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Algebraic Bethe ansatz approach to correlation functio

@ Correlation functions in the ABA framework: first results
determinant representation for scalar products of Bethe states (Slavnov)
+ solution of the quantum inverse problem

~~ determinant representation for form factors in finite volume
~» elementary building blocks of correlation functions as multiple sums
in finite volume and as multiple integrals in the thermodynamic limit

© Two-point function: sum up elementary blocks or form factors

~~ Master equation representation for the finite chain: N-fold multiple
integral representation for the correlation function in finite volume
© Asymptotic analysis of the two-point function

~~ from the Master equation
~ from the series over form factors

Method essentially developed for XXZ chain or Quantum Bose gas
What about more complicated models ?
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XYZ Heisenberg chain and 8VSOS model

A natural generalization of the XXZ Heisenberg chain is the XYZ chain:

N
X X z z
Hyyz = E {JXO'mUm+1 + Jyaymaiﬂ_l + JzamamH}

m=1

related to the 8-vertex model:

€
2-d square lattice model i ! .
link — ¢; = + RSV(21/22)2:Z = 2 2 z
vertex — Boltzmann weight ¢
Z1
a(z; p) 0 0 d(z; p) z = spectral parameter
v 0 b(z;p) c(z;p) 0 p = elliptic parameter
R%(z) = -
0 c(z;p) b(z;p) 0 a, b, c,d = elliptic
d(z; p) 0 0 a(z; p) theta functions of z

No charge conservation through a vertex — no direct Bethe Ansatz solution
Baxter's solution (Ann.Phys.73) — map onto an IRF model (8VSOS model)
eigenstates of 8V model given in terms of Bethe eigenstates of 8VSOS model
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8VSOS model

!

2-d square lattice model s ! s+ €
vertex — local height s; €iej _ _ !
sj — sk = £1 (adjacent) R(ui = &is). € Sep-y
face — Boltzmann weight 7 S+€it €
g s+e¢ % 7s+€ie
b(u;s) = L
1 0 0 0 [s][u+1]
[s+u][1]
0 b(u;s) c(u;s) 0O c(u;s) = [slfe+1]
R(u;s) =
0 c(u;—s) b(u;—s) 0 u = spectral parameter
0 0 0 1 s = dynamical parameter

[u] = 6i(nu;7)  p=e€"""
satisfying the Dynamical Quantum Yang-Baxter Equation:
Ri2(ur — w2; s + h3) Ruz(ui;s) Roz(uz;s + hy)

. 1
= Ro3(u2; 5) Rus(ur; s + ho) Rio(un — w3 s)  with h= (0 fl)

Charge conservation, solvable by Bethe Ansatz
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ABA for the 8VSOS model

Felder, Varchenko (1996) : representations of E; ,(sh)

@ Monodromy matrix:

Toq. . n(ui&, .. én;s) = Ran(u—&En;s+hi+ -+ hy—i1) ... Ra(u — &155)
A(u;s)  B(u;s) 5
a (C(u;s) D(u;S))[a] € End(C" & H)

~ « (AW B\ ., (& 0 2
T(u)-( ) b >[a]_T(u,s) (O A_1>[a] € End(C°®Fun(H)),

TS
where 755 = (54 1) 7s , and the action of 5 and 75 on functions
f € Fun(H) are given as [sf](s) = sf(s), [Tsf](s)=f(s+1).
o Transfer matrix: t(v) = ﬁ(u) + B(U)

~~ preserve the space Fun(H[0]) of functions of the dynamical parameter
s with values in the zero-weight space H[0] of H

~  [t(u),t(v)] =0 on Fun(H[0])
@ Space of states: functions ¢ : s +— (s) € H[0]

e unrestricted case (n generic): s € Cy = {so +j,j € Z}
e cyclic case (n = r/L rational): s € C's'0 ={so+/,j €Z/LZ}

ABA approach to correlation functions of CSOS model - RAQIS 12



@ reference state:
A(u;$)|0) = 3(u)|0),  D(u;s)|0) = Eglyd(u)|0)

@ Bethe states: Suppose that the set of spectral parameters {vi,..., s},
satisfies the system of Bethe equations

H[V/V/\/J+1]_( )rk 720’ H[VJ[V#]'L Jj=1...n,

1] — vl 7 v

with N =2n+ kL (k € Z) and w" = (=1)" (for n = r/L), then the state
[{v}):s+ @(s)B(vi;s)B(va;s —1)...B(va;s — n+1)|0) € Fun(H][0])

. n 1
with o(s) = w [, [5[_]j]

is an eigenstate of the transfer matrix

[t(u) [{v})](s) = A s) [{v})(s +1) + D(u; ) [{v})(s — 1)
= 7(u; {v}) [{v})(s),

with eigenvalue

(ui {v}) = w 3(u) H“"““H( 1yt a1t

v — u] e vi]
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Scalar product of Bethe states

Compute ({u}|{v}) in a compact and manageable form ?

@ for XXZ:

o d determinant representation for the scalar product when one of the
state is a Bethe eigenstate (Slavnov, 1989)

o this representation is related to lzergin's determinant representation
for the partition function with domain wall boundary conditions:

_ sinhn
Zu({u}i{€}) oc detn sinh(u; — &) sinh(u; — & + 1)
o for SOS:

@ no single determinant representation for the partition function
with DWBC (Rosengren; Pakuliak, Rubtsov, Silantyev)

S e s) o Cpysibts IS [ — 6+
AT P DR T Il ey
. _J&—1 if kes ,
with & = {fk fkes (v arbitrary).
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Scalar product of Bethe states

Let {u},w, be solution of the Bethe equations and {v},w, be arbitrary, and
consider the quantities:

@ ‘“partial scalar product” (general SOS model):

So({u}; {v};s) = (0|C(un;s—n)...C(u1;s—1)B(v1;5s) ... B(vn; s—n+1)|0)

~~ can be computed from Rosengren’s formula for the partition function
with DWBC using the expressions of B and C in the F-basis
(Maillet, Sanchez de Santos 96; Kitanine,Maillet,V.T. 99; Albert et
al. 00)

~» sum of determinants (with more convenient representation in the
cyclic case)
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@ “total scalar product” (cyclic SOS):

<{u}\{v}>:% Y. @#s)e(s) Sal{uli{vhis)

s€sp+7Z/LZ

~» The “total scalar product” (and the norm) can be expressed as a
single determinant
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for generic n

So(fud: [V 1)IS1+31 [v+5s—IS|+15]]
({uti{v}is) sscg..,n(} ) o5+ B0

H{a(‘/f) Ut_\/j+1]}H{ H[Ut_VJ_].} [I +’V]

jas (VJ t=1 = [’Y][u 75551

) &—1 if keSandk¢ S
with &° =& +1 if k¢ SandkeS (v arbitrary).
&k otherwise

for rational  (n = r/L)

[Lso+’y+f 1. [0];

® u 1%
[Lso [7+£,,]L det, [Q ({ } { })]

Sa({u}i {v}is) o« Z 8

with g = €™ [u], = 61(nu; L7), and

[ng)({u}; {v})] — [1] {[u,[\ﬁv] _ qe[UiVjJr’YJrl]} E(W)H[ut — v +1]

ui — vj] [ui —v; +1]
( 1)”( o = vy &7} elui— vty 1] wy2d(v; - Us — vj —
[ { [ui = vj] — 9 [ui —v; — 1] } a d( J)E[ y — v — 1.
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“Total scalar product” for rational n (n = r/L)
Let {u},w, be solution of the Bethe equations and {v},w, be arbitrary

{u} [ {v}) = {t 3 wi[ws]} [T:., d(ur) - det, [ ({u}: (v]))]

wi  [s] Hj<k[”i u][vie — vj]

s€s+Z/LL
with v = —|u| + |v| and
[, ({u}: {v})] h] {[Ui —vityl wlu—vit+y+ 1]} 5(\0)H[Ut 4]

[ui — vj] wa  [ui—vi+1]
( 1™ J[ui — vi +1] Cwym—vi+y=1| oy n o
[v] { [ui — vj] Wy [ui—v —1] }wu d(vj)g[t i —1].

Norm for rational 7

1 Hr 1 a(ut)

{u}{u}) = (007" Tl —

a
o - det, |:87ukyw(uj|{u}):|
where

Yo(vi{u}) = 3) [ Jlue = v + 1] + (~1)* 0 2d(v) [ Jlue = v 1]
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Determinant representation for finite-size form factors

solution of the quantum inverse problem:

i—1

£ = [T %60 - Ae) - T] [fe0] ™
£ = [ %60 Bi&) - [] [Fen]

~» express form factors in terms of scalar products
~~ representation in terms of determinants:

({u}|of [{v}) = {HM}{i Z wuswi[’y['si-]S]}

k=1 SE€so+Z/LZ

e o) o 0, ((u): {v)) - 2P ({u}: {v}6)]

" T lux — wnllvi— v

with v = |v| — |u| and Py ({u}; {v}|&) is a rank 1 matrix

~+ possible to take the thermodynamic limit (computation of spontaneous

staggered polarization)



Conclusion and perspectives

@ Summary

* Determinant representations for scalar products/norms of Bethe
states

* Determinant representations for finite-size form factors

@ Further questions ...

% (multi-point) local height probabilities for CSOS model (work in
progress)
~~ use “partial scalar product”
~» sum of multiple integrals ?

* XYZ model ?
~» combinatorial complexity of Vertex-IRF transformation
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