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Definition of the 6-Vertex model
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Definition (Partition function)

The partition function is defined as usual:
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Definition of the 6-Vertex model
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Definition (Partition function)

The partition function is defined as usual:
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Definition of the 6-Vertex model
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Definition (Partition function)

The partition function is defined as usual:
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6-Vertex Model Definition
Integrabi

Y
Combinatorial point

The R matrix

We can build a configuration using boxes:

a 00O

0 c b O N
o [3 528 )

0 0 0 a
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6-Vertex Model Definition
Integrability

Combinatorial point

The R matrix

We can build a configuration using boxes:

a 00O

0 c b O N
o [3 528 )

0 0 0 a

Then
R(x,y) Vi@V, = Vo, V;

where V; is the spin 2 dimensional representation of Ug(sh).
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6-Vertex Model Definition
Integrability

Combinatorial point

Yang—Baxter equation
Identity equation:

R(x,¥)R(y,x) = (ax — y)(ay — x)/d.

Yang—Baxter equation:

é2,3()/27 Y3)é1,3(Y17 )/3)R’1,2()’17 }’2) = K’l,z(ﬁ, }’2)f§1,3()/17 }/3)/?2,3()/27 )/3)
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6-Vertex Model Definition
Integrability

Combinatorial point

Yang—Baxter equation
Identity equation:
XX = (gx = y)ay —x)__

—

Yang—Baxter equation:
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6-Vertex Model Definition
Integrability

Combinatorial point

Yang—Baxter equation
Identity equation:
XX = (gx = y)ay —x)__

—>

Yang—Baxter equation:

Using Yang—Baxter equation, we can show that Z, is symmetric in x:

+ + + +

+

X2

+

X3

Tiago Dinis da Fonseca Higher Spin 6-Vertex Model and Macdonald Polynomials



6-Vertex Model Definition
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Combinatorial point

Yang—Baxter equation
Identity equation:
XX = (gx = y)ay —x)__

—>

Yang—Baxter equation:

Using Yang—Baxter equation, we can show that Z, is symmetric in x:

+ + + +

qx3—Xz + X2
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Yang—Baxter equation
Identity equation:
XX = (gx = y)ay —x)__
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Yang—Baxter equation:

Using Yang—Baxter equation, we can show that Z, is symmetric in x:
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Identity equation:
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Yang—Baxter equation:

Using Yang—Baxter equation, we can show that Z, is symmetric in x:
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6-Vertex Model Definition
Integrability

Combinatorial point

Yang—Baxter equation
Identity equation:
>XX = (ax—y)ay —x)__
Yang—Baxter equation:
xJ7 =1

Using Yang—Baxter equation, we can show that Z, is symmetric in x:

+ + + +
1 + X3
qx3—Xxz + X2
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6-Vertex Model Definition
Integrability

Combinatorial point

Yang—Baxter equation
Identity equation:
XX = (gx = y)ay —x)__

—>

Yang—Baxter equation:

Using Yang—Baxter equation, we can show that Z, is symmetric in x:
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6-Vertex Model Definition
Integrability

Combinatorial point

Yang—Baxter equation
Identity equation:
XX = (gx = y)ay —x)__

—>

Yang—Baxter equation:

Using Yang—Baxter equation, we can show that Z, is symmetric in x:

+ + + +
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6-Vertex Model Definition
Integrability

Combinatorial point

Explicit formula for the partition function

Using Korepin's recursion relation, Izergin showed that:

1
(xi = ay)(axi = ) |;

Z,(x,y) = (Pre-factor) det
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6-Vertex Model Definition
Integrability

Combinatorial point

Explicit formula for the partition function

Using Korepin's recursion relation, Izergin showed that:

1
(Xi - q}/j)(qu - }/j) i

m Satisfies the Korepin's recursion relation;

Z,(x,y) = (Pre-factor) det

m A homogeneous polynomial;
m Has total degree n(n — 1);
"

Is symmetric in x, and y.
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6-Vertex Model Definition
Integrability

Combinatorial point

A Schur polynomial

Set g = e’F", the so-called combinatorial point.

Yo={n—-1,n-1,n-2,n-2,...,1,1,0,0}

a Fonseca Higher Spin 6-Vertex Model and Macdonald Polynomials



6-Vertex Model

Integ;

Combinatorial point

A Schur polynomial

2im
3

Set g = e’3 , the so-called combinatorial point.

Yy =
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6-Vertex Model Definition
Integrability

Combinatorial point

A Schur polynomial

2im
3

Set g = e’3 , the so-called combinatorial point.

Yy =

It turns out that:
Zn(Xa)/) = SYn(X7)/)

Definition (Schur polynomial)

Let A = {)\y,...,\,}, then the Schur polynomial is given by:

n+XAj—j
det ‘x,- N

det |/
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Definition and Integrability
Partition Function

Higher Spin Generalization

Higher Spin Generalization
We can build a higher spin version, of the model:
RO(x,y) : V9 o Vi 5 v o v

where V() is the £ spin representation.
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Definition and Integrability
Partition Function

Higher Spin Generalization

Higher Spin Generalization
We can build a higher spin version, of the model:
fv?(e)(x,y) : Vl(e) ® VQ(L]) — V2(£) ® Vl([)
where V() is the £ spin representation.

L ¢ £ ¢ ¢ ¢
x1

X2

X3
Xa

X5

[T == T = I e I e i - |

[ S e N e NS NS

X6
000O0ODO
Y1 Y2 Y3 Ya Y5 Yo
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Definition and Integrability
Partition Function

Higher Spin Generalization

Higher Spin Generalization
We can build a higher spin version, of the model:
fv?(e)(x,y) : Vl(e) ® VQ(L]) — V2(£) ® Vl([)
where V() is the £ spin representation.

L ¢ ¢ ¢ ¢ ¢

X1 £ 0
X2 0 0
n

X3/ 0

a——7
Xa £ 0 ?
X5 f 0

+B=7+
% f 0 at+pB=v+n

000O0ODO
Y1 Y2 Y3 Ya Y5 Yo

Tiago Dinis da Fonseca Higher Spin 6-Vertex Model and Macdonald Polynomials



Definition and Integrability
Partition Function

Higher Spin Generalization

Fusion

We can get V() by projecting the product V) @ ... @ V(1.
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Definition and Integrability

Higher Spin Generalization

Partition Function

Fusion
We can get V() by projecting the product V) @ ... @ V(1.
Example (¢ = 3)

D el e1)
2 =0 @[ e[l)+|1)[0)e)+[1)@[1)®|0)
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Definition and Integrability

Higher Spin Generalization

Partition Function

Fusion
We can get V() by projecting the product V() @ ... @ V1),
Example (¢ = 3)

)

=) el ell)
=10)

3)
2 el +1H)el0)el)+|1)e|1)®|0)

2)

Define the new R() matrix by:

®
oY

y D

y ¢y q'y

This satisfies Yang—Baxter equation and the Identity equation.
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Definition and Integrability
Partition Function

Higher Spin Generalization

The Partition Function

We construct the partition function in the same way:

£ £
IN IN
X1 ¢ > 0
X2 ¢ > 0
0 0
Y1 Y2
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Higher Spin Generalization

Definition and Integrability
Partition Function

The Partition Function

We construct the partition function in the same way:

X1
g%
g%

X2
g%

4.
qx2

+ + 4+ + + 4+

e qu—p—

i ¢viav vy @ a'y
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Definition and Integrability
Partition Function

Higher Spin Generalization

The Partition Function

We construct the partition function in the same way:

+ + 4+ + + 4+

X1+ -
g+ -
g + —

X2+ -
P + _
g + —

n CI2Y1 q4}’1 2 CI2Y2 q4}’2
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Definition and Integrability

Higher Spin Generalization P Ea

An Explicit Formula for the Partition Function

Let

= 2 20—2 2 20—2
X:{Xlaqxlu"wq X1yeeeyXny @ Xnyoo oy q Xn}
2

.)_/ = {}’1, qzyla ey q2f— Yiy,---5Yn, q2}/n7 sy q2€_2}’n}

Caradoc, Foda and Kitanine showed that:
enxtn

Znu(x,y) = (Pre-factor) det | A(%;, y;)|;;
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Definition and Integrability
Partition Function

Higher Spin Generalization

An Explicit Formula for the Partition Function

Let

2

= 2 20— 2 20—-2
X:{Xlaqxlu"wq X1y-+-yXns @ Xny -5 4 Xn}

.)_/ = {}’1, q2.y1a ey q2g_2.y17 < Yny q2}/n7 sy q2€_2}’n}

Caradoc, Foda and Kitanine showed that:

Zn0(x,y) = (Pre-factor) det \A()‘(,-,)@)\f'}xe"

m Satisfies a weaker recursion relation;
m A homogeneous polynomial;
m Has total degree ¢n(n —1);

m Is symmetric in x, and y.
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Wheel Condition
Macdonald Polynomials

Macdonald Polynomial Main Result

Wheel Condition

When g2+ = 1, the partition function satisfies the wheel condition:

Definition (Wheel condition)

A polynomial P(z) staisfies the wheel condition if:
P(z)=0 if z, = q1+2522 girentley,

for all s1,s, € Ng such that s; + s, </ —1 and for any choice i < j < k.
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Wheel Condition

When g2+ = 1, the partition function satisfies the wheel condition:

Definition (Wheel condition)

A polynomial P(z) staisfies the wheel condition if:
P(z)=0 if z, = q1+2522 girentley,
for all s1,s, € Ng such that s; + s, </ —1 and for any choice i < j < k.

Example (¢ = 2)

Impose g°> = 1. It means that the polynomial vanishes whenever:

_ _ 2 _ 3, _ 4 _ _ 4
Zk = qz; = q Zj Zk =qzj=4q z Zk = qz; = q z;
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Wheel Condition

When g2+ = 1, the partition function satisfies the wheel condition:

Definition (Wheel condition)

A polynomial P(z) staisfies the wheel condition if:
P(z)=0 if z, = q1+2522 girentley,
for all s1,s, € Ng such that s; + s, </ —1 and for any choice i < j < k.

Example (¢ = 2)

Impose g°> = 1. It means that the polynomial vanishes whenever:
2 4 4
Za—tazi=1gz; zalaz Nz zZA=lazi=\qz;

We call this point g2t = 1, the combinatorial point.
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Wheel Condition
Macdonald Polynomials

Macdonald Polynomial Main Result

Macdonald Polynomials

Definition (Macdonald polynomials)

They are symmetric polynomials which depends in two parameters (§, t).

0= (Px(z:§,t), Pu(z,d,t))g, if A £ pu
Px(z; 4, t) = ma(2) + 32, nonuld, t)mu(2)

where the inner product is defined by:

1— f"lli
(r(2), pu(2)ae = zudns [ [ 7=
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Macdonald Polynomials

Definition (Macdonald polynomials)

They are symmetric polynomials which depends in two parameters (§, t).

0= (Px(z:§,t), Pu(z,d,t))g, if A £ pu
Px(z; 4, t) = ma(2) + 32, nonuld, t)mu(2)

where the inner product is defined by:

1— f’,lli
(r(2), pu(2)ae = zudns [ [ 7=

Theorem (Jimbo, Miwa, Feigin and Mukhin)

The symmetric polynomials obeying to the wheel condition are spanned
by the Macdonald polynomials Py (with § = q* and t = q), such that:

Ai = Aiga >4
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Wheel Condition
Macdonald Polynomials

Macdonald Polynomial Main Result

The Partition Function as a Macdonald Polynomial

Fix the number of boxes to £n(n — 1), then we have no choice.

Yoo ={l(n—1),4(n—1),4(n—2),4(n—2),...,£,¢,0,0}
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Macdonald Polynomial Main Result

The Partition Function as a Macdonald Polynomial

Fix the number of boxes to £n(n — 1), then we have no choice.

Yaz =
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Macdonald Polynomial Main Result

The Partition Function as a Macdonald Polynomial

Fix the number of boxes to £n(n — 1), then we have no choice.

Yaz =

Theorem (Main result)

At the combinatorial point, the partition function is the Macdonald
polynomial:
Zn(x,y) < Py, ,(x,¥1 4% q)
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Macdonald Polynomial Main Result

The Partition Function as a Macdonald Polynomial

Fix the number of boxes to £n(n — 1), then we have no choice.

Yaz =

Theorem (Main result)

At the combinatorial point, the partition function is the Macdonald
polynomial:
Zn,[(X,y) X PYn,e(Xﬂy; q27 q)

Corollary (Symmetry)

The partition function is a fully symmetric homogeneous polynomial.
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Open questions

m The 6-Vertex model is in bijection with Alternating Sign Matrices.

m Can this generalization lead us to nice combinatorics?
m What about the homogeneous limit?
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Open questions

m The 6-Vertex model is in bijection with Alternating Sign Matrices.

m Can this generalization lead us to nice combinatorics?
m What about the homogeneous limit?

m Wheel conditions and determinants.

m Can we obtain different wheel conditions, with similar methods?
m And the same wheel condition but higher degree?
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Open questions

m The 6-Vertex model is in bijection with Alternating Sign Matrices.

m Can this generalization lead us to nice combinatorics?
m What about the homogeneous limit?

m Wheel conditions and determinants.
m Can we obtain different wheel conditions, with similar methods?
m And the same wheel condition but higher degree?

m Can we prove directly that the partition function is fully symmetric?
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