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In the framework of Yang-Baxter integrability the XXZ chain is the fundamental model associated with the
solution R(A, ) € End(C?® C?) of the Yang-Baxter equation
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For the exact calculation of thermal averages at temperature T we need to express the statistical operator of
the canonical ensemble
pL — e_HXXZ/T

in terms of the R-matrix in a way that allows us to utilize the Yang-Baxter algebra efficiently.



For this purpose we introduce an auxiliary vertex model defined by a monodromy matrix
AN) - B(A)
J

This monodromy matrix acts non-trivially in the tensor product of an auxiliary space j =1,...,Land N € 2N

‘qguantum spaces’ 1, ..., N which are all isomorphic to C2. By t1 we mean transposition with respect to the
first of the two spaces into which R(A, ) is embedded. (3 is inversely proportional to the temperature T,

~ 2J3sh(n)
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The monodromy matrix can be used to express the statistical operator as a limit,

pL = A@mtri--'\_‘n(o) .. .TL(O)

with the implicit identification A = ch(n). The number N is called the Trotter number, and the limit is referred
to as the Trotter limit. For large Trotter number the operator

PNL = tI’I___N_T]_(O) . TL(O)

IS a good approximation to the statistical operator.



The thermal expectation value of a product of local operators X acting on sites j,..., ] +m— 1 of the spin
chain is then approximated by

LG pN,LXJ‘(l) . -Xj(inr)n_l
try. LPNL
tr 5(trT(0)  rXOT(0)...trXMT(0) (tr T (0))
try_q(trT(0)"

XY X =

L—m—j+1

Here the expression
L
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in the denominator is the finite Trotter number approximant to the partition function Z. =tr1. | exp(—Hxxz/T)
of the XXZ chain of length L.

The operator occurring on the right hand side

t(\) = trT(A) = A(A) + D(A)

is called the quantum transfer matrix.




The quantum transfer matrix can be diagonalized by means of the algebraic Bethe ansatz since the
monodromy matrix defines a representation of the Yang-Baxter algebra,
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1)] ®N/2 on which it acts like

and has a pseudo vacuum [0) = [(9) ® (3
C(N[0) =0, AM)[0) =b? (— §,A)j0) =a(A)[0), D()0)=b? (A, )[0) =d(n)[0)

Then the vector
M
{A}) = {Aj}jZ1) = B(A1)...B(Am)|0)
is an eigenvector of the quantum transfer matrix t(A) if the Bethe roots Aj, j = 1,..., M, satisfy the system
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of Bethe ansatz equations. The corresponding eigenvalue is
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The algebraic Bethe ansatz is a means to study the spectrum of the quantum transfer matrix. It has a
non-degenerate eigenvalue with largest modulus at A = O which is characterized by a unique set

{A} ={A] }N/2 of M = N /2 Bethe roots that all go to zero as T goes to infinity. We call it the dominant

eigenvalue and denote it by Ag(A). The corresponding eigenvector [{A}) will be called the dominant
eigenvector. The dominant eigenvalue alone determines the thermodynamic properties of the XXZ chain in
the thermodynamic limit L — oo:

f(T)=—T lim L jim Intry gt (0)

L —o00 N—oco
But the two limits commute according to (Suzuki 85, Suzuki and Inoue 87), hence

f(T)=-T I\IlianIn/\o(O)

Applying this reasoning to the expectation value of the product of local operators in the thermodynamic limit
we obtain
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where [{A}) denotes the dominant eigenvector. The dominant eigenvector determines the state of thermal
equilibrium completely.



It follows that
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where we introduced inhomogeneities &1, ..., &m that regularize the expression in the numerator and allow us
to apply the Yang-Baxter algebra for calculating matrix elements.

Since the Hamiltonian commutes with the z-component
. L
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of the total spin, thermodynamics and finite temperature correlation functions can still be treated within the
‘guantum transfer matrix approach’ described above if the system is exposed to an external magnetic field h
in z-direction. The external field is properly taken into account by applying a twist to the monodromy matrix,

T =T (7 _9,0)




In (KlIimper 92, 93) techniques were developed to treat the Trotter limit in the expression for the free energy
analytically: associate with every Trotter number N € 2N a meromorphic ‘auxiliary function’

d(A) Y2 shA — A +n)
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where the A are the Bethe roots that characterize the dominant eigenvalue, and consider the sequence of
these functions in the complex plain, rather than sequences of sets of Bethe roots.

Then express all physical quantities of interest as contour integrals over ay on contours far away from the
origin. In particular, In ay can be expressed this way, which yields a non-linear integral equation for ay,
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Notice that we included the magnetic field here.
The contour ¢ of the integral does not depend on the Trotter number. N appears as a mere parameter in the
inhomogeneity of the integral equation. Hence, the Trotter limit can be performed,
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1/(1+ a) generalizes the Fermi function to the interacting case. Thinking in terms of Fermions it is natural to
isfyi a)=1

. .
seta=1/a, and interpret 1/(1+ @) as the Fermi function for holes satisfying 1/(1+a)+1/(1+a)

Free energy per lattice site as a function of temperature and magnetic field
T/ dw shin)In(1+a(w)) IJ+T dw sh(n)In(1+a(w))
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The density matrix is a means to describe a sub-system as part of a larger system in thermodynamic
equilibrium in terms of the degrees of freedom of the sub-system. It is obtained by taking the (normalized)
statistical operator and tracing out the ‘unwanted’ degrees of freedom.

Since we want to include a magnetic field in z-direction we have to modify the statistical operator

PL = eXp<—(Hxxz— hSZ)/T)

Then the density matrix of the sub-system consisting of the first m lattice sites is defined as

tr
DT =

By construction, the thermal average of every operator A acting non-trivially only on sites 1 to mcan now be
written as

try | A tr A tr
(A>T,h= 1..L APL _ 1i.mAL.m m+1...L PL —try_mAL_mDL(T,h)

tro..LPL tro L PL

where A1 m is the restriction of Ato a chain consisting of sites 1 to m. In particular, every two-point function
of local operators in the segment 1 to m of the XXZ chain can be brought into the above form.




Denote the gl(2) standard basis of 2 x 2 matrices with a single non-zero entry at the intersection of row 3 and
column o by eg a,[3 = 1,2. The canonical embedding into (CZ)®L will be denoted by ejg, j=1,...,L. For

the restriction to the first m sites we use the same symbols. Then
D|_[31 B ™(T,h) =try. mel[; em[3 "D (T,h) = (& Bl -%EQ)T,h

which holds for all L and is still valid in the thermodynamic limit.

For L — oo we can apply our general formula and obtain
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where
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Is the ‘inhomogeneous finite Trotter number approximant’ to the density matrix element in the thermodynamic
limit. In order to simplify the notation we have suppressed the dependence on T and h on the left hand side.




The density matrix elements
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The density matrix elements
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Remarks:

(i) For T — 0 the formulae for the density matrix elements reduce to known results (Kitanine et al. 00,
Jimbo et al. 92, 96)

(i) The formulae for the density matrix elements are obtained as the homogeneous limit (§j — O,
j =1,...,m) of the more general inhomogeneous functions
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These functions in the limit T — O satisfy a set of functional equations in the parameters &, the
reduced g-Knizhnik-Zamolodchikov equation (Boos et al. 04).




Lemma 1. The general left action. For j =1,...,mand ¢; € {1,...,M +m} define

07| = card{1,..., M} n{f;}L,
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Lemma 2. Matrix element formula.
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Numerical results for small m (M. Bortz)
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e Numerical results for small m (M. Bortz)
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e Further results

(i) Integral formulae for a one-parameter generating function of the g%-0% correlation functions (FG,
A. Klimper and A.Seel 04, FG and A. Seel hep-th/0505091)

(i) Summation of density matrix elements (FG unpublished)
(iif) Open XXZ chain with boundary fields (FG, M. Bortz and H. Frahm cond-mat/0508377)
(iv) High order high temperature expansions (Z. Tsuboi and M. Shiroishi 05)

(v) Ansatz solution (no integrals!) of reduced g-Knizhnik-Zamolodchikov equation for the
inhomogeneous model (H. Boos, M. Jimbo, T. Miwa, F. Smirnov and Y. Takeyama 04, 05)
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e Outlook
(1)

(i)

(iii)
(iv)

(V)

Large distance asymptotics for emptiness formation probability?

Density matrix elements — reduction of integrals (cf Boos, Korepin)?

Density matrix elements — reduced g-Knizhnik-Zamolodchikov equation at finite temperature?
Time dependent correlation functions?

Other models (higher rank)?
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