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Aim
Discuss the algebraic structure of the WKI Hi-
erarchy containing equations like:

e the short pulse equation,

2

e the elastic beam equation,

1 Uy

fat = 4(1 + u2)3/2

X
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The Higher Grading Structure

e Consider an Affine Algebra G and a orading op-
erator () such that,

A

g:@gn, REZ

where
[Qa gn] — ngn7 [gmv gn] < gm+n

e Consider the zero curvature representation

U= +AVg, v= % DU

1=—m
where BN € 1) ¢ Kerg and A(l? c ./\/l(l‘)
have both grade one, where G; = K)o mU)
and

KV = {z € G;, [z, EV] = 0}.
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In particular for the WKI hzerarchy
G =si(2), Gj={h), BY) 1,

Q=d ) — p(1)
and
Alg, ) = B + L)
e Positive Flows

O + WY 4 A(U, O, + D) 4 ... D(D] — 0

Decompose according to grade and solve for D) 1.

B0 4 A0, py — g
0,D" 1+ 1pW 4 A0 pn=L1 = ¢

0,0 — 8, AV + [E®) 1 A0, pO] — g



e forn =2
oet Wadati- Konno-Ichikawa-Shimizu eqn.

_ 4 _ r
QtQ - (m)$$7 ,rtQ <m)$$
e forn =3
oet Generalized Elastic Beam eqn.
dt3 = —( 1 )a T'ts = ( L )ax
(14 qr)3/? (14 qr)3/2

Forr=1, g=v —1 get Dym eqn,

Ut = (U_l/Q):U:m:



e Negative Flows
0, + EW 4+ AW 5, 4+ p=n) ... pl) =g
e for n = —1 get
Or_,q =407 1q+20[q07 L (ro~ g+ q0~1r)],
Or_,r =407 1r +20ro~t (ro~1q+q071r)].
Introducing new fields
q = Oru, r = 00, (1)

we can write in a local form yielding the gener-
alized two-component short pulse eqn.

Upt_, = du + 20, (uvuy) ,
Vpt_; = 40 + 20, (uvvy) .



e Soliton Solutions

The idea of the dressing method is to transform
the vacuum into a non trivial solution by gauge
transformation, i.e.,

FY 1+ ay=0,5We7! — 5,007

where Ag € M) and
0, ex(o)ex(l) . o= ey(O)ey(—l) .

Since for the WKI hierarchy, the fields lie in
AL = qE(()}) + TEggé e MW instead of Ag, we
find

qu) + TEQ())Z = —83;<€X(1>>6_X<1>
and

HU 1 grW gt — YO0 g1),-Y(0)
Since Y (0) € Gy it can be parametrized as
(o) _ xEY) oH" yEY

)

€
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we then obtain an inconsistency

HO 4 qED +rBY), = (14 2x0e®?) BV

— 2¢62¢Eg}> + (2)( + 2¢X262¢) E&%

In order to eliminate the inconsistency above
(coef. of HW)) we propose a change of coordi-
nates (reciprocal coordinates), (y,s) — (x,t)
as follows

dx = ady — (ds, dt = ds
where o and 8 satisty the continuity eqn.
Jsa = —0y .
[n such case, let f(x,t) = f(z(y,s),t(y,s)),
0y f = By,



Consider the AKNS Hierarchy on (y, s) coordi-

nates,

Oy + F)2=0, (0s+G)P=
where F = HU 4+ I/VE(&O> + ZE@X. Under

cauge transformation
F—F=B'FB-09,B™"
with B satistying
0 0 —1
wEY + zEY) = Bo,B

we find,

~

F=BYF-Bo,B YB=B"'HB
= (1+ wxe%)H(l) = 2X62¢E(_125

+ (20 + 20x2e*) B
for B = eXt—a ¢0H ewEOf.
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From the reciprocal changing of coordinates ,

F(’T’t))cf):o

we can choose v = 1+ 2¢Xe2¢ such that F has
the WKI form, i.e.,

F=HY 1 ¢ggY) gl

where

2 2 926
7“:2X€ | q22(1+xwe )

e o
[t therefore follows that the AKNS hierarchy
in coordinates (y, s) is mapped into the WKI
hirarchy with coodinates (x,t) where,

z(y,t) = [aly,t)dy + const,
=y+2/ X@De%dy + const
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