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What are the symmetries of Yang-Mills theories?

✔ QCD = (3+1)-dimensional Yang-Mills field theory with the SU(Nc = 3) gauge group

SQCD =

Z

d4x

"

− 1

4
F 2

µν(x) +

X

q=u,d,...

q̄(i 6D −mq)q(x)

#
✔ Symmetry of the classical theory:

✗ gauge symmetry: q(x)→ eiωq(x), Fµν(x)→ eiωFµν(x)e−iω

✗ chiral symmetry (for mq = 0): q(x)→ eiγ5ωq(x), Fµν(x)→ eiωFµν(x)e−iω

✗ conformal symmetry (dilatations): q(x)→ λdq q(λx) , Fµν(x)→ λdgFµν(x)

✔ Most of classical symmetries are broken on the quantum level:

✗ gauge symmetry is protected: ∂µJµ = 0

✗ chiral anomaly: ∂µJ5
µ 6= 0

✗ conformal anomaly: ∂µJD
µ = (βQCD(g)/g) F 2

µν(x)

Q: Could it be that QCD possesses a hidden symmetry which does not exhibit itself as a symmetry
of the classical Lagrangian but is only revealed on the quantum level?
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Hidden symmetry of QCD

A: Yes! QCD at high energy is intrinsically related to completely integrable models

✔ Integrable models = QM systems with a finite number of degrees of freedom and the same
number of conserved charges.

✔ Gauge theories in four dimensions = complex systems with infinite number of degrees of
freedom which are not integrable per se.

✔ Integrability emerges as a hidden symmetry of effective Yang-Mills dynamics in two different
limits:

✗ High-energy (Regge) behaviour of scattering amplitudes in QCD

ABFKL(s) ∼ sE , E =
g2Nc

8π2
Re[ψ(J)− ψ(1)]

✗ Anomalous dimensions of composite (Wilson) operators in QCD

ON (0) = q̄↑(0)γ{µ1
Dµ2 . . . DµN}q

↑(0) ∼ (ΛUV)−γN , γN =
g2Nc

8π2
[ψ(N + 2)− ψ(1)]

✔ ψ(x) = d ln Γ(x)/dx is not just a function ... but indication of hidden integrability ( = Heisenberg
spin chains)

✔ Integrability is not tied to QCD and is a general feature of (super) YM in four dimensions
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Heisenberg spin chains

✔ One-dimensional chain of atoms with exchange interaction Heisenberg’26

Hs=1/2 =
LX

n=1
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L

✔ The model is completely integrable and can be solved exactly Bethe’31

✔ It can be generalized to arbitrary SU(2) and SL(2) spins S2
n = s(s+ 1) while preserving

integrability
Kulish,Reshetikhin,Sklyanin’81
Faddeev,Tarasov,Takhtajan’83

Hs =

LX
n=1

H(Jn,n+1)

✗ Jn,n+1 = the sum of two neighboring spins, Jn,n+1(Jn,n+1 + 1) = (Sn + Sn+1)2

✗ Two-particle Hamiltonian = the Euler ψ−function, harmonic sum

H(x) = −P2s−1
l=x

1
l+1

= ψ(x+ 1)− ψ(2s+ 1)

✔ Integrable structures in high-energy QCD:

✗ QCD in the Regge limit =⇒ SL(2,C) spin chain Lipatov’93; Faddeev, GK’94

✗ QCD on the light-cone =⇒ SL(2,R) spin chain Braun,Derkachov,Manashov’98; Belitsky; GK’99
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The SL(2) Heisenberg spin chain induced by QCD

✔ QM system of N interacting particles “living” on a two-dimensional plane in Minkowski
space-time

xµx
µ = t2 − z2| {z }

Light−cone

− x2 − y2| {z }

Regge limit

= z+z− − zz̄

✔ The position of the particles on the plane is defined by light-cone/holomoprhic coordinates

1

2
3

N

N-1

...

zk =

(

tk + zk ← Light− cone,

xk + iyk ← Regge limit,
(k = 1, ...,N)

✔ Each particle carries the SL(2) spin

S0
k = zk∂zk

+ s , S−
k = −∂zk

, S+
k = z2k∂zk

+ 2szk ,

✔ The effective QCD Hamiltonian describes interaction between noncompact SL(2) spins
attached to N particles

HQCD =

NX
k=1

H(Jk,k+1) , H(x) = ψ(x+ 1)− ψ(2s+ 1)

Jk,k+1 = the sum of two spins, (~Sk + ~Sk+1)2 = Jk,k+1(Jk,k+1 − 1).

✔ The model is completely integrable: [qk,HQCD] = [qk, qn] = 0
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Multi-particle operators in QCD on the light-cone

✔ Feynman-Gribov parton model: hadrons in the infinite momentum frame ≈ system of quasi-free
partons

x1

x2

xL

...

H(p)

0 ≤ xk ≤ 1 ,

X
k

xk = 1| {z }
momentum fractions

✔ Distribution (baryon) amplitude: Brodsky, Lepage’79

〈0|q(z1n)q(z2n)q(z3n)|H(p)〉
n2

µ=0
=

Z 1

0
dx1dx2dx3 δ(

X
xk − 1) e−i(pn)

P
k xkzkϕB(xi, µ

2)

Nonlocal light-cone correlator = sum of plane waves

☞How to find the scale dependence of the distribution amplitude ϕB(xi, µ
2) ?

✔ Moments of distribution amplitudes⇐⇒ local operators:

ϕB(xi)→ eϕB(ki) =

Z
Dxxk1

1 xk2
2 xk3

3 ϕB(xi, µ
2) = 〈0|(Dk1

+ q) (Dk2
+ q) (Dk3

+ q)|H(p)〉

✔ Scale dependence of the moments

µ
d

dµ

eϕB(ki) =

X
mj

V (ki|mj)| {z }

mixing matrix

eϕB(mj)
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Conventional QCD approach

✔ Diagonalize the mixing matrix and find the spectrum of anomalous dimensions

✔ Example: helicity−3/2 baryon distribution amplitude [q = q↑(x) + q↓(x), q↑(↓) = 1±γ5
2

q]

q↑(z1n)q↑(z2n)q↑(z3n) −→ (Dk1
+ q↑) (Dk2

+ q↑) q↑(0) + [total derivatives]

✗ Mixing matrix:X

n1+n2=N

V (k1, k2|n1, n2)C
(ℓ)
n1,n2

= γ
(ℓ)
3/2

(N)C
(ℓ)
k1,k2

, (ℓ = 0, . . . , N)

✗ Rich spectrum of anomalous dimensions:
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• (Almost) all levels are double degenerate

• Where does this structure come from?

Conformal symmetry + Integrability!
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Conformal symmetry on the light-cone

✔ QCD Lagrangian is invariant under the SO(4, 2) transformations:

xµ → xµ + aµ| {z }

translations

, xµ → ωµνxν| {z }

rotations

, xµ → λxµ| {z }

dilatations

, xµ → cµ(x2gµν − xµxν)| {z }
conformal boosts

✔ SO(4, 2) reduces on the light-cone xµ = znµ (n2 = 0) to the SL(2) subgroup: Ohrndorf’83

z → z′ =
az + b

cz + d
, q(z)→ q′(z) = q

�
az + b

cz + d
�

· (cz + d)−2jq

“z” - position of quark field on the light-cone

✗ The SL(2) generators:

S− = − d

dz
, S+ =

�
z2

d

dz
+ 2zjq

�
, S0 =

�
z
d

dz
+ jq

�

✗ jq = 1 is the conformal spin of the quark field

✔ Conformal symmetry is broken in QCD (βQCD(g) 6= 0) but the conformal anomaly affects the
anomalous dimensions starting from two loops only

✔ One-loop evolution kernels in QCD inherit conformal symmetry of the classical Lagrangian!
Zamolodchikov
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Integrability on the light-cone

✔ Callan-Symanzik equation (helicity− 3
2

baryon operator B ≡ q↑(z1n)q↑(z2n)q↑(z3n))

µ
d

dµ
B(z1, z2, z3) = [H ·B](z1, z2, z3),

✔ Two-particle structure of one-loop dilatation operator:

H1−loop =

1            2            3 1            2            3 1            2            3

=
g2sNc

8π2
[H12 +H23 +H13]

✔ Two-particle kernel: Balitsky, Braun’88

H12B(z1, z2, z3) =

Z 1

0

dαα

1− α

h
2B(z1, z2, z3)

−B(αz1 + (1− α)z2, z2, z3) −B(z1, αz2 + (1− α)z1, z3)

i

✗ displaces quark fields along the light-cone

✗ conformal invariance: [H, ~S1 + ~S2 + ~S3] = 0

✗ dependence on the two-particle conformal spin J12 = N + 2 [with B(zi)→ (z1 − z2)N ]

H12 =

Z 1

0

dαα

1− α [2− 2αN ] = 2 [ψ(J12)− ψ(2)]
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Integrability on the light-cone (II)

✔ QCD anomalous dimensions are eigenvalues of the dilatation operator

H ΨN (z1, z2, z3) = γN ΨN (z1, z2, z3)

✔ SL(2) invariant form of the dilatation operator

H =
g2sNc

8π2
[H12 +H23 +H13] , Hjk = 2

h
ψ(Jjk)− ψ(2)

i
Two-particle conformal spin

(~Sj + ~Sk)2 ≡ Jjk(Jjk − 1)

✔ One-loop dilatation operator ≡ Hamiltonian of the SL(2,R) Heisenberg spin chain
Braun, Derkachov, Manashov’98
Belitsky; GK’99

✗ Number of sites = number of quark operators
✗ Spin operators = Generators of the SL(2,R) ‘collinear’ group

✗ Quantum space = discrete series of the SL(2; R) group

ΨN (z1, z2, z3) =

X
k1,k2,k3

zk1
1 zk2

2 zk3
3 Ck1k2k3

= polynomials

✗ Possesses the lowest weight Ψ
(0)
N = 1 (with S− ·Ψ(0)

N = 0) but not the highest weight

✗ The spectrum of anomalous dimensions can be found exactly by means of the Algebraic
Bethe Ansatz
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(Exact) Bethe Ansatz solution

-0.2

-0.15

-0.1

-0.05

0

0.05

0.1

0.15

0.2

0 5 10 15 20 25 30

Q
 

N

0

2

4

6

8

10

12

14

16

0 5 10 15 20 25 30

 

N

l = 0

l = 2

l = 7

γ
(N

)

Example:
q↑q↑q↑

✔ Bethe equations

γN =
g2sNc

8π2

NX
k=1

2jq

λ2
k + j2q

,

{λ1, . . . , λN} = Bethe roots;
jq = 1 conformal spin of quark�

λk + ijq

λk − ijq

�3

=
NY

j 6=k

λk − λj − i
λk − λj + i

✔ (Almost) all levels are double degenerate:

γ(N,Q) = γ(N,−Q) , Q(N, ℓ) = −Q(N,N−ℓ)

N =total spin, Q =conserved charge

✔ Integrability imposes a nontrivial analytic structure –
trajectories are enumerated by integer ℓ = 0, 1, . . .
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Separated variables/Baxter Q−operator

Go over to the representation of Separated Variables Sklyanin’85

Ψq(z1, ..., zL) 7→ Ψ
(SoV)
q = U Ψq(z1, ..., zL)

Explicit construction of the SoV representation for the SL(2) magnet Derkachov, GK, Manashov’02

Ψ
(SoV)
q = Q(x1) . . . Q(xL−1) , γq = i

Q′(ijq)

Q(ijq)
− iQ

′(−ijq)

Q(−ijq)

Q(u) = eigenvalue of the Baxter operator

Q(u)Ψq(zi) = Q(u)Ψq(zi)

t−Q relations:

[tL(u),Q(u)] = [Q(u),Q(v)] = 0 2uL+q2uL−2+...+qL

(u+ ij)LQ(u+ i) + (u− ij)LQ(u− i) = tL(u) Q(u)

Exact solution (equivalence with the Algebraic Bethe Ansatz)

Q(u) =
NY

k=1

(u− λk) = polynomial in u

{λ1, ..., λN} =Bethe roots; N = total conformal spin
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Integrable sectors in multi-color QCD on the light-cone

✔ Interaction between partons with the aligned helicities (quarks q↑, gluons G↑) is integrable

One-loop dilatation operator H = Hamiltonian of a noncompact SL(2,R) Heisenberg magnet:
Braun, Derkachov, Manashov; Belitsky; GK’99

✗ Three-quark states:

[q↑(z1)q
↑(z2)q↑(z3)] =⇒ closed spin jq = 1 chain

✗ Multi-gluon states:

[G↑(z1)G
↑(z2)...G↑(zL)] =⇒ closed spin jg = 3/2 chain

✗ Antiquark-Glue-Quark states:

[q̄(z1)G↑(z2)...G↑(zL−1)q(zL)] =⇒ open inhomogeneous spin chain

✔ Integrability is broken in the ‘mixed’ helicity sectors (ex: helicity−1/2 states [q↑q↓q↑])

✗ Symmetry breaking terms generate a mass gap in the spectrum of γ(N) [scalar diquarks]

✔ Supersymmetry enhances QCD integrability and extends it to a larger class of Wilson operators
as one goes from N = 0 to N = 4 SYM
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Scattering in QCD at high-energy (Regge asymptotics)

✔ Regge phenomena in strong interactions (since 60’s):

σ
AB

(s) =

A

B

Regge
trajectory

=

X

j

βj
A(t)βj

B(t) sαj(t)−1

Scattering amplitudes grow at high energy s as a power ∼ sαj(t)

✔ Dual model:

= ΣΣ =

x x

x x
j

j j

j
?

Regge trajectories + duality condition = Hadronic string (?)

✔ High-energy asymptotics in QCD: interaction induces large corrections which need to be
resummed to all order of perturbation theory Balitsky-Fadin-Kuraev-Lipatov ’78:

σ
AB

(s) =

X
n=0,1,...

wn

�

g2s ln s

�n ∼ sαP−1
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BFKL Pomeron + Unitarity

• Leading contribution: BFKL Pomeron (λ = g2sNc/(4π2))

σLO =

X

rungs

∼ λ2 exp(4 ln 2 · λ ln s)√
λ ln s

∼ s4 ln 2·λ| {z }
violates unitarity

• BFKL Pomeron + Unitarity⇒ generalized ladder diagrams

X

N=2,3,..

N....31 2

• Multi-Regge kinematics:
R

d4k =

R
dk+dk−

R
d2k⊥

– strong ordering in the longitudinal momenta y = ln
k+

k
−

y1 ≫ y2 ≫ y3 ≫ ... = “evolution time” in the t− channel

– “random walk” in the transverse momenta

k1,⊥ ∼ k2,⊥ ∼ k3,⊥ ∼ ...

✌ Elastic pair-wise interaction of N = 2, 3, ... particles “living” on the two-dimensional k⊥−plane
and propagating in the “time” y = ln s.

✌ Nontrivial QCD dynamics occurs on the two-dimensional transverse space
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Color-singlet compound gluonic states

✌ The effective QCD HamiltonianHN has remarkable properties in the multi-color limit:

σ(s) =

1 N2 ...3

= ∼ exp (yHN ) = sHN

Elastic scattering ofN particles

✔ The Bartels-Kwiecinski-Praszalowicz equation ≡ 2-dim Schrödinger equation

HNΨ(~z1, ~z2, ..., ~zN )| {z }
2−dim coordinates

= ENΨ(~z1, ~z2, ..., ~zN )

✔ Ψ(~z1, ~z2, ..., ~zN ) = colour-singlet compound states built from N reggeized gluons
✔ Interaction occurs only between nearest neighbours

HN =
NX

k=1

H(~zk, ~zk+1)| {z }
BFKL kernel

+O(1/N2
c ) = N−body QM system with periodic boundary conditions

✔ High-energy asymptotics of the scattering amplitudes governed by these states

σ(s) ∼

X
N−gluon

states

(iλ)N sλEN| {z }

Regge behaviour

βN (t)

✔ Intercept = maximal energy EN
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Integrability

✔ The system possesses a “hidden” set of the integrals of motion Lipatov’93; Faddeev, GK’94

[qk,HN ] = [qk, qn] = 0 , (k, n = 2, 3, . . . , N)

Their number is large enough (= N) for the Schrödinger equation to be completely integrable !

✔ The system of N reggeized gluons ≡ completely integrable quantum-mechanical model

✗ HN
Nc→∞

== SL(2,C) Heisenberg spin chain on 2-dim plane ds2 = dzdz̄

HN = SL(2; R) + SL(2; R) = [holomorphic] + [anti-holomorphic]

✗ Number of sites = number of reggeized gluons

✗ Spin operators = generators of (infinite-dimensional) irreps of the SL(2,C) group

Jtot = 1+n
2

+ iν , J̄tot = 1−n
2

+ iν , (n ∈ N+ , ν ∈ R)

✗ Eigenstates = functions well-defined on the plane (but not in z and z̄ separately!)

Ψ(~z1, . . . , ~zN ) =
X

CabΨ
(a)(z1, . . . , zN )Ψ(b)(z̄1, . . . , z̄N )

✔ Can the spectrum of the QCD HamiltonianHN be found exactly? Derkachov, GK, Manashov’01

✗ The SL(2,C) magnet does not contain a pseudovacuum state (= highest weight)
✗ ... the “conventional” Bethe Ansatz is not applicable
✗ The way out: Baxter Q−operator + Sklyanin’s SoV approach
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Exact solution of the SL(2; C) spin chain

✔ The eigenstates of the SL(2; C) in the SoV representation Derkachov, GK, Manashov’02

Ψq(~z1, ..., ~zL) 7→ Ψ
(SoV)
q = U Ψq(~z1, ..., ~zL) = Q(x1, x̄1) . . . Q(xL−1, x̄L−1)

(xk, x̄k) = separated variables, Q(xk, xk) = eigenvalue of the Baxter operator

Q(u, ū)Ψq(~z1, ..., ~zL) = Q(u, ū)Ψq(~z1, ..., ~zL)

✔ Energy spectrum of the spin chain (s = 0, s̄ = 1)

Eq = i
d

du
ln [Q(u+ is, u+ is̄) (Q(u− is, u− is̄))∗]

���
u=0

✔ Holomorphic t−Q relations:

[tL(u),Q(u, ū)] = [Q(u, ū),Q(v, v̄)] = 0 2uL+q2uL−2+...+qL

(u+ is)LQ(u+ i, ū) + (u− is)LQ(u− i, ū) = tL(u) Q(u, ū)

The same as for the SL(2; R) spin chain but Q(u, ū) is not polynomial in u and ū
✔ Analytical properties

Q(λ− in/2, λ+ in/2) =
meromorphic function of λ with
prescribed position/order of poles
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Energy spectrum

✔ Quantum numbers, q2, ..., qN , and the energy, EN , of N−reggeon states in multi-color QCD:
Derkachov, GK, Kotanski, Manashov’ 01

N q2 iq3 q4 iq5 q6 EN

2 .25 2.77259
3 .25 .20526 -.24717
4 .25 0 .15359 .67416
5 .25 .26768 .03945 .06024 -.12751
6 .25 0 .28182 0 .07049 .39458

✔ The ground state energy of the SL(2; C) spin chain of length N

0

0.5

1

1.5

2

2.5

2 3 4 5 6 7 8

EN

N

✗ Different scaling behaviour for even and
odd N

✗ Thermodynamical limit

EN → 0 for N →∞

needs to be understood...
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Conclusions

✔ High-energy QCD possesses a hidden symmetry in two different limits:

✗ Light-cone

✗ Regge limit

✔ In both cases one encounters the same integrable structure ≡ XXX Heisenberg noncompact
spin chain

✔ The symmetry is powerful enough to calculate using the Bethe Ansatz

✗ the exact spectrum of anomalous dimensions

✗ intercepts of the compound states in multi-color QCD

✔ ... but we do not quite understand the origin of integrability in gauge theories
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