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Y—systems

Y—systems originated from TBA (Al. Zamolodchikov, 1991)

Y-system for a pair of Dynkin diagrams with incidence matrices A, A’:

[1(1 + Yy, jx)Aim

H(1+}/;]m) fem

m

Yij—1k Yijiih =

i=1,...,7, k=1,...,7 — “2D—coordinates”, j € N — “time"
Y-system of (A4,, A,/) type:

(1+Yi1 %) (1 + Yig1 k)
(1 Yf;k 1)(1+Y,]k+1)

Yij—1k Yijrie =

no denominator if ' =1
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periodicity: Yijtpk = Yijk
period: p=2h+1)=20r+1+2)

observed by Zamolodchikov (1991).

proofs for some cases:
Frenkel-Szenes (1995 ), Gliozzi-Tateo (1996), Fomin—Zelevinsky (2003),
Volkov (2007), Szenes (2009), Kuniba—Nakanishi (2010). ..

proof in the general case: Keller (2010).

Example: (A2, A1), Yiic1Yijr1=1+Y4q;
Yii=xz, Yo=y Yiz=1 Yy =11t Y15=1+Tx,

T Ty

Yoo =2, Yir=uy, ...
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Dilogarithm identities

Rogers dilogarithm: L(z) = Y % + logzlog(l — x)

n>1

5-term relation: L(z) + L(y) = L<f’3(1*y)) + L(zy) + L(ZJU*I))

l—xy 1—xy

l(x) = L(l_gf_x)

(A2, Ar): 1) +1(Y2) = 1Y ) + 1Y) +1(Y5 )
(A, Ap): D OIY) = DIV
N—— N——
%rr’ h' terms %rr’h terms
(AQH4ﬁZ 2~3
@42yA2y 6~6
(AgrAly 6~ 3
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Quantum Y-systems and quantum dilogarithm

(A2, A1) if Y11 = 2 and Yoy = y and yx = ¢%zy, then
Yijo1 Yiji1=1+¢q Vg

is periodic with p/2 = 5.
Yii=x2, Yoo = Y, Yi3 = xil(l + qily)v
You =27 g+a+y)y Yis=(1+q 'z)y

Yog =z, Yir=1y, ...

-1

Volkov (2011):

W, val, = 5], [va '], [,

q q
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Quantum dilogarithm: (¢), = (1 —¢q)...(1 —q¢"),

= 20" G,
Properties:
(], = (1 +2)[z],, (0], =1
If yz = q2ay, then
2], W], = [z +yl,
“pentagon” relation:  [z], [zy], [v], = [¥], [z],
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“Tropical” Y—-systems

The “limit” Y > 1 yields "tropical” Y-system (periodic with p/2 = r 4 1)

(A, Apr) Yijo1 Yiji1=Yio1,;Yi1,

(A2, A1) : Y1 Yiji1 = Yie1,

Yl =z, 572 = yil, }73 = a;*lyfl, 174 =z 1 )75 =y then

%), ], = [, ], [,

holds by the pentagon relation.

The quantum dilogarithm identities for Y's can be transformed into the
relations for Y's.

How to construct tropical quantum dilogarithm identities for higher rank
Y —systems?
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Kashaev, Volkov (1998): two pentagons imply 4 ~ 4 identity:

If yx = ¢’xy, 2 = ¢*2x, 2y = ¢°yz, then

T = [z, [ayl, 2], W], = W], ly2l, (2], 2],

p:x — Y, y— 2z, z— xisan automorphism of order three. Therefore

T = p(T) = p(p(T))

Recall: [0],=1. Hence

T |,_o= lalg [, lylg = W], 2],
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The quiver Q;, r > 2 with (3) vertices.

(1,2) —(1,3) (1,2) — (1,3) — (1,4)
Qs: | Qa: } }
’ \ (2,3) \ (2,3)‘>> (2,4)
}
™ (3.4)

A, is a unital associative algebra with (g) generators Z;; assigned to the
vertices of @), and the following defining relations:

szl/]/ = q2 ZZIJIZZJ If (Z,j) — (i/,j/)’
Zijliy = LijZij if (i,7) # (¢',4")

A, possesses a third order automorphism p corresponding to the rotation
of @, by 27/3.
A, admits reductions: Z;; — 0. In particular, A, C A,

(RAQIS'12) 9/14



The group B(r) with generators Rgpe, 1 < a < b < ¢ < r and relations:

(*) RabCRabdRacd Rbcd = Rbcd RacdRabdRabc

and Rgp. commutes with R,y unless they have exactly two common
indices.

(%) — tetrahedron equation — A. Zamolodchikov (1981).

V?/(r) — lexicographically ordered product of all generators. E.g.
_>
VK(4) = Ry23R124R134 Ra34
W (5) = Ri23R124 R125 R134R135 R145 R34 Ro35 Ro4s Raas
VT/(T) — reversed order.
— —
Theorem W (r) =w(r)
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c—b—1
Define: T'(r) :V[_}(r) where Rgp. — [ II Za%,b%]
k=0 q

c—b—1 ~
Identifying the argument [[ Zuirp+k as Yeobatep—a
k=0
we get a tropical A/ Y-system:

YiicikYijrike = Yic1jk Yirijk

Theorem. T(r) = p(T(r))
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Proof: substitute in I/?/(r) :I/I<_/(r) the Sergeev—Kashaev—Volkov solution

of the TE:

Rabc — Fabc
—1.,-2
Rape — Fape - [Xabxbc Ybe ]q
on the space of formal series in r(r — 1)/2 variables x4, 1 <a <b <.
. am m+1 . m m,.m
Xab.wabﬁxab s yab.l'ab—)q .’L'ab
m ,.k+m .n—m

.M .k
FabC * LapLaclpe - LabZac  Lpe

F2 = id. F is an analogue of P in R = PR
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T(r) = p(T(r)) for r = 4:
(212, [Z12223],, (213, [Z23], [Z12Z23Z34) , [Z13224] , [Z23Z34] , [Z14] , [Z24], [Z34],,

[Z14], [Z24],, [Z34], [Z14Z13] , [Z24Z3] [211213212]q (Z13], [Z23],, [Z13Z12], [Z12],,

Reduction Z14 = 0, Z34 = 0 yields (A2, As) identity (6 ~ 6):

(Z12], [Z12223],, [Z13],, [Z23], [Z132Z24] ; [Z24],,
= [204], [Z24Z23]  [Z13],, [Z23],, [Z13Z12] , [Z12],

Reduction Z3 = 0, Z24 = 0, Z34 = 0 yields (Ag, A1> identity (3 ~ 6)2

(212, [Z13], [Z14], = [214], [Z14Z135)  [Z14Z13212)  [213],, [Z13242], [Z12],,
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(A, Ar) — (A7) — (Ar, Ary), T+ =7
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