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What are the symmetries of Yang-Mills theories?

L QCD = (3+1)-dimensional Yang-Mills field theory with the SU (N. = 3) gauge group

SQCDZ/d4iC[——F2()+ Z (2 P —mgq)q(x)

qg=u,d,.

L Symmetry of the classical theory:

0 gauge symmetry: q(z) — e“q(z), Fuu(z) — e“F,,(x)e
[ chiral symmetry (for m, = 0): q(z) — e5%q(x), Fpuu(x) — e F,, (x)e™ ™
1 conformal symmetry (dilatations): q(z) — Nag(\z), Fuu(z) — A9 F,,(x)

I Most of classical symmetries are broken on the quantum level:

[l gauge symmetry is protected: o*J, =0
O chiral anomaly: o1J> # 0
[ conformal anomaly: O*JP = (Baep(9)/g) Fi,(z)

Q: Could it be that QCD possesses a hidden symmetry which does not exhibit itself as a symmetry
of the classical Lagrangian but is only revealed on the quantum level?
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Hidden symmetry of QCD

A: Yes! QCD at high energy is intrinsically related to completely integrable models

LI Integrable models = QM systems with a finite number of degrees of freedom and the same
number of conserved charges.

L Gauge theories in four dimensions = complex systems with infinite number of degrees of
freedom which are not integrable per se.

[ Integrability emerges as a hidden symmetry of effective Yang-Mills dynamics in two different
limits:

[ High-energy (Regge) behaviour of scattering amplitudes in QCD

2N
ApriL(s) ~ sZ p=9J
72

Re[t(J) — (1]

LI Anomalous dimensions of composite (Wilson) operators in QCD

2Nc
O (0) = 7' (073 Diss - Dy a! (0) ~ (Av) ¥,y = T2 [0(N +2) = (1))

U (x) = dInT'(z)/dx is not just a function ... but indication of hidden integrability ( = Heisenberg
spin chains)

LI Integrability is not tied to QCD and is a general feature of (super) YM in four dimensions
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Heisenberg spin chains

[l One-dimensional chain of atoms with exchange interaction Heisenberg'26

L
1 ///'%z‘ﬁ\\
HS:1/2 = Z (S’n‘sn—l—l — Z) = k%l % %7 3 %\/
n=1 S~ _ -

LI The model is completely integrable and can be solved exactly Bethe’31

0 1t can be generalized to arbitrary SU(2) and SL(2) spins S2 = s(s + 1) while preserving

integrabilit
g y Kulish,Reshetikhin,Sklyanin’81

Faddeev, Tarasov, Takhtajan’83

L
Hs — Z H(Jn,n—l—l)
n=1

0 Jn n+t1 = the sum of two neighboring spins, Jy, n+1(Jnnt1 + 1) = (Sn + Snt1)?
LI Two-particle Hamiltonian = the Euler ¢»—function, harmonic sum

H(z) = -2 gr =@ +1) —4(2s + 1)
LI Integrable structures in high-energy QCD:

L QCD in the Regge limit = SL(2,C) spin chain Lipatov'93; Faddeev, GK’94

L QCD on the light-cone = SL(2,R) spin chain Braun,Derkachov,Manashov'98; Belitsky; GK’99
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The SL(2) Heisenberg spin chain induced by QCD

QM system of N interacting particles “living” on a two-dimensional plane in Minkowski
space-time
xyxt = t2—22 — X2 —y? =2
Light —cone Regge limit

+z_ — 2z

The position of the particles on the plane is defined by light-cone/holomoprhic coordinates

\
VRS ¢ Light —
ol =4 RTE TUBNTOONG g LN
TN X + 1y <« Regge limit,

N

Each particle carries the SL(2) spin
Sg = 210z, +5, S = -0z, Slj = zi@zk + 252,

The effective QCD Hamiltonian describes interaction between noncompact SL(2) spins
attached to NV particles
N

Hqcp = ZH(Jk,kJrl)a H(z) =vy(z+1) —¥((2s+ 1)
k=1

Jk.k+1 = the sum of two spins, (S + Sk11)? = Jekr1 (e ps1 — 1).
The model is completely integrable: (g, Hqocp] = [gk, gn] =0
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Multi-particle operators in QCD on the light-cone

Feynman-Gribov parton model: hadrons in the infinite momentum frame =~ system of quasi-free
partons

()
H(p) .
> ———— 0<z, <1, Zﬂ%zl
I k
) fI,'L N ~ J
momentum fractions
Distribution (baryon) amplitude: Brodsky, Lepage’79

2 1 .
(0|q(z1n)q(z2n)q(z3n)|H (p)) '= /d:cldxgdazg 5(2:1% — 1) e P 2k TRk o b (25, 12)

‘\ 0 /
Nonlocal light-cone correlator = sum of plane waves

[0 How to find the scale dependence of the distribution amplitude ¢ g (x;, u?) ?

Moments of distribution amplitudes <—- local operators:

o (@) — Fn(k / Dl 5?25 o (i, u?) = (0[(DY q) (D2 q) (D2 q)|H (p))

Scale dependence of the moments

d
p—pp (k) = V(kilm;) ¢B(m;)
P = Vikjm) Pl
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Conventional QCD approach

LI Diagonalize the mixing matrix and find the spectrum of anomalous dimensions

0 Example: helicity—3/2 baryon distribution amplitude [¢ = ¢ (z) + ¢} (), ¢V = 1ﬂ:2v5 q]

q' (z1n)q" (zan)q' (z3n) — (Di1 q") (D? q') q'(0) + [total derivatives]

LI Mixing matrix:

y4 J4 I
Z V(klak2|nlan2)CT(L1),n2 — Vé/g(]\[) C]il),kQ ) (E — OaaN)
ni+no=N

LI Rich spectrum of anomalous dimensions:

16 —
14 - -
12 - -
= 10 1 e (Almost) all levels are double degenerate
< 87 i
e 2 | e Where does this structure come from?
2 . Conformal symmetry + Integrability!
0+ :

0 5 10 15 20 25 30
N
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Conformal symmetry on the light-cone

QCD Lagrangian is invariant under the SO(4, 2) transformations:

Ty — Ty +ay, Ty — Wy, Ty — ATy, T, — cu(:cQQWJ — Tpxy)
transI;tions rota‘trions dilat‘artions conform‘arl boosts
SO(4,2) reduces on the light-cone z,, = zn,, (n? = 0) to the SL(2) subgroup: Ohrndorf'83
, az+b , az + b) o
z— 2z = : z) —q (2) = (cz +d)”“a
C d—d@ = () (e

z” - position of quark field on the light-cone

L The SL(2) generators:

d d d
dz’ + (Z dz + ZJq) ’ 0 (Zdz +]q>

U 74 = 1is the conformal spin of the quark field

Conformal symmetry is broken in QCD (Bqcp(g) # 0) but the conformal anomaly affects the
anomalous dimensions starting from two loops only

One-loop evolution kernels in QCD inherit conformal symmetry of the classical Lagrangian!
Zamolodchikov
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Integrability on the light-cone

O Callan-Symanzik equation (helicity— 2 baryon operator B = ¢! (21n)q' (22n)q (23n))

d
p—B(z1, 22,23) = [H- B](21, 22, 23),

LI Two-particle structure of one-loop dilatation operator:

_ g3Ne
872

[H12 + Hasz + His]

L Two-particle kernel: Balitsky, Braun’s8

do o

[23(21, 22, Z3)

1

H12B(z1,22,23) = /
0

—B(az1 + (1 — a)z2,22,23) — B(z1,az2 + (1 — a)z1, 23)}

1l — «

[l displaces quark fields along the light-cone

[ conformal invariance: [H, S; + So + 53] =0

I dependence on the two-particle conformal spin Ji2 = N + 2 [with B(z;) — (21 — 22)"V]

1
Hiz = / Ao 1 90N = 2 [(J12) — $(2)]
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Integrability on the light-cone (lI)

LI QCD anomalous dimensions are eigenvalues of the dilatation operator

HY N (21,22,23) = 7v YN (21, 22, 23)
L SL(2) invariant form of the dilatation operator

2
gg ]\2[c [H12 + H23 + Hi3], Hjr =2 [¢(Jj ) — ¢(2)}

T

H =

Two-particle conformal spin
(Sj+ Sk)? = ik (Jjk — 1)
L One-loop dilatation operator = Hamiltonian of the SL(2, R) Heisenberg spin chain
L Number of sites = number of quark operators Braun, Derkachov, Manashov'98
L Spin operators = Generators of the SL(2,R) ‘collinear’ group Belitsky; GK'99

[J Quantum space = discrete series of the SL(2;R) group

ki _ko _k :
Un(z1,22,23) = E 21" 252 25° Cr koks = POlynomials
k1,k2,k3

[l Possesses the lowest weight qu\(;) =1 (with S— - \pg\?) = 0) but not the highest weight

LI The spectrum of anomalous dimensions can be found exactly by means of the Algebraic
Bethe Ansatz
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(Exact) Bethe Ansatz solution

0.2 f ] _
' e 0
0.15 | | Bethe equations
0.1} |
N :
0.05 | ] _ g5N. 27q
0r . TN = g3 Z 2 4 2
@ k=1 "'k + Jq
-0.05 :
0.1 1 {\1,..., AN} = Bethe roots:
0012 jq = 1 conformal spin of quark
()\k: —|—ijq>3 B ﬁ Ak —)\j —1
16 T T T T T T T Ak_z']q j#kAk_)\J—'_Z
14 t ]
| | U (Almost) all levels are double degenerate:
10 ¢ i V(NaQ):fY(Na_Q)a Q(N,K)Z—Q(N,N— )
§/ o | N =total spin, () =conserved charge
6 - i
4l Example: | [ Integrability imposes a nontrivial analytic structure —
)| qlqlq" trajectories are enumerated by integer ¢ = 0, 1, . ...
0t |

0 5 10 15 20 25 30
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Separated variables/Baxter Q—operator

Go over to the representation of Separated Variables Sklyanin’85

V(21,0 2L) — \Ifésov) =UV¥,(21,...,2L)

Explicit construction of the SoV representation for the S L(2) magnet Derkachov, GK, Manashov'02
SoV . ] .
V) = Qa1) .. Qlar1), g =i oL —i

@ (u) = eigenvalue of the Baxter operator

Qu)¥q(zi) = Q(u)¥q(2i)

t — @ relations:

£, (w), Q)] = [Q(u), Q)] = 0 AT A T

(u+i5) " Q(u + ) + (u — i) *Q(u — 7) = @(U)

Exact solution (equivalence with the Algebraic Bethe Ansatz)
N

Q(u) = | [ (w— Ax) = polynomial in u
k=1

{\1, ..., An } =Bethe roots; N = total conformal spin

RAQIS'05 - p. 12/20




Integrable sectors in multi-color QCD on the light-cone

0 Interaction between partons with the aligned helicities (quarks ¢, gluons G) is integrable
g

One-loop dilatation operator H = Hamiltonian of a noncompact SL(2, R) Heisenberg magnet:
Braun, Derkachov, Manashov; Belitsky; GK’99

L Three-quark states:
[q" (z1)q" (22)q" (23)] = closed spin j, = 1 chain
L Multi-gluon states:
(GT(21)GT(22)...GT(z1,)] = closed spin j, = 3/2 chain
L Antiquark-Glue-Quark states:

[§(21) GT(22)...GT (2._1)q(z1)] = open inhomogeneous spin chain

0 Integrability is broken in the ‘mixed’ helicity sectors (ex: helicity—1/2 states [¢'q'q'])

L Symmetry breaking terms generate a mass gap in the spectrum of ~(N) [scalar diquarks]

LI Supersymmetry enhances QCD integrability and extends it to a larger class of Wilson operators
as one goes from N = 0to N = 4 SYM
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Scattering in QCD at high-energy (Regge asymptotics)

[l Regge phenomena in strong interactions (since 60’s):

\/

e DA GE A
;

/\

B

oap(8) =

Scattering amplitudes grow at high energy s as a power ~ s (*)

) Dual model:

N\ /
| ] X
/\

j

Regge trajectories + duality condition = Hadronic string (?)

[1 High-energy asymptotics in QCD: interaction induces large corrections which need to be
resummed to all order of perturbation theory Balitsky-Fadin-Kuraev-Lipatov '78:

oas(s) =D, wn(glns)" ~ s
n=0,1,...
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BFKL Pomeron + Unitarity

e Leading contribution: BFKL Pomeron (A = g2 N./(47?))

o2 exp(4In2- Alns) o g4n2A

vVAlns N—

violates unitarity

e BFKL Pomeron + Unitarity = generalized ladder diagrams

e Multi-Regge kinematics: [ d*k = [ dkidk_ [ d?k,

— strong ordering in the longitudinal momenta y = In Z—J_’

Y1 > y2 > y3 > ... = “evolution time” in the t — channel

— “random walk” in the transverse momenta

k1,0 ~ ko ~kg | ~ ..
[]Elastic pair-wise interaction of N = 2, 3, ... particles “living” on the two-dimensional £ | —plane
and propagating in the “time” y = In s.

[INontrivial QCD dynamics occurs on the two-dimensional transverse space
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Color-singlet compound gluonic states

[1The effective QCD Hamiltonian H  has remarkable properties in the multi-color limit:

~ exp (YHN) = sTtN

Elastic scattering of /N particles

[] The Bartels-Kwiecinski-Praszalowicz equation = 2-dim Schrddinger equation

7{IV§P(25412§7°"72}V) — IEPJ!D(éaJ'2§7°'°72}V)

\ >4

“”

2—dim coordinates

U W(z1, 22, ..., 2y ) = colour-singlet compound states built from N reggeized gluons

[ Interaction occurs only between nearest neighbours
N

Hy = Z H(Zy, Zxy1) +O(1/N2) = N —body QM system with periodic boundary conditions

7

N

BFKL kernel

LI High-energy asymptotics of the scattering amplitudes governed by these states

o(s)~ S0 @Y S B

N—_——

N —gl .
s non Regge behaviour

states

[ Intercept = maximal energy E'n
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Integrability

[] The system possesses a “hidden” set of the integrals of motion Lipatov’93; Faddeev, GK'94
[Qk7HN]:[Qk7qn]:07 (k7n:2737"'7N)
Their number is large enough (= N) for the Schrédinger equation to be completely integrable !

[1 The system of N reggeized gluons = completely integrable quantum-mechanical model

N.— 00

0 Hy SL(2,C) Heisenberg spin chain on 2-dim plane ds? = dzdz

Hy = SL(2;R) + SL(2;R) = [holomorphic] + [anti-holomorphic]
[J Number of sites = number of reggeized gluons

[] Spin operators = generators of (infinite-dimensional) irreps of the SL(2,C) group
JtotZHTn—Fil/, jtotzl_Tn+iV, (n€N+,V€R)

LI Eigenstates = functions well-defined on the plane (but not in z and z separately!)

U(Z, o EN) = D Cap Dz, ) U Bz )

LI Can the spectrum of the QCD Hamiltonian ‘H 5y be found exactly? Derkachov, GK, Manashov'01
U The SL(2,C) magnet does not contain a pseudovacuum state (= highest weight)
LI... the “conventional” Bethe Ansatz is not applicable
LI The way out: Baxter Q—operator + Sklyanin’s SoV approach RAQIS'0S - p. 17/20




Exact solution of the SL(2;C) spin chain

The eigenstates of the SL(2;C) in the SoV representation Derkachov, GK, Manashov'02

— — S V — — — —
Uo(Z1, . 21) = WSOV = U (21,0, 7) = Q(a1,21) ... Qer—1,E1_1)
(rk, T ) = separated variables, Q(z,xr) = eigenvalue of the Baxter operator
Q(u,u)¥y(Z1,...,21) = Q(u,u)Vq(21, ..., 2L)

Energy spectrum of the spin chain (s = 0,5 = 1)

By = i n[Q(u + s, + ) (Q(u — i, u — i5)) ]|
u

u=0

Holomorphic t — @ relations:

[t (w), Q(u, @)] = [Q(u, @), Qv, 7)] = Ve Y N 2

(u+s)FQ(u+1,a) + (u —is)FQ(u — 4, a) = @(u, u)

The same as for the SL(2;R) spin chain but Q(u, @) is not polynomial in v and @
Analytical properties

meromorphic function of A with

QN —in/2,\+in/2) = prescribed position/order of poles
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Energy spectrum

L Quantum numbers, g2, ..., qn, and the energy, E, of N —reggeon states in multi-color QCD:
Derkachov, GK, Kotanski, Manashov’ 01

N || g2 93 q4 g5 q6 En

2 .25 2.77259
3 25 | .20526 -.24717
4 .25 0 15359 67416
5 25 | .26768 | .03945 | .06024 -.12751
6 .25 0 .28182 0 .07049 .39458

[J The ground state energy of the SL(2;C) spin chain of length N

+

LI Different scaling behaviour for even and

odd N

[ Thermodynamical limit
EN — 0

needs to be understood...

for

N — o0
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Conclusions

I High-energy QCD possesses a hidden symmetry in two different limits:
[l Light-cone

[ Regge limit

1 In both cases one encounters the same integrable structure = XXX Heisenberg noncompact
spin chain

[ The symmetry is powerful enough to calculate using the Bethe Ansatz

I the exact spectrum of anomalous dimensions

[l intercepts of the compound states in multi-color QCD

U ... but we do not quite understand the origin of integrability in gauge theories
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