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Introduction

@ The talk based on the joint work with M. Bershtein and G.
Tarnopolsky .

@ This work is a sequel to " Instanton moduli spaces and bases in coset
conformal field theory”

e Alday, Gaiotto and Tachikawa (2009) proposed correspondence

N =2 SUSY 4d Gauge field theories <+— 2d Conformal field
theories

@ In this work we study Conformal field theory using AGT conjecture
for motivation.
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CFT side.

o In QFT we have the complete set of the local fields {Ox(£)}

0i(£)05(0) = > CE(€)OK(0).
o In CFT the set {Ok(£)} can be deéomposed as

{0u(©)} = [®a].

The ancestor of each family ®,, is called primary field . Other
representatives of [®,] are called descendant fields
@ In two dimensions the conformal group is Vir ® Vir

3

C
[Lna Lm] - (n - m)Ln+m + E(n - n) 6n+m707

@ And hence the conformal family is a tensor product [®,] = 7, ® 7,
[6] = {&, 6™, 0D 6C) . J e {. ..},

where Slronzem) = | L,
@ One can show that OPE of primary fields has a form

010, =3 Cfy (Gt A0 + B0l + B0 4w (.)
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CFT side.

Conformal blocks — holomorphic part of correlation function
<q>1(217 21) e ‘D,,(Z,,, 2,,)).
It is convenient to choose z; =0, z,_.1 =1, z, =

Four point conformal block:

A A3 A n A A _
Flar el - D aoese ool e losfo

Five point conformal block:

A1 Az Ds Ap | N nom Ny (o) [y -1
Fla 2 & 29 - X daeelegel))
=|p|=n,|v|=|p|=m

(0 03]0%7) ((01)0%))) 71 (Y |04 bs)

A, A;
JAV) As AV As AV
A ‘ A ‘ Ay AN ‘ A1 ‘ Az ‘ As
4 point 5 point
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@ The algebraic reason of AGT: there exists a natural action of the
symmetry algebra A of conformal field theory on equivariant
cohomologies of moduli space of instantons M.

@ Basis in the equivariant cohomology space can be labeled by the
fixed points of the torus. Thus the geometrical construction gives
some special basis of states in the highest weight representations 74
of the algebra A.

@ This basis is already remarkable just because of its geometrical origin
and possesses many nice properties. In general cases the action of
algebra A haven't constructed explicitly but using the geometrical
intuition one can predict the properties of the basis quoted above.

A. Belavin AGT correspondence, Bases in 2d CFT and Uglov polynomials



Properties of the geometrical basis

@ To every torus fixed point p € M correspond basic vector v, € 4.

@ Basis v, is orthogonal and the norm of the vector v, equals to the
determinant of the vector field v in the tangent space of p. The last
expression is also denoted by Z,.1 (contribution of the vector
multiplet).

@ Matrix elements of a geometrically defined vertex operators have
completely factorized form. The last expressions are also denoted by
Zyis (contribution of the bifundamental multiplet).

@ There is a commutative algebra which diagonalizes in the basis v,.
Geometrically this algebra arise from the multiplication on
cohomology classes.

@ From the CFT point of view this basis is a basis in the Algebra of
local fields. Zyis provides explicit and simple expression for the
coefficients of OPE.
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Symmetry algebra

@ The first question : What kind of the chiral symmetry in 2d CFT
corresponds to a given N = 2 SUSY gauge theory ?

e AGT discovered that for U(2) gauge theory on R* it is CFT with the
chiral algebra A = H @& Vir, where Vir is the Virasoro algebra and H
is the Heisenberg algebra.

@ Generalizing this V. Belavin, B. Feigin suggested that U(r) gauge
theory on R*/Z,, corresponds to CFT whose symmetry algebra is

~ o~

A(r, p) w0 gy sl(p), x sl(r)p x sl(r)n—p

-~ bl

gl(n—p), sl(r)n
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Special cases and History.

er=1 p=1. Algebra A(1,1) = H. The geometric action was
constructed by Nakajima. The fixed points basis is given by Jack
polynomials.

e r=2,p=1. Algebra A(2,1) = H & Vir, where Vir is the Virasoro
algebra. Initial AGT case. The construction of the basis is given by
Alba, Fateev, Litvinov, Tarnopolsky.

e r=1 p=2. Algebra A(1,2) = H ®5l(2);.

This algebra has an subalgebra A =H & H

e r=2p=2. Algebra A(2,2) = H ®5l(2)> & NSR. There exist

different bases. One was constructed in [BBFLT, 2011]

A. Belavin AGT correspondence, Bases in 2d CFT and Uglov polynomials



p = 1. Recollection of Instanton Moduli space

We denote Moduli space of Instantons in U(r) gauge theory on R*/Z, as
M(r, p) . This space can be obtained from M(r, 1) as its Z, - invariant
subspace. ADHM description of M(r,1) :

B\ | Q) [Bi,Ba] +1J=0

B>, there are N linear independent
M(r, 1) = | (ii) vectors obtained by the action of GLy,
’ algebra genareted by B; and B; on
J
hyb,... 1
e N — is a topological number.

@ Bj, Iand Jare Nx N, N x rand r x N complex matrices.
@ I1,...,1 denote the columns of the matrix /.
@ The GLy action is given by

g (B1,Bo,1,J) = (gBig ", gBg ", gl, g™ t),
for g € GLy.
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p = 1. Torus action on the moduli space

@ Abelian group (torus) T = (U(1))? x (U(1))" acts on M(r, N).
Bi— t1By; Bi— t1By; =t J— tltgl'_l.L

infinitesimally this action is generated by vector field
v = (€1,€2,a) € Lie(T) where t; = experT, th = exp 7 and
t, = expar.
e Points py fixed under the torus action are labeled by the r-tuples of
Young diagrams Y = (Y1,...,Y,).
The simplest cases r =1 and r = 2.

o the Nekrasov partition function for pure U(r) gauge theory (without
matter) can be evaluated as an integral over the M(r, N) and
equals the sum of fixed points contributions

Zpure 3 617€2|q Z Z Zvec a Y|€17€2) y

k=0 |7|=k
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p = 1 fixed points contributions

Determinant of v on the tangent space of py

det v

= H H Ey Y aj\s)(el + € — Eyl_,yj(a,' — aj|s)),

i,j=1s€y;

where E, y(x|s) = x — e1lw(s) + e2(ay(s) + 1).

ay(s) and 1, (s) are correspondingly S [ ]
the arm length of the box s in the
partition Y and the leg length in

partition W —
def
vec(a Y|61762 H H (EY Y; - aj|5)(61 +e— EYi~Yj(ai o aj|5))
ij=1sey;
Zélf)( -7 W a, Y|51,62 H H (61 + e — Ey, w(ai — aJ/-|s) - m)
ij=1sey;
[T (Eui(@; = aile) = m)
tew,
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@ In this case A is Heisenberg algebra with generators aj
[am am] =n 5n+m,0-

@ The highest weight representation of this algebra (Fock module) is
defined by the vacuum state |0)

a,/0) =0 for n>0,
and spanned by the vectors of the form
a_k ...k |0), ki > hky > > k.
@ One can define another basis
|v) < 3 (x)0)

where J1/®(x) is the Jack polynomial associated to the partition Y.
a = —b~? and the following identification is made

k= —iszxjk.
@ Examples: 2 ,
{1} =aal0); H{2h) =22+ —F% 12 {1,1}) = &%, - 59-2



@ System of Integrals of Motion I, which acts diagonally in Jack basis

I, = E a_ka
1 k>0 ko
IZ—'Q ka_ ak+* aaak
k>0 k 3 « ™
i+j+k=0
@ In terms o X

0
I, = Z kaaTk’

k>0

a 5} x> 0
I, =— 2_—_ k.
279 Zk>0 Xk Ox + Zk;ﬁ/ Xk — X; OX

@ Vertex operator (Carlsson, Okounkov)

V, = e(a—Q)saf(l)eaw(l)’
@ The matrix elements has factorized form
(WIY) =0y wZee(Y|b,b7")
(WIValY) = Zyis(c; W; Y|b, b~ 1)



r =1,p = 2. Algebraic (Homogeneous) construction

Algebra A(1,2) = H @& 5((2);.

This algebra has an subalgebra A =H & H

Algebra A(1,2) has a basis w, for # and f,, e, h, for 51(2);
Consider Homogeneous (Frenkel-Kac) construction of the
representation of ;[(2)1 based on Heisenberg algebra (h,).
Denote by Fp the Fock representation of Heisenberg algebra (h,)
with vacuum vector vp:

hovp =0for n >0 hovp = Pvp

Denote by D, D: Fp — Fp.1 operator defined by commutation
relations

[D,h] =0forn#0 [hy,D] =D
Each integrable representation of §1(2); has two natural grading.
The first of them is a hg grading. Another grading is defined by
Sugawara operator L§'
Then Character of representation [, x defined by formula

h,k L5 ho/2
o= Trqgo t™
. q

Xai2) e
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r =1,p = 2. Algebraic (Homogeneous) construction

@ The level 1 ;[(2)1 representations [g 1 and [y ;1 can be realized in
terms of one Heisenberg algebra h, as sums of Fock modules.

("] Namely |_|071 = @nEZ an, H1’1 = @nEZ F2n+1

@ The generators e; and f; are defined in both representations by the
same formulae

= Zenz_" = D?:exp (—22 3772_"):’

neZ n€Z
:Zfz*":sz'exp ZZEZ*" :
n . 2n ..
neZ neZ

@ Characters of these representations follow from this construction:

5[(2) Zt q" XB 5[(2 Z t'q’ XB

n€Z r—3ez

where XB(q) = erZ>0 1jqk

@ Since our algebra is H @ s[(2);, we will consider the tensor products
Lo1=PB,cz F @ Fan, L11 =,z F @Fany1 where Fis a
Fock representation of H.
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r=1,p = 2. Comparison of Algebraic and Geometric data

e We want to construct the special basis in the representation of
algebra A(1,2) = H @ s1(2);. The basic vectors labeled by torus
fixed points on the moduli space M(1,2).

@ In this case torus fixed points are labeled by two colors colored
Young diagrams A with angle colored in the color o . We will denote
such basis by Jyo. The color of the angle o corresponds to the
highest weight of representations L, 1.

@ To check our proposal we compare the dimensions of the graded
subspaces of L1 and of the graded subspaces of the fixed points in
Instanton moduli space for case p = 2, r = 1 which are labeled by
Young diagrams colored in two colors .

@ The box s € A with coordinates (/,) has color i — j + o and
o = 0,1 is a color of the angle.
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r =1, p=2. Comparison of Algebraic and Geometric data

@ We will denote such Young diagram by A? in order to stress the
coloring. By N;(A”) we denote the number of boxes of color 7,
i=0,1. Let d(A\7) = No(A7) — N1 (A9).

@ There exists a smallest partition p with d(u) = d consist of 2d? — d
boxes and has a “triangular” form with edge length 2|d| for d <0
and 2d — 1 for d > 0. Such minimal diagram is called 2-core . For
any partition X its 2-core is denoted by A

¥ oF

@ Lemma. The number of partitions X such that d(\) = d and

IA| = [A| = 2n equals to the number of pairs of partitions (i1, jt2)
such that |u1| + |p2| = n.
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r =1, p=2. Comparison of Algebraic and Geometric data

@ In terms of generating functions for colored partitions with fixed d
2d2—(—1)9d

1
XE!L(q) = Z/\",d(k"):d q|>“/2 =q 2 XzB
@ Using this formula we get

LA 0 /2 goyoy Ly o
WD = 37 P 02 N (1 /) 2D (g) =

AT d

. dto /2 242 —(=1)%d
—E (tv/q) qg E t"q" vs(q
d

n€Z+%

@ So these expressions coincide with characters of algebra A(1,2) if
we identify geometrical and algebraic data as follows:

ho(dr-) =2d(A7) + 0, Lo(x-) = (2|Al + ho)/4,

where Lg is a total degree with respect to algebra H & 5A[(2)1:

Lo= L3 1l = Lg[ + Z W Wi
k€Zso
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r = 1,p = 2 case. Pricipal realization

@ To find the geometrical basis we use another realization of
H @ sl(2)
@ The generators of ;[(2)1 can be written in terms new Heisenberg
generators a, as
en = 3(ans1 — bons1) o= 3(a2n41 + b2ns1)  hn = ban + 30n0
@ where

o+1
Z boz™" = b(z) ( 1 exp (22 3an+1 ‘2"‘1>

@ Elements of the additional Heisenberg algebra H
Wp = a2n

@ Indeed this realization of H @;[(2)1 arises from Level One
realization of Ding-lohara algebra given by
Awata,Feigin,Hoshino,Kanai,Shiraishi, Yanagida (AFHKSY)
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The deformed (Ding-lohara) algebra

@ The Ding-lohara algebra generated by Drinfeld currents
E(2), F(2),v"(2),%~(z). The level 1 realisation of this algebra is
given in Fock representation on (deformed) Heisenberg algebra.

@ Deformed Heisenberg

1— gl
[am am] = nm6n+m70-

Fock representation defined by vacuum [0): a,|0) = 0 for n > 0.
@ Realization:

oo

1—t" 1t
E(z) :=uexp ( - a,,,z") exp ( — Z p a,,z‘"),

n=1 n=1

1 X 1—t" ¢t ~1—t" t
F(z ::7exp(7 - (= "/23_,,2") exp( — (- "/zanz*”>
@)= o0 (-3 >

v e (= Y0 F - ) e ).

n=1 n

+(2) = ex o 11—t _ 4n_—n E*”/“a P
Ve =ew (D0, T (- () ).

n=1
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The deformed (Ding-lohara) algebra

o Geometrical basis: Jx(g, t) (Macdonald polynomials).

Jo=lu),  Jy=(1— t)aslu),
oy = (50+ 01— 0, + S0 - @)1 - oz ) o
Jon = (50 P+ 0~ 29 o)

@ Vertex operator ¢(z): F, — F, has form

© n _ n,n n X . —n__ ,—n ,n\
d(z) = exp (— Z Y (t/qn) <. a_’,;z ) exp (Z v gn . 2nZ

n=1 l_q n=1 1_q n /

@ Then matrix element of vertex operator has the form

(I(q, 0)[®(2)|Ju(g. 1)) = Nxp (qv) (“’) M(J) _‘”Ln(x)qn(uvzwmh

tu/ \ q q

N ( H(l — ug~ )Ty H(l — ug® OO+,
SEA tep
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The limit of the Ding-lohara algebra

@ Take the following limit

g=wpe T, t=wpe I, wp=¢€7?, 70,

@ In the classical case p = 1 we have w, = 1 and Macdonald
2
polynomials Jﬁ’t convert to Jack polynomial J/(\fl/b ),

@ p=2casewehavew, =—-landg=—e 72, t=—€"%, 7= 0.
The limit of Heisenberg algebra reads

—nb™20p4 m.0, if n=0mod?2
[ana am] = ’ .
NOptm,0s if n=1mod?2

We see that Heisenberg algebra fall into pieces: even and odd part.

@ The limit of Fock representation of Ding-lohara algebra coincides
with Principal representation of H & sl(2),
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basis

@ The limit of matrix elements of the vertex operator coinside with Zp;r

@ Macdonald polynomials Jf\”t convert to rank 2 Uglov polynomials
J(—l/b212)
A

o First examples has the form:

2 2 2
B =g I =aalme  JG = (6712~ )l

) , @ _ 1 2
J(l 1) (ba 1 /a,2)|/<;>q, J(3) = (%33 —ia_jra_1+ %a 3)|I€>q,
2) 1 5 b . 2b
Joh = —3(a1 — as)lw)g, 2, = (32%1 —ia2a_1 + S as)lw)g

@ In the limit we find system of Integrals of Motion which acts
diagonally the basis J/(\2). For example

e —1—2h,  h(JP|k)g) = (2d(\) + q) JP|k)q
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Principal and Homogeneous realizations

Their connection is as follows
@ 5l(2); generators

1
ant1 = fpy1+€ny  bopyr = o1 — €y, bop=h, — §5n,0
@ Generators h and w from a
) —1)etl a Con
;bnz :b(z):( 2) exp<2¥22r:+llz 2n—1

Wp = a2p
@ The basis in h, w

J(Z2) = |K:>07 J(2

@ = = —(iw_1 4 bh_)J%

—(iw_1+b7h0) IS D

J((12)1 1,1) = = (—2ibw_p — w?; + 2ibw_1h_; + bh*; — 2bh_ 2)_,(2)7
@1y = (2ibw_y — w2y +i(b™" = b)w_h-y + B*h2; — (1= b*)h_2) Jf
JB = (—ilb+ b Nwg — w2, 4+ 12,) S,

Such formulae much simpler then in terms of a,
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=2 ,p=2 case, Algebras and representations

@ We want to construct the special (geometric) basis for the algebra
A(2,2) = H @ sl(2), @ NSR.

@ We consider only the NeveuSchwarz sector of the NSR algebra i.e.
the algebra generated by L,, G,, n € Z,r € Z+ } with relations:

G
[Lm Lm] - (n - ) ntm+ —— = (n3 - n)5n+m7
1 1
{Gn Gs} =2l + ECNSR(r2 - Z)5r+s,07

1
[Ln, G,«] = <2n — r> G,H_r.

@ The representations of algebra A(2,2) = H @37[(2)2 @ NSR is a
tensor product of representations of the algebras H, ;[(2)2 and NSR.
For the NSR we take the Verma module with highest weight
parametrized by the P. The highest weight vector is denoted by |P)

L,|P)=G,|Py=0 for n,r>0, Lo|P) = Ays|P),

The character of this representation xnsr(q) = x8(q)xrF(q).
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r =2, p =2 case, Algebras and representations

@ The s.A[(2) algebra has three integrable representations of level 2:
Mo2, Mi2 and My 5. In the Neveu—Schwarz we take the direct sum
Moo @ lMa5. Its character equals:

0,2 2 q n o
( )(q, )+><A Y(g,t) = ||(1+7)(1+q (1+tq)=> t"q 2\ e XF
r+1€Z0 n€Z

@ We want to construct a special basis in the representation of algebra
A(2,2) with properties from the Introduction. The basic vectors
correspond to fixed points on the moduli space M(2,2). In this case
torus fixed points are labelled by pairs of two colors colored Young
diagrams A1, \» with angles colored in the same color . We will
denote such basis by JAfyAg or Jiz for short. As in r = 1 case such
basis respects grading:

ho(Jyz) = 2d(A\]) + 2d(A3) + 20, Lo(Jy) = (2[A| + ho) /4
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@ The existence of such basis means that we can compute the
character of representation of algebra A(2,2). Using the formula for
X(l) we get:

2) q t Z Z q\AHdA t d(X)+ Z ng1 ( )(tf)dﬁ—dz—}—o:

0=0,1 A\7,\§ o,di,d>

2424243 —dy —dp 2d2 +2d3+dy +dy
E q > t\/a)d1+d2 +q 7 (t\/a)d1+d2+1 —

di,d>

(2dy —d)2+d? —d (2dy —d+1)2+d? —d 212
q)“Z(t\/E)dZ(q P ) e
d.k

d di

Using the Jacobi triple product identity this expression can be
rewritten as

)4qu242.k2 td _ XB(q)2 H (1 + qTr)(l + qr)2(1 + tqr) —
d,k

r+3€Zso

xe(@) - (X82(a.6) + x5 7(a.6)) - xr(@)x8(9) = Xuaziapense

where we used the formula for ( ©. )(q, t) + X(O )(q, t))
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Free field realization

The generators of H are denoted by w, as in r = 1 case. So the full
set of generators of algebra A consist of w,; ey, f, hy; Ly, G,

We will use the free field realization of the NSR and ;[(2)2 algebras.
The free realization means that we consider the representation of
Heisenberg algebra and Majorana fermion algebra and define the
action of the mentioned before algebras on this representation. This
method is very useful since Heisenberg and Majorana fermion
algebra are much simpler.

The algebra 5:\[(2)2 realized by generators h,, D, x,.

z):Zenz_":X(z exp( 22 i _”>:

neZ

z) = Z foz™" = x(2)D7% : exp (22 ﬁz‘") :

nez

where x(2) = ¥, xrz~"1/2,

[hm hm] - 4n5n+m,Oa {Xr; Xs} - 5r+s,0
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Free field realization

For the NSR algebra we consider in the representation of algebra with
generators ¢, ¥,:

[Cm Cm] = n5n+m,07 {wry ws} = 5r+s,0

The representation of NSR of momentum P defined by formulas:

j{: CkCn—k + = jg: g)¢nfr¢W'+’é((Qn'_'2P)Cn

k;éO n
l
= ket Y ro s, + Q - P?)
k>0 r>0
G = cathrn+i(Qr— P)¢r.
n#0

Hence in free realization of representation of algebra A we have
generators wy; h,, D, xr; Cp, WUy
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The limit of DI algebra

The level 2 representations of Ding-lohara algebra realized in terms of
two Heisenberg algebras af, ), 35,2) The generators of A(2,2) realized by

formulae:
o _ @
=) ), =
hn (=1)7*! ) @) 1) @)y
> 1= (exp(20M) + exp(20?) + exp(—261)) + exp(~261%)
n
Xr _ ! @ 4 4@ _o _ 6@
> 2\@(e><p(¢> +6?) - exp(—o — 9?)),
Z 2 = 575 (200" = 6) — ep(=o +6))
where
) )
oM = 2041 —2n-1 6@ — 041 —2n-1

—2n—1 o - —-2n—1
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The limit of DI algebra

@ Vectors written in terms of Heisenberg algebras af,l) and 35,2) can be

rewritten in terms of Heisenberg algebras hl, w} and h2, w? as in
r =1 case

oy 1
wi=ah, YoMz o= (exp(20) + exp(~201) )
W2 = 2 Z W22 1 (=1 (ex (26?) + L PAC))
n — 92n n 2 - p exp( (b )

@ In terms of A(2,2) bosonisation wy, hp, Xr, Cn, ¥r

hy = %h,, =Y XeYr  Hp= %hn + D Xt
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e In terms of a(¥), a(?

Joy,o = b_l(a—li)z ’3(_1% Ja),e = b(a(_lb2 - ia(_lg)
1, 2 Q/, 1,0 (1
Jo2)=b (a(_%)2 /a(_% P (b 1(a(_i)2 — la(_%) ,

@ Interms of w; h, x; L, G

Q@+ 2P Q—2P

Jayo =G_1 + %Xfy Po)=G_1 + (72)X,%,

1 i(Q +2P) Q+2P '
Joyoe =L1+ Ex,%G,% t ot h_1;

(Q+2P b(Q + 2P

Jane =L+ bx_%G_% + %W,l + %h,l;

1 i(Q —2P) Q2P
Jo) = L1+ px 3Gy fw_ﬁ— TR
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Conclusion

Results.

@ The general construction of the basis for A = A(r, p) from the
deformed algebra.

o For r =1 this construction leads for the Uglov polynomials.

@ For r =2, p = 2 the formulas for basis Jy, »,. In case A, = & this
basis converts to the Uglov polynomials.

Open questions
@ To describe vertex operators
@ Find the corresponding integrable system

e Consider (r, p) > (2,2) cases in more detail
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