Vi<i<m
(ks) a3 (1) 1;[ pi = g — 1 5 f(pis Ak)
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SU(3) scalar products

Specialization to SU (3)-invariant XXX model

@ Consider an XXX spin-chain of length L + M, with the monodromy matrix

T ) = R O\ wi) . R v wr)RED o) . BRI, (O oar)

o

o The pseudo-vacuum states |0) and (0| are chosen to be
L 1 M 0
oy=n"3"y=T[| o | ]| 0

i 0 ,  J=1 j

L
O =a*3M=T[[1 o o],@[[[0 0 1],

i=1 j=1
o For this model, we have
L M
=TT —wi + 1)/ —wi) o) = [[ (s — w)/(v; — u+1)
i=1 j=1
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SU(3) scalar products

Definition of scalar product

o The scalar product is defined as S({p€ }m, {2} {AB}e, {uB}m) =

m £ c c B B
& A0 pP AP D DO ()
Ug (A ) 7, 3 Y (V8 Ty 3 (a5

e Evaluated as a sum, for generic values of the parameters, in

o When {\B} = {\®} and {uB} = {uC}, and {\B}, {uP} satisfy the Bethe
equations, it is known in determinant form,

o More recently, this result was generalized to allow {A\B} # {\®} and
{uB} # {uCY, if {\C}, {uC} parametrize a twisted Bethe eigenstate,

o We are interested in the case where just {A\B}, {uP} satisfy Bethe equations,
while {\}, {uC} are free.
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Graphical representation (1)

1 1 1 1 3 3 3 2 2
B 2
Him >
. 2
wf >
B 1
N > )
1
> /
1
AP >
A A A A Y \ 4 Y 1
]
Ve > AT
1
. >
1
Ve > A§
3 2
> HT
3 2 .
> Hom,
2 2 2 1 1 1 1 3 3 3
w1 wy, vy v Mg
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Graphical representation (2)

~
A\

~
A\

A\
By

iy
A\

3\
Y

>
Q
v

&
A\

Factorized SU (3) scalar products



SU(3) scalar products

Sum expression for SU(3) scalar product

e To save space, let
m L
FN) =TT TT £ 29
i=1j=1

for p={p1,. - ptm}, A= {A1,..., Ae}.
o The scalar product can be expressed as S({u®}, {\“}H{ B}, {uB}) =

STTTr O [T ra) TT r2 et TT 2w FOF S AD £ A F st 1) F (it i)
NS N nf uf
x Fluy A it MDZAM S {of HSH del D2 Y (e HAD Y (e D)
where Y is over
A% = UG = (AU {AT} such that AT = A7] IAG] = A

C C C B B B C B C B
"y ={pr YU {pah, {v”} ={ur U {pn} such that |ur | = [ur |, ol = |pgml
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Reshetikhin’s partition function

e The quantity introduced in the sum above, Z({A}, {u}|{w}, {v}), is given by

1 1 1 1 1 2 2 2 2
A1 > 2
1 > 2
1 > 2
1 > 2
Ap 1 > 2
A A A A A Y A\ Y \
r1 3 > 2
3 > 2
3 > 2
Hm 3 > 2
2 2 2 2 2 3 3 3 3
w1y wy vy v

o It is a candidate for the ‘domain wall partition function’ in the SU(3) XXX
spin-chain.
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SU(3) scalar products

Reshetikhin’s partition function

o It can be expressed as

Z( i wy o) = > TT flepn) TT FOw ) T £l M)

HT, 41T ALAIL HI,AL

X Z({A e ) Z({A} U {pa{wh) Z({vi{p} U {An})

where ) is over

{AY = {ru {da} {n} = {p1} U {p} such that [Au| = [p|

e Some limiting cases

Z({A\}e, {oo}m {w}e, {v}m) = (=)™ Z({A}{w})
Z({ootes {u}m{w}e, {v}m) = Z({v}{n})

m £
Z({AYeAutmH{w}e, {oo}m) = [T TT (i wj) Z{A {w})

i=1j=1

m 4
Z({M e, Audml{oote, {v}m) = (=) [T IT £vi, 2D Z2({w}{u})

i=1j=1
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SU(3) scalar products

Introducing the Bethe equations

o Returning to the scalar product, if {\B}, {uf} satisfy the Bethe equations,
then S({u“}, (AH{APY, {uP}) =

¢ /\B
Z(_)MFHmﬁl 1 (H <ﬁ> H Flug AP )
AP

=1

ol —pP 1
raO) [ ] ra(u) x
(1 (055) oo LoD 1T
nip N

f(xf,Afnf(xﬁ,Am(uﬁ,u?)f(uf,uﬁml ,AI )f(ulmnx
ZEA e HOGH Al D2 (e T {ef D)

o The goal is to sum this to a simpler expression, as was possible in the SU(2)
case.

e However, because the partition function Z is not known as a determinant, the
way to do this is not obvious.
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Taking the limit x2, ..., u8 — oo

>

A\

A\

A\

Y

A\

A\
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SU(3) scalar products

Taking the limit x2, ..., u8 — oo

o Evaluating this limit directly from the sum form, we obtain

SUHL DU el = = Y > oM

=0 gy \F=0 uf I=m—k,luf =k

DB =02FrunEy
c c £ -A7+ c \C B \B c C c \C
X Hrl(/\II)H"'Q(NI )H H B _ B _1 FOL A s AL foags 0 ) f (o5 AD)
N e
X (m = k) (u s MDD ZEATHHAT D (=) RZEAT YA )

o In fact the above sum factorizes as

ST <72(u1 ) H Fuy A )) P ) | [ So
“I k=1

4 )\B
[T11 (%)H ADFACADFOE A ZUNIAG D ZUA HHAE Y
>\IB j=1 J

Michael Wheeler

Factorized SU (3) scalar products



SU(3) scalar products

Result of the limit p, ..., u2

o Both of the factors are sums which we know how to evaluate. They are a
partial domain wall partition function, and a Slavnov scalar product, from
SU(2) theory. Hence

S AATHIAP Y {o0}) =

£ e} e}
i g — A +1 .
det <(uic)'1 Yro(ud) [T <Z e > —(ug +1)! 1>
H = AR 1<iyj<m

k=1
T @ —ud)
1<i<j<m
1 £ £
det | 5o [TOF =2 +D)m) = TTOF = - 1)
[I Q& =2xHEZ =27
1<i<j<e
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Taking the limit AP, ... AP — oo

Hm

B
5

B1 BL 3 3 3
am, 3
>
oy 3 1
>
s A A Y VY VY
>
>
3
>
2
> J
2
S J
2
>
1 3 3 3
w1 wr, vy v Nr
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o Evaluating this limit directly from the sum form, we obtain

2

B /¥
SUnCY, DYook () = & > > X @kH()
O ={ufro{ufr \F=0IrF 1=tk Ix{|=k
wBry=(ProuEy

m _ +
XHTI AII)HTQ #1 H H <%> f()‘l 7>‘Il)f(,“'11 Hy )f(ﬂ{ iu'II)f(.“‘I ’)\c)
“1 B

j=1 ;U'H lj
x KRZ{nf H{uE D) T 0= 1 (s, X)) Z({isi Y it}

@ Once again, the above sum has a clear factorization

k=1

29 Z(—)WC‘ 11 <T1(>\n II W) FOEAD | | S
2

m B _
111 <%> [T G uEV Wl w2 Y e D Z{ G nEY)

B j=1 \ P11

H11 “I
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SU(3) scalar products

Result of the limit AP, ... AP — oo

o As before, both sums are known from SU(2) results. Hence

SUY AN oo} {P}) =

m C _\C
- . —2¢ 41
det <()\z‘c)J r(A) = (A +1)7 7! || (ﬂk c:)\c ))
P @ 1<i,5<¢

k=1
X
C C
T & =x)
1<i<j<t
1 m m
det | —g——c | [T W& = + Dra(uf) = [T (17 =1 = 1)
By =B \kzj kit L<ii<m
C C
1T W —uw? —uf)
1<i<j<m

Michael Wheeler Factorized SU (3) scalar products



lar products

Future work

o Can we use the two limits calculated here, as well as the work of
, to find a manageable expression
for the Bethe scalar product?

Recently, it was shown in that the XXX
SU(2) Bethe scalar product is in fact a partial domain wall partition function.

o Can a similar statement be made with respect to the XXX SU(3) Bethe
scalar product, and a ‘partial’ version of Reshetikhin’s partition function?

o Generalization to SU(n) models. The norm has already been conjectured in
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