Correlation functions for integrable higher spin
su(2) quantum chains

Andreas Klimper

University of Wuppertal




e spin-1/2 Heisenberg chain
factorization of equal time correlators
gquantum chain < 2d vertex model
iInhomogeneous systems on semi-infinite cylinders
(i) L =00, T > 0and (ii) mirror model: L finite, T =0

NLIE, Y-system, entanglement entropies,...

e spin-SHeisenberg chain (spin-1 case)
fusion procedure for R-matrices
explicit calculation for two-site reduced density matrix
functional equations, analyticity conditions

factorization, general case

collaborators: B. Aufgebauer, H. Boos, F. Gohmann, D. Nawrath, J. Suzuki

Support by Volkswagen Foundation
L Contents —p.2/32




Integrable su(2) quantum chains: S=1/2 case

*li@

Heisenberg S= 1/2 chain
H= Z | 9j+1
J

Near-neighbor correlators (L = oo, T = 0):

1 1
(SS41) = 15— 35I2=-01477157268..
1 4 _ 3
<SJZSJ?+2> = = —5In2+27(3) = 0.06067976995..
1 37 14 3., 125 25
<s§s§+3> = 5 -38In2+ 23— 2 n2:4(3) - 5137~ S 74(5) + S In2-4(5)
—  _0.05024862725..

Hulthén (1938), Takahashi (1977): ground state energies of Heisenberg and Hubbard model
Multiple integral formulas for density matrix:

Vertex operator approach: Jimbo, Miki, Miwa, Nakayashiki (92); gKZ equation Jimbo, Miwa (96)
Boos, Korepin (01/02)

T =0, h > 0 Kitanine, Maillet, Terras (1998); T > 0, h > 0 Gohmann, AK, Seel (2004).
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e analytic results show feasibility of exact calculations

e the smaller the numerical results the larger the analytical expressions

(SS.4) = 1i2 _ 1—36In2+ %SZ(:J,) _54In2.2(3)— 2723«3)2 _ 81%5«5) + %5%2- 2(5)
~2050(3)-(5) ~ Ton 25+ e t(7) —~ TeIn2.2(7) + 2o (3)-2(7)
= 0.034652776982 .
(§5) = Tlines
<st7 +6> = 18lines (= 1 page)
(,,) = 3pages




su2) S= 1/2: more correlators

e occurence of zeta-function values seem to indicate that no algebraic structure exists
no algebraic relation of 2-point functions for different separation

no algebraic, Wick theorem-like relation of general n-site correlations

() = 53"

($52) = 7=5n2e O

<sjzsj?+3> - 1% _3In2+ %7z(3) _ 1—:In2.z(3)
(S9%25) = 207 12 22089 6
<S)J'(SJZ+1S)J'(+ZSJZ+3> = 210_ “:32 + 172701(3) - %I”Z‘Z
<S)J'(SJZ+1SJZ+ZS)J'(+3> = 220— “112 + 2231(3) - %'”Z'Z

_ﬂz
3, 35
Z(3)+—In2-Z(3)+@Z(3) +%Z(5)

(3) ~ (3~ 22l(5)

(3)~ (3~ ool(5)

ﬂh"l@

—In2-{(5)

<)
<)
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su2) S=1/2: correlators of inhomogeneous system

Another example of correlators: emptiness formation probability (Boos, Korepin, Smirnov 03)

P(n) := <(§+ %) (S§+ %) (Sﬁ+ %>> = (Dn) 11

Explicitly for spin-1/2 Heisenberg (T = 0)
1 1 1 1 3

1 173 11 515 55 85
P(4) = Z-2In2+4 =213~ =In2:4(3)— 273~ 524(5) + 5,In2-4(5).
Inhomogeneous generalization of correlators enjoys more algebraic relations (Ajj := Aj — Aj)
. 1 B 1 1 B 1  1+A3M23 _
P(1) = > P(2) = 4+ 600()\1,)\2), P(3) = 8+ 12\ 13hos W(A1,A2) (+ 2 permutations)
1 5(1+A14h24)(1+A13ho3) — (A~ 4) |
P(4) = AL A
(4) 16+ 1203 N iahos W(A1,A2) (+ 5 permutations)
15+ 10(A13A24+ 1) (1 + A 2\5,—3)(2A%, -3
L 15+ (A13M24+1)(1+A14h23) + (2AT5 — 3)(2A5, )w(M,?\z)w(?\g,M)
36(N\13A23A14A24

(+ 2 permutations)
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Mapping 1d quantum system to 2d classical allows for generalization of D, as meromorphic
function Dp(A1,A2,...,An).

Unnormalized matrix element Dt‘,ll;-;;jﬁ:; given by partition function of some six-vertex model:

A

Ti+1

‘01 092 03 04

M1 2 p3 fia oo
T;
Ti—1

A\

D Tj=0C

0O OO0 O0OAMANAZAN00O00

< o0 >
« >

The w(A1,A2) function is given by the nearest-neighbour correlator

(T=h=0) co()\l,)\z)::2+ZZ(—1)kkk2_)\2, A=A — Ao

e e




su2) S= 1/2: factorization

m@

Various questions arise when looking at expressions for correlators like (Ajj 1= Aj — Aj)
1 1 1
P(1) = P(2) =

1 l—|—)\13)\23 _
4+ (AN = = A A
> 4+600( 1,N2), P(3) 3 oA 1305 W(A1,A2) (+ 2 permutations)
1 5(1+A1ah2g)(1+A13ho3) — (A2, —4) -
_ A A
P(4) 16+ 120v3ha3hiahos W(A1,A2) (+ 5 permutations)
L 15+ 10(A 13724+ 1)(1+A14M23) + (AT, — 3) (205, — 3)
360\ 13A23A14A24

W(A1,A2)0(A3,As)
(+ 2 permutations)

e How do these expressions appear? (Multiple integral expressions, functional equations)
e Is the limit A1,A2,A3,As4 — O singular?

algebraically: yes — therefore no algebraic structure in homogeneous limit
analytically: no — therefore nothing wrong about it

e \Why should we care about such factorized expressions for correlators of inhomogenous
systems?
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e Why should we care about such factorized expressions for correlators of inhomogenous

systems?

We care, because we can prove the (literally) same factorization for arbitrary temperature...

... and we can calculate w(A1,A2)!

- }+ AM1—A2)?—1 du G(W,iA1)
S 2 21 c 1+a() (M—ir)(L—irp—i)

W(A1,A2)

where the functions G and a satisfy the linear and non-linear integral equations
1 L1 du  G(,A1)
A=A)A=A1—i) mJe1l4+a(p 1+ (A —p)?
B 1 logltaW),

G()\v)\l) - =

loga(A) = 2J

AMA+) 1o 1+ (A —p)2
Sato, Aufgebauer, Boos, G6hmann, AK, Takahashi, Trippe (11)
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AF: low-temperature behaviour

1 4 1
(0303) ~ = — = In2+ == (T/J)?,

reciprocal temperature J/IT

(070%.) = (07107 1 Jo(1— % (T/9)?)

(0%0%) ~ 1 1_6|n2+3z(3)+ 1w




entanglement entropy

AF case: entanglement entropy for n successive sites

0

53335335335
Il
~NoOUTh~hWNE

)2

—

le-04

temperature T/J



N

Proofs and constructions

=
Wl

i

representation theory of quantum algebras/vertex operators (T = h = 0): Jimbo, Miki, Miwa,
Nakayashiki 92; Jimbo, Miwa 95

functional equations, gKZ (T = h = 0): Jimbo, Miwa 96

algebraic Bethe ansatz: (T = 0, h # 0): Kitanine, Maillet, Terras 99
(T > 0,h # 0): Géhmann, Klimper, Seel 04, 05; Boos, Géhmann 09

factorization of multiple integrals/correlation functions (T = h = 0): Boos, Korepin 01; Boos,
Korepin, Smirnov 03, 04; Boos, Jimbo, Miwa, Smirnov, Takeyama 05, 06; Kato, Shiroishi,
Takahashi, Sakai 03; Sato, Shiroishi, Takahashi 05

exponential formula for the reduced density matrix (T = 0): Boos, Jimbo, Miwa, Smirnov,
Takeyama 06 (2 papers)

conjecture of exponential formula for finite temperature/finite length: Boos, Gohmann, Klimper,
Suzuki 06; Damerau, Gohmann, Hasenclever, Klimper 07; Boos, Gohmann, Klimper, Suzuki 07

fermionic structure on space of local operators: Boos, Jimbo, Miwa, Smirnov, Takeyama 07, 09
algebraic proof of exponential formula/factorization: Jimbo, Miwa, Smirnov 09

algebraic/analytic proof. Aufgebauer, AK 12
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All correlation functions of a sequence of spin operators on consecutive n sites determined by

reduced density matrix Dy, with matrix elements Dnggll‘ézzuc‘;:) Finite Trotter number N.
A
Ug
us
Ug
‘01 02 03 04
H1 pa iz [ N
us
U2
Ui
\/

O O O OAXt 2A3A 0000
< OO >

Dn(A1,A2,...,An) is meromorphic: numerator = unknown n-variate polynomial of degree N
denominator = Ag(A1) - ...- Ag(An), largest eigenvals of QTM




Functional equation (‘rqKZ’-equation) for density matrix on oo x N—lattice

Dn(A1,..;,An—1,An—1) = A(A1,...,An)Dn(A1, ..., An—1,An)

for arbitrary complex A1,...,Aq—1 and A, from set of spectral parameters on horizontal lines

{Ul,UZ,...,UN}.

A'is a linear operator acting in the space of density matrices, example for n = 4.

01
251

02

2

g3

M3

04

4

A1

A2

A3 Ag—1

uUN

U2

Ui

(Sato et al. (11); Aufgebauer, AK (12))

UunN

U2

Ui

Discrete functional equation + analyticity conditions + asymptotics fix Dy, for arbitrary Trotter
number N (T > 0).

(Aufgebauer, AK (12))




“Mirror model”: Change of space and time direction

Change of driving term in NLIE (notice absence of Lorentz invariance)

B A—i/2

2J)\()\+i) — Llog)\+i/2
yielding
1 (M—M)2-1 du G(H,iA1)
W(A1,A2) ==+ ' i '
(A1,h2) =5 om c T+a() (H—iA2)(H—iAz—i)

where the functions G and a satisfy the linear and non-linear integral equations
1 1 du  G(WA1)
G(A A1) =— — 4 —
MM =500 A1) e Tra 11 (A w2
A—i/2 1 rlog(1+a(W)

loga(A) =Llo .
galA) =Llog s o~ e T (= )2
Sato, Aufgebauer, Boos, G6hmann, AK, Takahashi, Trippe (11)
AK, Batchelor (90); AK, Batchelor, Pearce (91); AK (92); Destri, de Vega (92)...




“Mirror model”: Antiferromagnetic Heisenberg chainat T =0and L = 2,4,6,....
2-point correlators (GiGﬁ) in dependence on chain length L for different point separations n.

0.4

\&\P
0.2 = N

/'/f—ﬁ

0.4 -

0.6 oo o-oooo
n=2 ——
n=3 ——

0.8 n=4 ——
n=5 ——
n=6 ——
n=7 ——

-1 1 1 1 1
2 4 8 16 32 64 128
length L

AF: finite size scaling (030% . ,) ~ (0503, | )o(1+ 4y TC/L?).




Takhtajan-Babujian S= 1 chain
- - - 2
J

Hamiltonians and conserved currents as log-derivatives of transfer matrices based on
elementary spin-1/2 R-matrix

R(%)(%)(U/,’U) p— U , — _/} —|—(’LL—’U) ,

and fusion for spin-1 (and higher S




Fusion for spin-1: mixed spin-1/2 x spin-1/2 and spin-1 X spin-1 (Kulish, Reshetikhin, Sklyanin 81)

RVG) (y, v)

ROO (u,0) =

Su—l—l S
S
Su—l—l S
vilv+1

S

U

A

3

(v

Factorization for spin-1/2 X spin-1/2 and spin-1 x spin-1, but not for mixed case (no functional

equation)




Idzumi (1993), Bougourzi, Weston (1994), Konno (1994):
higher spin XX X chains, multiple integral expressions, T = 0 by the vertex operator approach

N. Kitanine 2001.:
higher spin XX X chains, multiple integral expressions, T = 0 by algebraic Bethe ansatz

T. Deguchi and C. Matsui 2010:
higher spin XXX and XXZchains, T = 0, Bethe ansatz expressions

G6hmann, Seel, Suzuki 2010:
spin-1 X XX, multiple integral expressions, T > 0

Problem: simplest non-trivial case of nearest neighbour correlators leads to four-fold integral

expressions (and difficult to evaluate)




Two different strategies:

A) density matrix directly for (fully) fused case, i.e. all vertical lines carry spin-1
method: functional equations

B) calculation of density matrix for vertical spin-1/2 lines; then: fusion of pairs of spin-1/2 lines
method: factorization (note: functional equations do not exist)

Here: both A) D> for two spin-1
B) Dgy for four spin-1/2 (and general)

Generalization to D, most systematically done along 2nd route.

Next page: functional equation for

D2(A1,A2) = a(A1,A2) -id + b(A1,A2) - P+c(A1,A2) - Po
with permutation operator P and projector onto singlet Py.
[Tr Do =1 =9a+ 3b+ 3]




Functional equation for A1 € {ug, Uy, ...,uN} and arbitrary complex A»

D2(A1,A2) = A(A1,A2)D2(A1 4+ 1,A2)

/

co1 °02 — [‘)02

o M1 01’1’2 M1 o2
A A MAT A
Explicitly for D2(A1,A2) = a(A1,A2) -id +b(A1,A2) - P+ c(A1,A2) - Po (A:=A1—A2)
i [ —era—aAZran3 izt 2(—2-2A+A7+A%) 2(A+1) i _
a()\la)\Z) A (A2)(A+3)(A—-1) AA+2)(A+3)(A—-1)  (A+3)(A+2) a()\l +1, )\2>
. 4(2N+14)? 2 (4+5A—\3 A1A
A A2) | = | xpianionT  raonEnT  austey || A+l
| C(AL,A2) —4(2A—24)2) 4—4N—5N2 1\ _2) | c(A1+LA2)
ANOR200-D AR 30D




Explicit results

1_
9

2

— 3502 (A2 - 4)

3 (202 —3) (A2 —1) (A2 - 4)

i a ] 15A2(A2-1) i 1 ]
b |=| o & (5+32)(\2-4) —& (332-7) (A2-1) (A2-4) g
C 2(5A\2—2 h
" —geeir o (3N2=5)(A—4) —F (3M2-2) (N2 1) (\2-4) | b -

where @, b, ¢, g, h are functions of A1,A2 and A := A1 — Ao

4 2
g = 3—N(9(7\1,7\2)+Q(7\1+1,)\2+1)+Q(7\1,7\2+1)+Q(7\1+1,7\2)—)\2_4)
4 (A*+2A%2+1)
h = —|QAL,A2)QA+LA2+1)—Q(A1,A2+1)Q(A1+1,A2) —
3N< (\1.A2)Q )-Q )l )~ 2 e
(A2 —A+1) (A2 +A+1)
QA+ 1A Q(A1,A2+1
B U L W W e R PR Vs W e R
3 3 WA Ao) 4+ L
N = (§+00()\1,?\1+1)) (§+00()\2,?\2+1)), Q(A1,A2) = (;2_2)1 :




Non-linear integral equations

Iny

Ina =

Ina

where K(X) =

(ad hoc: AK, Batchelor, Pearce 91; systematic: Suzuki 98/99)

0 0

(%) (%) In(1+y)
_cogﬁgx | k(X F(X) —F(x+2i) |*]| In(1+a)
_cogﬁgx R K(X)  —F(x—2i) F(x) j In(1+a)

::?{(x)
1 1 (o eld
_— = — 10X
4coshyx’ =) 2coshy 9

New results (Aufgebauer, Gohmann, AK, Nawrath, Suzuki 12):

Q(A1,A2)

(14+1/y)Y
(1+1/a)A
(1+1/a)A

1 +/oo n 4 +}Y(x) dx
AM1—2A2)2—1  J wcoshZ(2iA1 —x) | (x—2iA2)2+1 2

T
coshZ (x—2iAz) Y

0 +Kx| A
0 A




A: Solution procedure: Analyticity conditions

ﬂh"l@

Further conditions on D2(A1,A2):

1) matrix elements of A(A1)A(A2)D2(A1,A2) are polynomials of degree 2N, where A is the
leading eigenvalue of the (vertical) spin-1 transfer matrix.

2) limy, . D2(A1,A2) = D1(A1)® id = 3 id

3) intertwining D2(A1,A2) = R(A1,A2)D2(A1,A2)R™1(A1,A2) = D2(A2,A1)
Note:

The N + 1 many conditions functional equations and asymptotics 2) for the 2N + 1 many
coefficients appearing in 1) are underdetermined.

Together with 3) we have a fully determined system of equations for the coefficients.
The solution can be written algebraically in terms of a rational function w(A1,A2) satisfying
1

MNMA+1
QA A2) + QAL+ 1Ay — F (M A 41

for discrete values of A1, where N(A1,A2) and Q(A1,A2) are related to w(A1,A2) as before.

0
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B: Similarities to factorization formulas of spin-1/2 Heisenberg %

After having done the calculations, close similarities to the algebraic structures of the spin-1/2
Heisenberg chain became obvious.

1
Let us look at the D£12> density matrix: four vertical spin-1/2 lines in “sea” of spin-1 lines.

1

Take the known formulas for D£12> (Sato, Shiroishi, Takahashi 05/06) with w(A1,A2) obtained from

D<%) = (1 — Lw)id+2wP and calculate D<%)++++(E 2,¢3,64) and D(%>++__(E §2,63,84)
2 — \4 6 3 4 444+ 1,62,63,64 4 44— 1,62,63,64)-

Thenseté& = A1, & = A1+ 1, &3 = A2, &4 = Ao + 1 from which

(l)‘H“H‘ (1 >+l+l

D,? JrJrJrJr()\1,)\;|_—|-1,)\2,)\2—|—:|.) — D, +1+1()\1,)\2),
(57 (n*+i-t

D4 ++__()\17)\1+17)\27)\2+1) — D2 B 1()\17}\2)7

after a suitable normalization.

From the two matrix elements, a(A1,A2), b(A1,A2), and ¢(A1,A2) can be calculated...

...and agree with the formulas presented above!

(3)

Factorization seems to hold for the spin-1/2 density matrix Dp
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1
B: Proof of factorization for Dﬁﬁ) (1)

m@

(positive) test by computer algebra:
N = 2 horizontal spin-1 lines & four vertical spin-1/2 lines, infinitely many vertical spin-1 lines

Proof?

Usually done by functional equations, but do not exist for the mixed spin R matrices.

First idea: take each horizontal spin-1 line as fusion of two spin-1/2 lines
1

u (1) — [ U (3) 5

u+1 (5)

N | =

Problems:
e How to get rid of the symmetrization operators?

e Simultaneous occurrence of u and u+ 1 makes derivation of functional equation for A7y = u
and u+ 1 impossible (0/0 expressions)

Also: (Q (A, A2) +Q (A1 +1,00) — (MQ‘)ZXL()‘_JEL\Z)) is nonzero, but satisfies a functional
equation itself.
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1
B: Proof of factorization for DE,Z) W)

We deal with regularized system
Uy
us+1+¢€
u3
us + 1 +e€
01 092 03 °04
M1 B2 j3 fa
U2
us + 1+ €
Uy
ui +1+¢€
O A1t 223240 0 OO

O 0 O

leading eigenstate of column-to-column transfer matrix converges for € — O to state in tensor

product of local spin-1 spaces (details lengthy).
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Further line of reasoning

e Functional equations hold for € > 0.
e Factorized expressions for density matrix holds for € > 0.

e Limit € — Ois non-singular for generic values of A1....

“Self fusion”




Presentation of algebraic expressions for correlation functions of the integrable spin-1/2 and
spin-1 XXX chain at arbitrary temperature (system size)

e Functional equations approach

e Factorized expressions for density matrix on basis of “old” spin-1/2 expressions

Open problems: arbitrary spin-S XX Z and finite magnetic field — probably simple




Simplification after transformation

_ . 9 3 3 _ .
f(A1,A2) N a(A1,A2)
_16 4(N%2-2 —4(A° -1
g(A1,A2) | = ()\2—4)%)\2—1) ()\2—(4)()\2)—1) nape-1 || b(ALA2)
| h(Ag,A2) | _ 4(2%43) 20083022 2(A242)(A\+1) | C(A1,A2)
L (M= (A2=1)°A2 (A2—4)(A2—1)°A2  (A2—4)(A2—1)°A2

to triangular form

i o1 0 ol .
f(A1,A2) f(A1+1,A2)
gdA,A2) | =| 0 -1 O | ] 9(A1+1,A2)

- h(A1,A2) 0 __A4Asl 1 | L hAa+1A7) |

A2ANETD T |




Explicit results

] ) 12 1 1A 1 2M2-3 ] )
ahg\) 5~ I5Mpe-T) 30x-1 30 A1 1
2 2 2_
b()\la)\Z) — 425)\25();\2_&71) 6_103)\)\2—_'_15 _3_1()3)\)\2_]_7 ) G()\].))\Z) , ANi=A1—A2
C(A1,A2) | 2 )22 1325 1322 | LHRALA)
45 32(\—1) 60 A—1 30 N1 |
4
G = 3—N(()\2—4)[Q()\l,)\z)+Q()\1+1,)\2+1)+Q()\1,)\2+1)+Q()\1+1,)\2)]—2)()\2—1
H = 3iN<(7\2—4)(7\2—1)2 Q(A1,A2) QA1+ LA2+1) —Q(A1,A2+1) QA1+ 1)
(A2 —A+1) (A2 +A+1) (A*+A2+1)
Q(A1+1A QA ,A+1) | —
B U L W W e R PRV W e R N2
3 3 WAL, \2) +
N = (§+00()\1,?\1+1)> (5 +00()\2,?\2+1)>, Q(A1,A2) = (;2_2) :




Simplification after transformation

- - 9 3 3 - -
F(A1,A2) a(A1,A2)
G(AL,A2) | = —16 4\% —8 —4N\°+4 | b(A1,A2)

A1, A
| H()\la)\Z) | I 8 ;\__g 2)\2 6_)\;42 _2)\2_6_;1é | B C( 1, 2)
to triangular form
i oo 0 0 ] . i
F(A1,A2) F(AL+1,A2)
A—2)(A+1
G(A1,A2) | =| O - A(A)(+3+> ) 0 | G(A1+1,A2)
- H(A1,A2) | 0 _ AN iAD)  A-)(A-2)(A+1)’ | HAL+1A2)
i N A+3) (A2 NA+3)(A+2)
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